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ABSTRACT. We study a standard operator on classes of languages: unambiguous polynomial
closure. We prove that for every class C of regular languages satisfying mild properties, the
membership problem for its unambiguous polynomial closure UPol(C) reduces to the same
problem for C. We also show that unambiguous polynomial closure coincides with alternating
left and right deterministic closure. Moreover, we prove that if additionally C is finite, the
separation and covering problems are decidable for UPol(C). Finally, we present an overview of
the generic logical characterizations of the classes built using unambiguous polynomial closure.

1. Introduction

Regularity is arguably one of the most robust notions in computer science: indeed, regular lan-
guages can be equivalently defined using deterministic or nondeterministic automata, monoids,
regular expressions or monadic second-order logic. The motivation and context of this paper is
the investigation of subclasses of regular languages. Such classes arise naturally when weak-
ening or restricting these formalisms. This active research track started in the 1960s with an
emblematic example: a series of results by Schiitzenberger [34], McNaughton, Papert [14] and
Kamp [11] established several equivalent characterizations of the class of languages defined by
a first-order sentence (instead of a monadic second-order one). At that time, the main question
that emerged was the membership problem, which simply asks whether the class under study is
recursive: in order to solve it, one has to design an algorithm testing membership of an input
language in the class. For instance, the above results provide a membership algorithm for
first-order definable languages.
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Of course, the design of a membership algorithm for a class C heavily depends on C.
This means that for each class, one has to design a different algorithm. However, most of the
interesting classes of regular languages are built using a restricted set of operators: given
a class C, one can consider its Boolean closure Bool(C), its polynomial closure Pol(C), and
deterministic variants thereof, which usually yield more elaborate classes than C. It is therefore
desirable to investigate the operators themselves rather than individual classes.

The polynomial closure Pol(C) of a class C is its closure under finite union and marked
concatenation (a marked concatenation of K and L is a language of the form KaL, where a is some
letter). Together with the Boolean closure, it is used to define concatenation hierarchies, which
consist in a sequence of classes of languages indexed by integers and half integers. Starting
from a given class (level 0 in the hierarchy), level n + % is the polynomial closure of level n, and
level n + 1 is the Boolean closure of level n + % The importance of these hierarchies stems from
the fact that they are the combinatorial counterpart of quantifier alternation hierarchies in
logic, which count the number of V/3 alternations needed to define a language [41, 26].

As explained above, the main question when investigating a class of languages is the
membership problem: can we decide whether an input regular language belongs to the class?
Despite decades of research on concatenation hierarchies, we know little about them. The state
of the art is that when level 0 is either finite or contains only group languages (and satisfies
mild properties), membership is decidable for levels 1/2, one, 3/2, and 5/2 [31, 22, 27, 30] (on the
other hand, the problem remains open for the second full level). These results encompass those
that were obtained previously [3, 4, 36, 20] and even go beyond by investigating the separation
problem, a generalization of membership. This problem for a class C takes two arbitrary regular
languages as input (unlike membership, which takes a single one). It asks whether there exists a
third language from C, containing the first language and disjoint from the second. Membership
is the special case of separation when the input consists of a language and its complement (as the
only possible separator is the first input language). Although more difficult than membership,
separation is also more rewarding. This is witnessed by a transfer theorem [26]: membership
for Pol(C) reduces to separation for C. The above results on membership come from this
theorem and the fact that separation is decidable for Pol(C), BPol(C) (i.e., Bool(Pol(C))) and
Pol(BPol(C)) when C is either finite or contains only group languages. See [18, 26] for detailed
surveys on concatenation hierarchies.

Unambiguous closure. A natural way to weaken the polynomial closure operator is to specify
semantic conditions restricting the situations in which using marked concatenation or union
is allowed. In the paper, we investigate a prominent operator that can be defined in this way:
unambiguous polynomial closure. A marked concatenation KalL is unambiguous if every word w
belonging to KaL has a unique factorization w = uav with u € K and v € L. The unambiguous
closure of a class C, denoted by UPol(C), is the least class containing C that is closed under
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disjoint union and unambiguous marked concatenation. Observe that it is not immediate from
the definition that UPol(C) has robust properties (such as closure under Boolean operations)
even when C does. A prominent example of a class built using unambiguous concatenation
is that of unambiguous languages [35] (UL). It is the unambiguous polynomial closure of the
class BPol(ST) (i.e., UPol(BPol(ST))) where ST is the trivial class ST = {0, A*}". The robustness
of UL makes it one of the most investigated classes: it enjoys a number of equivalent definitions
(we refer the reader to [38, 8] for an overview). In particular, this class has several logical
characterizations. First, UL corresponds to the intermediary level A;(<) in the quantifier
alternation hierarchy of first-order logic equipped with the linear order predicate [20]. This
level consists of all languages that can be simultaneously defined by a sentence of X, (<) (i.e.,
whose prenex normal form has a quantifier prefix of the form 3*V*) and a sentence of I (<)
(i.e., whose prenex normal form has a quantifier prefix of the form V*3%). It is also known that
UL corresponds to the two-variable fragment FO?(<) of first-order logic [39]. Finally, UL is also
characterized [9] by the variant F + P of unary temporal logic, where F stands for “sometimes in
the future” and P stands for “sometimes in the past”.

Historically, the operator UPolwas first investigated by Pin [15] who describes it in algebraic
terms. Note however that [15] starts from an alternative definition that assumes closure under
Boolean operations already. It was later shown by Pin, Straubing and Thérien [19] that the
operator C — UPol(C) preserves closure under Boolean operations (provided that the input
class C satisfies mild hypotheses). Let us point out that both the formulation and the proof
of these results rely on elaborate mathematical tools (categories, bilateral kernel, relational
morphisms,...) as well as on results by Schiitzenberger [35] and Rhodes [33], used as black
boxes. Unambiguous polynomial closure also appears in concatenation hierarchies: assuming
suitable hypotheses on C, Pin and Weil [20] proved that UPol(C) is the intermediate level
Pol(C) N coPol(C) where coPol(C) is the class consisting of all complements of languages
in Pol(C). Finally, a reduction from UPol(C)-membership to C-membership was obtained in [2].
This proof is indirect: it relies on the nontrivial equality UPol(C) = Pol(C) N coPol(C), which
itself depends on the algebraic characterizations of UPol(C) and Pol(C) obtained in [19, 20, 6].

Contributions. Unambiguous polynomial closure was not yet investigated with respect to
separation, aside from the particular case of unambiguous languages [24]. This is the starting
point of this paper: we look for generic separation results applying to UPol(C), similar to the
ones obtained for Pol(C) in [22]. We prove that when C is a finite Boolean algebra closed under
quotients, separation is decidable for UPol(C). However, as is usual with separation, we also
obtain several extra results as a byproduct of our work, improving our understanding of the
UPol operator:

1 The notation ST comes from the fact that it is level O in the Straubing-Thérien concatenation hierarchy.
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— We had to rethink the way membership is classically handled for UPol in order to lift the
techniques to separation. This yields self-contained, direct and elementary proofs that
membership for UPol(C) reduces to membership for C provided that C is closed under
Boolean operations and quotients. The proof is new and independent from the one of [2].
We strengthen the result of [2] as we require fewer hypotheses on the class C. Our proof
also precisely pinpoints why this result holds for UPol(C) but not Pol(C): the languages
from C needed to construct a UPol(C) expression for a language L are all recognized by
any recognizer of L.

— We prove that when C is closed under Boolean operations and quotients, then so is UPol(C).
Again, this strengthens earlier results [19], which involved stronger hypotheses on the
input class C.

— Using our results on Pol(C) [26], we obtain a new proof of the above mentioned theorem
of [20] and generalize it to more classes C. We prove that UPol(C) = Pol(C) N coPol(C)
when C is closed under Boolean operations and quotients (whereas the result of [20] only
applies to classes that are additionally closed under inverse morphic images).

— Finally, we obtain a previously unknown characterization of UPol(C) in terms of alternat-
ing left and right deterministic concatenations, which are restricted forms of unambigu-
ous concatenation. A marked concatenation Kal is left (resp. right) deterministic when
KaA* N K = 0 (resp. A*aL N L = (). We prove that UPol(C) coincides with APol(C), the

closure of C under disjoint union and left and right deterministic concatenation?.

Moreover, we investigate the logical characterizations of unambiguous polynomial closure.
As mentioned above, it is well known that UPol(BPol(ST)) = Ay(<) = FO?(<) = F +P. Such
correspondences also hold for variants of A, (<) and FO?(<) equipped with additional predicates
such as the successor [39] “+1” and the modular predicates [7, 13]. We use our results to
generalize these connections. For each class C, we define two objects:

— Aset of predicates [P that can be used in the sentences of first-order logic. Each language L
in C gives rise to a predicate Py (x), which selects all positions x in a word w such that the
prefix of w up to position x (excluded) belongs to L.

— Two variants of unary temporal logic, which we denote by TL(C) and TLX(C).

We consider classes of group languages. Group languages are those recognized by a finite
group, or equivalently by a permutation automaton [40] (i.e., a complete, deterministic and
co-deterministic automaton). Our results apply to classes of group languages G closed under
Boolean operations and quotients, and their well-suited extensions G* (roughly, G is the

2 The letter “A” in APol(C) stands for “alternating” (left and right) deterministic polynomial closure.
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smallest Boolean algebra containing G and the singleton {€}). In such cases, we prove that,

UPol(BPol(G)) = M(<,Pg) = FO*<,Pg) = TL(G).
UPol(BPol(G*")) = NAx(<,+1,Pg) = FO*(<,+1,Pg) = TLX(G).

This generalizes all aforementioned results (each of them corresponds to a particular class of
group languages G). Thus, we obtain a generic proof of these results.

Organization of the paper. Section 2 sets up the notation and the terminology. In Section 3,
we recall the definition of first-order logic over words and introduce the fragments that we
shall consider. Section 4 is devoted to presenting the operators that we investigate in the paper.
In Section 5, we introduce notions that we shall need to present the algebraic characterizations
of Pol and UPol. Section 6 presents the algebraic characterization of Pol(C) (which is taken
from [26]). We use it to obtain a characterization of the classes Pol(C) N coPol(C). Then,
in Section 7, we turn to the classes UPol(C) and present their generic characterization. We
investigate separation and covering for the classes UPol(C) when C is finite in Section 8. Finally,
Sections 9 and 10 are devoted to the logical characterizations of UPol. In the former, we define
our generalized notion of “unary temporal logic” and prove the correspondence with two-
variable first-order logic. Finally, we establish the connection with unambiguous polynomial
closure in Section 10.

This paper is the journal version of [29]. The presentation and the proof arguments have
been reworked. Moreover, the logical part of the paper is new (the conference version only
considered the language theoretic point of view).

2. Preliminaries

We introduce the terminology used in the paper. In particular, we present the membership,
separation and covering problems, and key mathematical tools designed to handle them.

2.1 Classes of regular languages

For the whole paper, we fix a finite alphabet A. As usual, A* denotes the set of all finite words
over A, including the empty word €. Moreover, we let A* = A* \ {€}. Given a word w € A*, we
write |w| € N for its length (the number of letters in w). For example, |¢| = 0 and |abcbaa| = 6.
Moreover, for every a € A and w € A*, we write |w|, € N for the number of copies of the letter
“a” in w. For example, |abcbaal, = 3, |abcbaalp = 2 and |abcbaa|. = 1. Given u,v € A*, we write
uv for their concatenation.

A language is a subset of A*. It is standard to extend concatenation to languages: given
K,L C A*, wewrite KL ={uv|ue Kandv € L}.
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Classes. A class of languages C is a set of languages. Such a class C is a lattice when 0 € C,
A* € C and C is closed under both union and intersection: for every K, L € C,we have KUL € C
and K N L € C. Moreover, a Boolean algebra is a lattice C which is additionally closed under
complement: for every L € C, we have A* \ L € C. Finally, a class C is quotient-closed if for
every L € C and u € A", the following properties hold:

def -1 dﬁf

ulL={weA |luwelL} and Lu'l={weA*|wuelL} bothbelongtoC.

We call a positive prevariety (resp. prevariety) a quotient-closed lattice (resp. Boolean algebra)
containing only regular languages. Regular languages are those which can be equivalently
defined by nondeterministic finite automata, finite monoids or monadic second-order logic. We
work with the definition by monoids, which we recall below.

In the paper, we write AT for the class of alphabet testable languages: the Boolean combi-
nations of languages A*aA* for a € A. It is straightforward to verify that AT is a prevariety. It

will be important for providing examples.

Finite monoids and morphisms. A semigroup is a set S endowed with an associative multipli-
cation (s, t) + s - t (also denoted by st). A monoid is a semigroup M whose multiplication has
an identity element 1y, i.e., such that 1, - s = s - 1); = s for every s € M.

An idempotent of a semigroup S is an element e € S such that ee = e. We write E(S) C S
for the set of all idempotents in S. It is folklore that for every finite semigroup S, there exists
a natural number w(S) (denoted by w when § is understood) such that for every s € S, the
element s“ is an idempotent.

We also consider ordered semigroups. An ordered semigroup is a pair (S, <) where S is a
semigroup and < is a partial order defined on S, which is compatible with multiplication: for
every s,s’,t,t’ € Ssuch thats < tand s’ < t/, we have ss’ < tt’. In particular, we say that a
subset F C S is an upper set (for <) to indicate that it is upward closed for the ordering <: for
every s,t € M,if s € Fand s < t, then t € F. In particular, for every s € S, we write Ts C S for
the least upper set containing s. Thatis, Ts = {t € S | s < t}. Finally, an ordered monoid is an
ordered semigroup (M, <) such that M is a monoid.

We shall use the following convention throughout the paper: we view every unordered
semigroup S as the ordered semigroup (S, =) whose ordering is equality. Observe that in this
case, every subset of S is an upper set. Thanks to this convention, every definition involving
ordered semigroups that we present will also make sense for unordered ones.

Finally, our proofs make use of the Green relations [10], which are defined on monoids.
We briefly recall them. Given a monoid M and s,t € M,

s< gt when there exist x, y € M such that s = xty,
s < t when there exists x € M such that s = xt,
s <yt when there exists y € M such thats =ty.



7 /74

TheoretiCS All about unambiguous polynomial closure

Clearly, < #, < and <y are preorders (i.e., they are reflexive and transitive). We write < z,
<y and <g for their strict variants (for example, s < s t when s < y tbutt £ » s). Finally,
we write ¢, .2 and % for the corresponding equivalence relations (for example, s ¢ t when
s <y tandt < y s). There are many technical results about Green relations. We use the
following standard lemma (see e.g. [17] for a proof), which applies to finite monoids.

LEMMA 2.1. Consider a finite monoid M and s,t € M such thats ¢ t. Then, s <y t implies
s Z t. Symmetrically, s < ¢ t implies s .Z t.

Regular languages and syntactic morphisms. Clearly, A* is a monoid whose multiplication
is concatenation (the identity element is the empty word ¢). We shall consider monoid mor-
phisms a : A* — (M, <) where (M, <) is an arbitrary ordered monoid. Thatis,a : A* - M
is a map satisfying a(¢) = 1) and a(uv) = a(u)a(v) for all u,v € A*. Given such a morphism
and some language L C A", we say that L is recognized by a when there exists an accepting
set F C M which is an upper set for < and such that L = o~ (F). Let us emphasize that the
definition depends on the ordering < since accepting sets must be upper sets.

REMARK 2.2. Recall that by convention, we view an unordered monoid M as the ordered
monoid (M, =). Hence, the definition also makes sense when a : A* — M is a morphism into
an unordered monoid. Since every subset of M is an upper set for =, a language L C A™ is
recognized by « if and only if there exists an arbitrary set F C M such that L = o~ (F).

It is standard and well known that regular languages are those which can be recognized
by a morphism into a finite monoid. Moreover, every language L is recognized by a canonical
morphism. Let us briefly recall its definition. One may associate to L a preorder relation <y,
over L: the syntactic precongruence of L. Given u,v € A*, we let,

u <y vifand onlyif xuy € L = xvy € L for every x, y € A™.

As the name suggests, it is known and simple to verify that “<;” is a precongruence on A*:
it is reflexive and transitive, and for every u,u/,v,v' € A* such thatu <; vand v’ <y vV, we
have uu’ <; vv'. Additionally, we write =; for the equivalence generated by this preorder.
Foru,v € A*, u =p vifandonlyifu <y vandv <y u (ie, xuy € L & xvy € L for every
X,y € A*). The equivalence =, is a congruence called the syntactic congruence of L. Thus, the
set of equivalence classes M, = A* /=y, is a monoid and the preorder <; defines an ordering <j,
on M; such that (My, <;) is an ordered monoid. It is called the syntactic ordered monoid of L.
Finally, the map a;, : A* — (M, <) sending every word to its equivalence class is a morphism
recognizing L, called the syntactic morphism of L. Another characterization of the regular
languages is that L is regular if and only if M} is finite (i.e., = has finite index): this is the Myhill-
Nerode theorem. In this case, one can compute the syntactic morphism oy, : A* — (M, <1)

from any representation of L (such as a finite automaton or an arbitrary monoid morphism).
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2.2 Decision problems

We consider three decision problems. They all depend on an arbitrary class of languages C:
they serve as mathematical tools for analyzing C. Intuitively, obtaining an algorithm for one of
these three problems requires a solid understanding of C.

The C-membership problem is the simplest one. It takes as input a single regular language L
and asks whether L € C. The second problem, C-separation, is more general. Given three
languages K, Ly, Ly, we say that K separates L, from L, if we have L1 € K and L, N K = 0.
Given a class of languages C, we say that L, is C-separable from L, if some language in C
separates Lj from L,. Observe that when C is not closed under complement, the definition is
not symmetrical: it is possible for L, to be C-separable from L, while L; is not C-separable
from L,. The separation problem associated to a given class C takes two regular languages L,
and L, as input and asks whether L is C-separable from L.

REMARK 2.3. The C-separation problem generalizes the C-membership problem. Indeed, a
regular language belongs to C if and only if it is C-separable from its complement, which is also
regular.

In the paper, we do not consider separation directly. Instead, we work with a third, even
more general problem: C-covering. It was introduced in [32] and takes as input a single regular
language L1 and a finite set of regular languages L. It asks whether there exists a “C-cover of L,
which is separating for L,”.

Given a language L, a cover of L is a finite set of languages K such that L C | Jx.x K. A cover
K is a C-cover if all languages K € K belong to C. Moreover, given two finite sets of languages K
and L, we say that K is separating for L if for every K € K, there exists L € L suchthat K N L = 0.
Finally, given a language L; and a finite set of languages L,, we say that the pair (L1, L) is
C-coverable if there exists a C-cover of L; which is separating for L;.

The C-covering problem is now defined as follows. Given as input a regular language L,
and a finite set of regular languages L,, it asks whether the pair (L1, Ly) is C-coverable. It is
straightforward to prove that covering generalizes separation if the class C is a lattice, as stated
in the following lemma (see [32, Theorem 3.5] for the proof, which is easy).

LEMMA 2.4. Let C be a lattice and L4, Ly be two languages. Then L, is C-separable from L, if
and only if (Ly, {L2}) is C-coverable.

2.3 Group languages

We now present an important special kind of class. As we explained in the introduction, all
classes investigated in the paper are built from basic ones using generic operators. Here, we
introduce the basic classes used in such constructions: the classes of group languages and their
well-suited extensions.
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DEFINITION 2.5. A group is a monoid G such that every element g € G has an inverse
gl edG,ie,gg! = glg = 15. Alanguage L is a group language if it is recognized by a
morphism « : A* — G into a finite group G (i.e., there exists F C G such that L = o }(F)). We
write GR for the class of all group languages. One can verify that GR is a prevariety.

REMARK 2.6. No language theoretic definition of GR is known. There is however a definition
based on automata: the group languages are those which can be recognized by a permutation

automaton (i.e., which is simultaneously deterministic, co-deterministic and complete).

A class of group languages is a class consisting of group languages only, i.e., a subclass of
GR. The results of this paper apply to arbitrary prevarieties of group languages.

REMARK 2.7. Let us explain why we do not explicitly mention positive prevarieties of group
languages in the paper. This is because they are all closed under complement (hence, they are
actually prevarieties). This follows from the simple fact that the only ordering compatible with

multiplication in a finite group is the equality relation.

While our results apply in a generic way to all prevarieties of group languages, there
are four main classes of this kind that we shall use for providing examples. One of them
is GR itself. Let us present the other three. First, we write ST = {0, A*}, which is clearly a
prevariety of group languages (the name comes from the fact that this class is the base level
of the Straubing-Thérien hierarchy). While trivial, we shall see that this class has important
applications. Moreover, we look at the class MOD of modulo languages. For every q,r € N with
r < q, we write Lg, = {w € A" | |w| = r mod q}. The class MOD contains all finite unions of
languages Ly . One can verify that MOD is a prevariety of group languages. Finally, we shall
consider the class AMT of alphabet modulo testable languages. For all g,r € N withr < g and all
acAletLy, ={we A" | |wlg =r mod q}. We define AMT as the least class consisting of all
languages Ly, and closed under union and intersection. It is again straightforward to verify
that AMT is a prevariety of group languages.

We do not investigate classes of group languages themselves in the paper: we only use
them as input classes for our operators. In particular, we shall use ST, MOD, AMT and GR in
order to illustrate our results. In this context, it will be important that separation is decidable
for these four classes. The techniques involved in proving this are independent of what we do
in the paper. Actually, this can be difficult. On one hand, the decidability of ST-separation is
immediate (two languages are ST-separable if and only if one of them is empty). On the other
hand, the decidability of GR-separation is equivalent to a difficult algebraic question, which
remained open for several years before it was solved by Ash [5]. Recent automata-based proofs
that separation is decidable for MOD, AMT and GR are available in [28].

Well-suited extensions. It can be verified from the definition that {€} and A* are not group
languages. This motivates the next definition: for a class C, the well-suited extension of C,
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denoted by C*, consists of all languages of the form L N A" and L U {€} where L € C (in
particular, C € C*). The next lemma follows immediately from the definition.

LEMMA 2.8. Let C be a prevariety. Then, C* is a prevariety containing {e} and A*.

While the definition of well-suited extensions makes sense for arbitrary classes, it will only
be useful when applied to a prevariety of group languages. Indeed, the well-suited extensions G,
where G is a prevariety of group languages, are also important input classes for our operators.
In this case, all group languages in G* already belong to G.

LEMMA 2.9. Let G be a prevariety of group languages. For every group language L € G*, we
haveL € G.

PROOF. By definition of G*, there exists a group language K € G such that either L = {e} UK
or L = A* N K. In particular, this implies that for every w € A", we havew € K & w € L. We
prove that the fact that K and L are both group languages implies K = L, which yields L € G, as
desired. Since we already know that w € K & w € L for every w € A*, it suffices to prove that
€€ K & €€ L. Since K and L are group languages, there exist two morphisms ax : A* — Gg
and ay, : A* — G into finite groups recognizing K and L respectively. Let p = w(Gg)Xw(Gr) and
consider an arbitrary letter a € A. By definition of p, we have akx(a?) = 1, and oz (aP) = 1g,.
Since ax and oy, recognize both K and L, we havee € K & a’ € Kandad? € L & ¢ € L.
Finally, since a? € A*, we know that a? € K & a® € L by definition. Altogether, it follows that
ee€ K © €€ L, as desired. [ ]

2.4 C-morphisms

We now present a central mathematical tool. Consider an arbitrary positive prevariety C. A
C-morphism is a surjective morphism n : A* — (N, <) into a finite ordered monoid (N, <) such
that every language recognized by n belongs to C. We complete the definition with a key remark
when C is a prevariety (i.e., C is additionally closed under complement): in this case, it suffices
to consider unordered monoids (recall that by convention, we view them as monoids ordered

by equality).

LEMMA 2.10. Let C be a prevariety and let p : A* — (N, <) be a morphism into a finite
ordered monoid. The two following conditions are equivalent:

1. n: A" — (N, <) is a C-morphism.

2. n: A" — (N,=) is a C-morphism.

PROOF. The implication 2) = 1) is trivial since all languages recognized by n : A* — (N, <)
are also recognized by n : A* — (N, =). We prove that 1) = 2). Assume thatn : A* — (N, <)
is a C-morphism. We have to prove that n : A* — (N, =) is a C-morphism, that is, that for
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all F ¢ N, we have n71(F) € C. Since n71(F) = Usrn71(s) and C is closed under union, it
suffices to prove that n71(s) € C for all s € N. Therefore, we fix an arbitrary element s € N.
Let T C M be the set of all elements t € M such that s < t and s # t. One can verify that we
have {s} = (1's) \ (User Tt). Consequently, we obtain n7'(s) = n7'(1's) \ (Urer 7' (11)). By
hypothesis, this implies that n71(s) is a Boolean combination of languages in C. We conclude
that n~1(s) € C, since C is a Boolean algebra. ]

REMARK 2.11. Another formulation of Lemma 2.10 is that when C is a prevariety, whether a
morphism n : A* — (N, <) is a C-morphism does not depend on the ordering < on N. This is
important, as most classes that we consider in the paper are indeed prevarieties.

While simple, the notion of C-morphism is a central tool in the paper. First, it is connected
to the membership problem via the following simple, yet crucial proposition.

PROPOSITION 2.12. Let C be a positive prevariety. A regular language L belongs to C if and
only if its syntactic morphism «ay, : A* — (Mp, <;) is a C-morphism.

PROOF. The “if” implication is immediate since L is recognized by its syntactic morphism. We
prove the converse direction: assuming that L € C, we prove that every language recognized by
o : A" — (Mg, <1) belongs to C (recall that syntactic morphisms are surjective by definition).
Hence, we fix an upper set F C M}, and prove that af(F) € C. For every s € My, we fix a word
ugs € A* such that oy (ug) = s. Moreover, we let P C Mf be the set,

Ps={(qr) € Mf | gsr € oz (L)}.

o' =) ) ('),

seF (q)r)eps

We now prove that,

Since L € C and C is a positive prevariety, this yields 0(21(1-" ) € C, as desired. We start with the
left to right inclusion. Consider w € o;'(F) and let s = oz (w) € F. We prove that w € u,'Lu;"
for every (q,r) € Ps. Clearly, ar(ugwu,) = qsr and by definition of Ps, we have qsr € ay(L).
Since L is recognized by ay, we get u;wu, € L, which exactly says that w € u,"Lu;", as desired.

We turn to the converse inclusion. Fix s € F and consider w € (4 ,)ep, (ualLugl). We
show that w € ocf(F), iLe.,ar(w) € F. Since s € F and F is an upper set, it suffices to prove that
s <, az(w). Recall that ug € A* is such that oy, (us) = s. Therefore, by definition of the syntactic
morphism oy, it suffices to show that us <; w, where <; is the syntactic precongruence of L.
Consider x, y € A* such that xusy € L. We have to prove that xwy € L. Let ¢ = az(x) and
r = oz (y). By hypothesis, we have gsr = oy (xusy) € o (L) which yields (q,r) € Ps. Hence, we
getw € u,'Lu;" by hypothesis, which yields ugwu, € L. Since oz (ugwuy) = qo,(w)r = az(xwy)
and L is recognized by «y, it then follows that xwy € L, as desired. This completes the proof. =
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In view of Proposition 2.12, getting an algorithm for C-membership boils down to finding
a procedure to decide whether an input morphism a : A* — (M, <) is a C-morphism. This is
how we approach the question in the paper.

Additionally, we shall use C-morphisms as mathematical tools in proof arguments. They
are convenient when manipulating arbitrary classes. We present a few properties that we shall
need in this context. First, we have the following simple corollary of Proposition 2.12.

PROPOSITION 2.13. Let C be a positive prevariety and consider finitely many languages
Li,...,Lg € C. There exists a C-morphismn : A* — (N, <) such that L4, ..., Ly are recognized

by n.

PROOF. Foreveryi < k,weletqa; : A* — (M;j, <;) be the syntactic morphism of L;. We know
from Proposition 2.12 that «; is a C-morphism. Consider the monoid M = Mj X - - - X My equipped
with the componentwise multiplication. Moreover, consider the ordering < on M defined by
(81,.+.,8k) < (t1,...,tx) if and only if s; <; t; for every i < k. Clearly, (M, <) is an ordered
monoid. Moreover, leta : A* — (M, <) be the morphism defined by a(w) = (a1 (wy), ..., ax(w))
for every w € A*. One can verify from the definition that all languages recognized by « are
finite intersections of languages recognized by «;, ..., ax (in particular, a recognizes each L;).
Hence, all languages recognized by a belong to C. It now suffices toletn : A* — (N, <) be the

surjective morphism obtained by restricting the codomain of « to its image. u

We now consider the particular case of G-morphisms when G is a prevariety of group
languages. In this case, the codomain of any G-morphism is a group.

LEMMA 2.14. Let G be a prevariety of group languages and let n : A* — G be a G-morphism.
Then, G is a group.

PROOF. Let p = w(G). We prove that for every g € G, the element gP~! is an inverse of g, i.e.,
that g? = 1. Since n is a G-morphism and G is a prevariety of group languages, (1) € G is
recognized by a finite group. Let B : A* — H be a morphism into a finite group H recognizing
n~1(1¢). Since € € n71(1c), it follows that B~1(1x) € n7(1g). Let w € n~1(g) (recall that
n is surjective, since it is a G-morphism), and let k = w(H). Since H is a group, we have
(B(w))XP = 1y (the unique idempotent in H). Therefore, f(w*P) = 1y, which implies that
wkP € n71(1¢). Hence, n(w*P) = 1; which exactly says that g? = 1¢ by definition of p. m

We now look at G*-morphisms when G is a prevariety of group languages.

LEMMA 2.15. Let G be a prevariety of group languages and letp : A* — N be a G*-morphism.
Then, the set G = n(A*) is a group and the map B : A* — G defined by B(¢) = 15 and
B(w) = n(w) for w € A" is a G-morphism.
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PROOF. We first prove that G = n(A*) is a group. Let p = w(N). It suffices to show that for
every g € G,we have gP = 15 i.e., that for every g, h € G, we have gP’h = hgP = h. By definition of
G, there exist u,v € A* such that n(u) = g and n(v) = h. By definition of G*, sincen : A* — N is
a G*-morphism, we know that there exists a language L;, € G such that either n™'(h) = {€} U Ly,
or n71(h) = A* N Ly. Since v € A* and n(v) = h, we have v € L. Since L, € G is a group
language, there exists a number n > 1 such that u"Pv € Ly and vu"™? € Ly: it suffices to choose n
as the idempotent power of a finite group recognizing Lj. Since uPv, vu™ € A*, it follows that
n(u™v) = n(vu™P) = h. Since p = w(N), this exactly says that g’h = hg? = h, concluding the
proof that G is a group. Finally, consider the morphism S : A* — G defined by B(¢) = 1 and
B(w) = n(w) for every w € A*. Let L be a language recognized by S. By definition L is a group
language and it is also recognized by 1, which implies that L € G* by hypothesis on 1. Hence, it
follows from Lemma 2.9 that L € G, and we conclude that 5 is a G-morphism. ]

Finally, we consider the special case where C is a finite prevariety (i.e., C contains finitely
many languages). First, recall from Lemma 2.10 that being a C-morphism does not depend on the
ordering of the finite monoid, which we can therefore assume to be unordered. Moreover, since
C is finite, Proposition 2.13 implies that there exists a C-morphism recognizing all languages in
C. The following lemma implies that it is unique (up to renaming).

LEMMA 2.16. Let C be a finite prevariety and let o« : A* — M andn : A* — N be two
C-morphisms. If a recognizes all languages in C, then there exists a morphism y : M — N such
thatn =y oa.

PROOF. We assume that a recognizes all languages in C and definey : M — N. For every
s € M, we fix a word ws € a”(s) (recall again that C-morphisms are surjective by definition)
and define y(s) = n(ws). It remains to prove that y is a morphism and thatn = yo a. It
suffices to prove the latter: since « is surjective, the former is an immediate consequence. Let
v € A*. We show that n(v) = y(a(v)). Let s = a(v). By definition, y(s) = n(ws). Hence, we
need to prove that n(v) = n(ws). Since n is a C-morphism, we have n71(n(ws)) € C. Hence, our
hypothesis implies that 71 (n(ws)) is recognized by «. Since it is clear that ws € n71(n(ws))
and a(v) = a(ws) = s, it follows that v € n~1(n(ws)) which exactly says that n(v) = n(ws),
completing the proof. ]

By Lemma 2.16, if C is a finite prevariety and o : A* — M and n : A* — N are two
C-morphisms which both recognize all languages in C, there exist two morphismsy : M — N
and B : N —» M suchthatn = yoaand a = B o n. Since a and n are surjective, it follows
that f oy : M — M is the identity morphism. Hence, f and y are both isomorphisms which
means that a and n are the same object up to renaming. We call it the canonical C-morphism
and denote it by n¢ : A* — N¢. Let us emphasize that this object is only defined when C is a
finite prevariety.
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EXAMPLE 2.17. An important example of finite prevariety is the class AT of alphabet testable
languages defined above: the Boolean combinations of languages A*aA* for a € A. It can
be verified that Nar is the monoid 24 of subalphabets whose multiplication is union (up to
isomorphism). Moreover, nat : A* — 24 is the morphism such that for everyw € A*, nap(w) € 24
is the set of letters occurring in w (i.e., the least B C A such that w € B%).

3. Fragments of first-order logic

We recall the definition of first-order logic overs words and its fragments. In the paper, we are
interested in two particular fragments which we define here: two-variable first-order logic FO?

and level A; in the quantifier alternation hierarchy of first-order logic.

Positions. We view a word w € A* as a logical structure whose domain is a set of positions.
More precisely,awordw = ay - - - ay| € A* for thelettersay, ..., ajy| € A, is viewed as an ordered
set of |w| + 2 positions Pos(w) = {0,1,...,|w|, |w| + 1}. Each position i such that1 < i < |w|
carries the label a; € A. On the other hand, positions 0 and |w| + 1 are artificial leftmost and
rightmost positions which carry no label.

REMARK 3.1. With this convention, every word has at least two positions. In particular, the
empty word € contains only the two unlabeled positions: we have Pos(e) = {0, 1}.

Given a word w = aq---apy € A* and a position i € Pos(w), we associate an element
wli] € AU {min,max}.Ifi = 0, then w[i] = min and if i = |w| + 1, then w[i] = max. Otherwise,
1 <i < |w|and we let w[i] = a;. Additionally, if i, j € POS(w) are two positions such thati < j,
we write w(i, j) = aj41---aj-1 € A" (i.e, the infix obtained by keeping the letters carried by
positions that are strictly between i and j). Note that w(0, [w| + 1) = w.

First-order logic. We use first-order logic (FO) to express properties of words w in A*. A
particular formula can quantify over the positions in w and use a predetermined set of predicates
to test properties of these positions. We also allow two constants “min” and “max” interpreted

as the artificial unlabeled positions 0 and |w| + 1. For a formula ¢(x4, ..., X,) with free variables
X1, ..., Xn, @aword w € A* and positions iy, ..., i, € Pos(w), we write w | ¢(iy, ..., i) to indicate
that w satisfies ¢ when xy, ..., X, are interpreted as the positions iy, ..., ;. A sentence ¢ is a

formula without free variables. It defines the language L(¢) = {w € A" | w  ¢}.

We use two kinds of predicates. The first kind is standard. For each a € A, we have a unary
predicate (also denoted by a) selecting all positions labeled by “a”. We also use three binary
predicates: equality “=", the (strict) linear order “<” and the successor “+1”.

EXAMPLE 3.2. The language A*abA*cA*d is defined by the following FO sentence:

AxAxyAxzTxy (X1+1=x2) A (X2 < X3) A (Xg+ 1 =max) A a(x1) A b(X2) A c(X3) A d(Xyg).
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A fragment of first-order logic consists in the specification of a (possibly finite) set V of
variables and a set ¥ of first-order formulas using only the variables of V. This set ¥ must
contain all quantifier-free formulas and must be closed under disjunction, conjunction and
quantifier-free substitution (if ¢ € ¥, replacing a quantifier-free subformula in ¢ by another
quantifier-free formula produces a new formula in 7). If $ is a set of predicates and ¥ is a
fragment of first-order logic, we write ¥ (%) for the class containing all languages L(¢) where
@ is a sentence of ¥ using only predicates that belong to $ U A U {=} (the label predicates and
the equality predicate are always implicitly allowed). We provide examples at the end of the
section (“Particular fragments”™).

We consider generic signatures, i.e., possibly infinite sets of predicates built from an
arbitrary input class C. There are of two kinds:

— First, we consider the set [ containing a binary “infix” predicate I1(x, y) for every lan-
guage L € C. Given a word w € A* and two positions i, j € Pos(w), we have w [ I (i, j) if

and only ifi < j and w(i, j) € L.

— Second, we consider the set P¢ containing a unary “prefix” predicate Py (x) for every
language L € C. Given a word w € A* and a position i € Pos(w), we have w | Pr(i) if

and only if 0 < i and w(0,1i) € L.

Observe that the predicates available in P are easily expressed from those in [;: clearly, the

formula P;, (x) is equivalent to Iy (min, x).

The sets of predicates P¢ and [ are defined for every class C. Yet, we shall mostly be
interested in the cases when C is either a prevariety of group languages G or its well-suited
extension G*. This is motivated by the following lemma.

LEMMA 3.3. Let G be a prevariety of group languages and let ¥ be a fragment of first-order
logic. Then, ¥ (Ig) = ¥ (<, Pg) and ¥ (Ig+) = ¥ (<, +1, Pg).

PROOF. We first prove that 7 (<,Pg) € F(Ig) and ¥(<,+1,Pg) € F (Ig+). It suffices to
prove that we may express all atomic formulas of ¥ (<, Pg) and ¥ (<, +1, Pg) using atomic
formulas of ¥ (Ig) and 7 (Ig+) respectively. The linear order x < y is expressed by I4-(X, y).
For every L € G, P;(x) is expressed by I;(min, x). Finally, the successor relation x + 1 = y is
expressed by I, (X, y) (by definition of G*, we know that I is a predicate of I g+).

We now prove that #(Ig) € F(<,Pg). By definition of fragments, it suffices to prove
that for every L € G, the atomic formula I (x, y) is equivalent to a quantifier-free formula
of ¥ (<, Pg). Proposition 2.13 yields a G-morphism « : A* — G recognizing L. Since G is a
prevariety of group languages, G is a group by Lemma 2.14. Since « is a G-morphism, the
language a~1(g) belongs to G for every g € G, whence Py-1(g) 1s a predicate available in Pg.
Let F C G be the set such that «~}(F) = L. Since G is a group, we have a(v) = (a(ua)) a(uav)
forallu,ve A*anda € A. Wedefine T = {(g,a,h) € GXx AXG | (ga(a))~1h € F}. Consider the
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following quantifier-free formula of 7 (<, Pg):

006 =(x <A\ (Parii (00 A @) A Paiy () ).
(g,a,h)eT

One now may verify that the atomic formula I, (x, y) is equivalent to the following quantifier-
free formula of ¥ (<, Pg):

(x =min APr(y)) V (X, y).

This concludes the proof of the inclusion ¥ (Ig) € (<, Pg).

Finally, we prove that # (Ig+) € F(<,+1, Pg). By definition, it suffices to show that for
every language K € G*, the atomic formula I (x, y) is equivalent to a quantifier-free formula of
¥ (<,+1, Pg). By definition of G, there exists L € G such that either K = {¢}ULor K = A* N L.
Consequently, Ix(x, y) is equivalent to either Ii¢ (x, y) V I (X, y) or Io+(x, y) AIr (X, y). Since,
L € G, we already proved above that I;(x, y) is equivalent to a quantifier-free formula of
F(<,Pg) € F(<,+1,Pg). Moreover, I (X, y) is equivalent to x + 1 = y and I4+ is equivalent
tox < y A =(x+1=y). This concludes the proof. |

Lemma 3.3 covers many natural sets of predicates. We present three important cases. If G
is the trivial prevariety ST = {0, A*}, all predicates in Pgr are trivial. Hence, we get the classes
¥ (<) and 7 (<, +1). For the class MOD of modulo languages (see Section 2.3 for its definition),
one can check that in this case, we obtain the classes 7 (<, MOD) and ¥ (<, +1, MOD) where
“MOD?” is the set of modular predicates, defined as follows. For all k, m € N such that k < m, the
set MOD contains a unary predicate My , selecting all positions i such that i = k mod m. Finally,
we may consider the class AMT of alphabet modulo testable languages (see Section 2.3 for its
definition). In this case, we get the classes ¥ (<, AMOD) and ¥ (<,+1, AMOD) where “AMOD”
is the set of alphabetic modular predicates: for all a € A and k, m € N such that k < m, the set
AMOD contains a unary predicate le,m selecting all positions i such |w(0,1)|, = k mod m.

Particular fragments. In the paper, we consider two special fragments. The first one is two-
variable first-order logic (FO?). It consists of all first-order formulas that use at most two distinct
variables (which can be reused). In the formal definition, introducing the fragment FO? boils
down to using a set V of variables which has size two. For example, the sentence

AxIyx < y AMia(x) Aa(x) Ab(y) A (Txy < x A c(x))

is an FO? sentence using the label predicates, the linear order predicate and the modular
predicate “M; »”. It defines the language (AA)*aA*bA*cA*, which therefore belongs to the class
FO?(<, MOD).

We also consider individual levels in the quantifier alternation hierarchy of full first-order

logic. One may classify first-order sentences by counting the alternations between 3 and V

quantifiers in their prenex normal form. For n > 1, an FO sentence is X, (resp. II,,) when its
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prenex normal form has (n — 1) quantifier alternations (that is, n blocks of quantifiers) and

starts with an 3 (resp. a V) quantifier. For example, a sentence whose prenex normal form is,
Ax13xoVXx33x4 @(X1, X2, X3,X4)  (With @ quantifier-free)

is X3. Observe that the sets of £, and II,, sentences are not closed under negation: negating a £,
sentence yields a IT, sentence and vice versa. Thus, one also considers BL,, sentences: Boolean
combinations of X, sentences.

We are interested in intermediary levels that are not defined directly by a set of formulas.
If $ is a set of predicates and n > 1, we may consider the classes £,(5) and II,(%). It is also
standard to consider a third class, denoted by A, (5): it consists exactly of the languages that
can be defined by both a X, formula and a IT, formula (using the predicates in $ U A U {=}). In
other words, A, (%) = Z,(%) N II1,(%). In the paper, we look at the classes A, (I¢).

4. Operators

In this section, we introduce the operators investigated in the paper. They are all variants of the
polynomial closure operator Pol, which we first define. Let us point out that the paper is not
about the operator Pol itself: all results about Pol that we use are taken from previous work.
Then, we introduce unambiguous polynomial closure (UPol), which is a semantic restriction of
Pol. This is the main operator of the paper. Finally, we present another variant of Pol: alternated
polynomial closure (APol). We use it as a tool for investigating UPol. In particular, we shall prove
that UPol(C) = APol(C) when C is a prevariety.

41 Polynomial closure

The definition is based on marked concatenation. Abusing terminology, given a word u € A*, we
denote by u the singleton language {u}. Given two languages K, L C A*, a marked concatenation
of K with L is a language of the form KalL, for some letter a € A.

DEFINITION 4.1. Consider a class C. The polynomial closure of C, denoted by Pol(C) is the
least class containing C closed under union and marked concatenation. That is, for every
K,L € Pol(C) and a € A, we have K U L € Pol(C) and KaL € Pol(C).

EXAMPLE 4.2. Consider the class ST = {0, A*}. Then, using the fact that language concate-
nation distributes over union, it is easy to check that Pol(ST) consists of all finite unions of
languages A*a1A* - - - a,A* with ay, ..., a, € A.

It is not clear from the definition whether the class Pol(C) has robust properties, even
when C does. It was shown by Arfi [4, 3] that if C is a prevariety, then Pol(C) is a positive
prevariety (the key issue is closure under intersection, which is not required by the definition).
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This result was later strengthened by Pin [16]: if C is a positive prevariety, then so is Pol(C)
(see also [26] for a more recent proof).

THEOREM 4.3 (Arfi [4, 3], Pin [16]). Let C be a positive prevariety. Then, Pol(C) is a positive
prevariety as well.

In general, the classes Pol(C) built with polynomial closure are not closed under com-
plement, even when the class C is (see Pol(ST) in Example 4.2). Consequently, it is natural to
combine polynomial closure with two other independent operators. The first one is Boolean
closure. Given an input class D, we write Bool(D) for the smallest Boolean algebra containing
P. Moreover, given an input class C, we write BPol(C) for Bool(Pol(C)).

EXAMPLE 4.4. In view of Example 4.2, BPol(ST) consists of all Boolean combinations of lan-
guages A*aA* - - - apA* with ay, . . ., a, € A. This is the class of piecewise testable languages [36],

which is prominent in the literature.

EXAMPLE 4.5. It can be verified that BPol(AT) consists exactly of all Boolean combinations of
marked products Bya;B; - - - apBy, with a, ..., an € A and By, ..., B, C A. Itis known [21], that
this is exactly the class BPol(BPol(ST)), as we shall see in Example 4.19 below.

Since one quotients commute with Boolean operations, the following statement is an

immediate corollary of Theorem 4.3.
COROLLARY 4.6. Let C be a positive prevariety. Then, BPol(C) is a prevariety.

The second operator is defined as follows. Given a class C, we write coPol(C) for the class
containing all complements of languages in Pol(C). That is,

coPol(C) = {A*\ L | L € Pol(C)}.

We shall consider the class Pol(C) N coPol(C) consisting of all languages that belong to both
Pol(C) and coPol(C). Consequently,

Pol(C) N coPol(C) = {L | L € Pol(C) and A* \ L € Pol(C)}.

In other words, since Pol(C) is closed under union and intersection, Pol(C) N coPol(C) is the
greatest Boolean algebra contained in Pol(C). We have the following immediate corollary of
Theorem 4.3.

COROLLARY 4.7. Let C be a positive prevariety. Then, coPol(C) is a positive prevariety and
Pol(C) N coPol(C) is a prevariety.

Finally, we have the following useful result about classes of the form Pol(BPol(C)) which
is taken from [26]. We recall the proof, which is straightforward.



19 / 74

TheoretiCS All about unambiguous polynomial closure

LEMMA 4.8. Let C be a prevariety. Then, Pol(BPol(C)) = Pol(coPol(C)).

PROOF. Itis clear that coPol(C) C BPol(C), whence Pol(coPol(C)) C Pol(BPol(C)). We show
that BPol(C) C Pol(coPol(C)). It will follow that,

Pol(BPol(C)) < Pol(Pol(coPol(C))) = Pol(coPol(C)).

Let L € BPol(C). By definition, L is a Boolean combination of languages in Pol(C). Hence,
De Morgan’s laws show that L is built by applying unions and intersections to languages that
are elements of either Pol(C) or coPol(C). Clearly, Pol(coPol(C)) contains both Pol(C) and
coPol(C). Moreover, it follows from Theorem 4.3 and Corollary 4.7 that Pol(coPol(C)) is a
positive prevariety. Altogether, we obtain L € Pol(coPol(C)) as desired. ]

Logical characterizations. It is well known that the quantifier alternation hierarchies of
first-order logic can be characterized using the operators Pol and Bool. Historically, this was
first proved by Thomas [41].
Given a single input class C, the concatenation hierarchy of basis C is built from by applying

Pol and Bool to C in alternation. More precisely, the hierarchy is made of two kinds of levels.
The full levels are denoted by natural numbers 0,1, 2,3,... The half levels are denoted by
1/2,3/2,5/2,... Level 0 is the basis C. Then, for every number n € N:

— the halflevel n + 1/2 is the polynomial closure (Pol) of level n.

— the full level n + 1 is the Boolean closure (Bool) of level n + 1/2.

When C is a prevariety, this hierarchy exactly characterizes the quantifier alternation hierarchy
of first-order logic associated to the set of predicates I (see [26]). More precisely, for alln > 1,
level n — 1/2 is exactly the class £, () and level n is exactly the class BX,(1¢).

We are mainly interested in the intermediary levels A, (I¢) = Z,(I¢) N II,(I¢) and more
precisely in the special case where n = 2. As explained above, X;(Ic) = Pol(BPol(C)) and one
can check that this implies IT, (1) = coPol(BPol(C)). We get the following theorem.

THEOREM 4.9. For every prevariety C, we have A, (o) = Pol(BPol(C)) N coPol(BPol(C)).

4.2 Unambiguous polynomial closure

We turn to the main operator of the paper. It is defined as a variant of polynomial closure
obtained by restricting marked concatenations to unambiguous ones and unions to disjoint ones.
We first define what it means for some marked concatenation to be unambiguous. In fact, we
introduce three particular kinds of marked concatenations.

Deterministic marked concatenations. We define three properties. Let K,L. C A* and a € A.
Consider the marked concatenation KaL. We say that,
— Kal is left deterministic when K N KaA* = (.
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— Kal is right deterministic when L N A*aL = .
— Kal is unambiguous when for every w € KalL, there exists a unique decomposition of w
witnessing this membership. In other words, KaL is unambiguous if for every u,u’ € K

and v,V’ € L such that uav = ’av’, wehaveu=u’andv =V'.

EXAMPLE 4.10. Let A = {a, b, c}. Then b*aA* is left deterministic and A*ab* is right determin-
istic. Moreover, they are both unambiguous. On the other hand, (ab)*a(ca)* is unambiguous
but is neither left, nor right deterministic. Finally, A*aA* is ambiguous: aa € A*aA* and there

are two decompositions of aa witnessing this membership.

REMARK 4.11. Marked concatenations of nonempty group languages are ambiguous. Indeed,
let K,L C A* be two nonempty group languages and let a € A. Let o : A* — G be a morphism
into a finite group G recognizing both K and L, and let p = w(G) > 0. Moreover, letu € K
and v € L. Then a(ua?) = a(u), whence ua? € K. Similarly, a’v € L. Therefore, the word
(ua?)av = ua(a®v) has two decompositions witnessing its membership in KalL.

REMARK 4.12. Being deterministic or unambiguous is a semantic property: whether KaL
satisfies it may not be apparent on the definitions of K and L. Moreover, this depends on K, L
and a, not just on the concatenated language KaL. There may exist two marked concatenations
representing the same language and such that one is unambiguous while the other is not. For
example, if A = {a, b}, it is clear that b*aA* = A*aA*. However, b*aA* is left deterministic and
unambiguous while A*aA* is neither.

REMARK 4.13. Itisimmediate from the definitions that if the marked concatenation KalL is
unambiguous (resp. left deterministic, right deterministic), then for every K’ C Kand L’ C L, the
marked concatenation K’aL’ is also unambiguous (resp. left deterministic, right deterministic).
We shall often use this simple fact implicitly.

An alternative way to introduce left/right deterministic marked concatenations is to present
them as special kinds of unambiguous marked concatenations. We detail this point in the
following lemma.

LEMMA 4.14. Let K,L C A* and a € A. The two following properties hold:
— Kal is left deterministic if and only if KaA* is unambiguous.
— Kal is right deterministic if and only if A*aL is unambiguous

PROOF. By symmetry, we only prove the first assertion. We prove its contrapositive: KalL is
not left deterministic if and only if KaA* is not unambiguous. Assume first that KaL is not left
deterministic. This yields u € K N KaA*. Hence, we get u’ € K and v € A* such that u = u’av.
Hence, ua = u’ava € KaA* and there are two decompositions witnessing this fact: (u)a(e) and
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(u')a(va). We conclude that KaA* is ambiguous. Conversely, assume that KaA* is ambiguous.
We get u,u’ € K and v,V € A* such that u # v’ and uav = u’av’. By hypothesis, either ua is a
prefix of u’ or v’a is a prefix of u. By symmetry, we consider the case where ua is a prefix of u’'.
This yields x € A* such that u’ = uax. Hence, ' € K N KaA* and we conclude that KaL is not
left deterministic, as desired. u

Note that Lemma 4.14 and Remark 4.13 imply that left (resp. right) deterministic marked
concatenations are unambiguous. The converse is not true, as shown by Example 4.10. We
complete the definition with a lemma connecting left (resp. right) deterministic marked con-
catenations to the Green relation % (resp. .£’) defined on monoids. We shall use it in order to
prove that marked concatenations are left or right deterministic.

LEMMA 4.15. Leta : A* — N be a morphism into a finite monoid. Let s € N, a € A and
L C a(s). The two following properties hold:

— if sa(a) <4 s, then LaA* is left deterministic.

— ifa(a)s < s, then A*alL is right deterministic.

PROOF. By symmetry, we only prove the first assertion. We assume that sa(a) <4 s and show
that LaA* is left deterministic. By contradiction, assume that there exists a word w € L N LaA*.
Since w € LaA*, we getu € L and v € A* such that w = uav. Since u,w € L and L C a”(s), we
have a(u) = a(w) = s. Therefore, s = sa(a)a(v) which yields s <4 sa(a), contradicting the
hypothesis that sa(a) <4 s. n

DEFINITION 4.16 (Unambiguous polynomial closure). Consider a class C. Its unambiguous
polynomial closure, denoted by UPol(C) is the least class containing C and closed under both
disjoint union and unambiguous marked concatenation. That is given K, L € UPol(C) and a € A,
if KNL=0,then KWL € UPol(C) and if KaL is unambiguous, then KalL € UPol(C). Note that
here, we choose to use the symbol “&” for union in order to emphasize disjointedness.

REMARK 4.17. It is clear from the definition that UPol(C) C Pol(C) for every class C. In
general, this inclusion is strict. This will be the case for all examples considered in the paper.
For example, consider the class ST = {0, A*}. We have UPol(ST) = ST (this is because marked
concatenations A*aA* are ambiguous). Hence, UPol(ST) < Pol(ST).

EXAMPLE 4.18. As seen in Remark 4.17, we have UPol(ST) = ST. This is actually a generic
property of prevarieties of group languages: for every such class G, we have UPol(G) = G.
This is because the marked concatenation of two nonempty group languages can never be
unambiguous, see Remark 4.11. This illustrates a particularity of UPol: it is meant to be applied
to “complex enough” classes.
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EXAMPLE 4.19. An important example is UPol(AT). It is simple to verify that this class con-
tains exactly the finite disjoint unions of unambiguous marked products Bya; B} - - - anB;, where
ai,...,an, € Aand By, ..., B, € A (unambiguous marked products are defined in the natural way
by generalizing the definition to products of arbitrarily many languages). It is known as the class
of unambiguous languages [35]. We prove below that UPol(AT) = UPol(BPol(ST)). Note that it
follows from this equality that Pol(AT) = Pol(BPol(ST)) and that BPol(AT) = BPol(BPol(ST)),
as stated in Example 4.5.

REMARK 4.20. In the literature, a less restrictive definition, which allows arbitrary finite
unions, is sometimes used (see [16] for example). It turns out that this is equivalent when the
input class C is a prevariety. This is the only case that we consider in the paper. Yet, allowing

arbitrary finite unions is important when the input class C is not closed under complement.

We now present properties of unambiguous polynomial closure that we shall prove in the
paper. We start with an important theorem, which generalizes a result by Pin and Weil [20]. It
turns out that when the input class C is a prevariety?, the classes UPol(C) and Pol(C) NcoPol(C)

coincide.
THEOREM 4.21. For every prevariety C, we have UPol(C) = Pol(C) N coPol(C).

We postpone the proof of Theorem 4.21 to Section 7. It is based on algebraic charac-
terizations: we prove independently that for every prevariety C, the classes UPol(C) and
Pol(C) N coPol(C) have the same algebraic characterization. Hence, they are equal.

REMARK 4.22. Theorem 4.21 fails if C is only a positive prevariety (i.e., when C is not closed
under complement). For example, let C = Pol(ST). Clearly, we have UPol(C) = C. On the other
hand, one can verify that Pol(C) N coPol(C) = Pol(ST) N coPol(ST) = ST. Hence, we have the
strict inclusion Pol(C) N coPol(C) ¢ UPol(C) in this case.

REMARK 4.23. In view of Theorem 4.9, a consequence of Theorem 4.21 is that for every
prevariety C, we have UPol(BPol(C)) = A;(I¢). Hence, we get a first logical characterization of
UPol. We come back to this point in Section 10 where we present a second characterization of
UPol in terms of two-variable first-order logic (note however that in this case, we need stronger
hypotheses on the input class C).

With Theorem 4.21 in hand, it is simple to describe the closure properties of UPol(C). By
Corollary 4.7, we know that when C is a prevariety, then so is Pol(C) N coPol(C). In view of
Theorem 4.21, we obtain the same result for UPol(C). This is surprising since closure under

3 The original result of Pin and Weil only applies to input classes satisfying stronger properties involving closure under
inverse images of morphisms.
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Boolean operations is not apparent on the definition of UPol(C). This generalizes a result* by
Pin, Straubing and Thérien [19].

THEOREM 4.24. For every prevariety C, the class UPol(C) is a prevariety as well.

We may use Theorem 4.24 to prove a property for a particular input class C that will
be important for the applications of our results. As mentioned in Example 4.19, we have the
equality UPol(BPol(ST)) = UPol(AT).

LEMMA 4.25. We have UPol(BPol(ST)) = UPol(AT).

PROOF. It is immediate from the definitions that AT C BPol(ST). Consequently, we have
UPol(AT) C UPol(BPol(ST)). For the converse inclusion, we show that Pol(ST) C UPol(AT).
Since UPol(AT) is a Boolean algebra by Theorem 4.24, this yields BPol(ST) C UPol(AT) and
therefore UPol(BPol(ST)) € UPol(UPol(AT)) = UPol(AT). We now concentrate on proving that
Pol(ST) C UPol(AT). One may verify from the definition that Pol(ST) contains exactly the finite
unions of languages A*a, - - - A*a,A* with a4, ..., a, € A. Hence, since UPol(AT) is a prevariety
by Theorem 4.24, it suffices to prove that A*a; - -- A*a,A* € UPol(AT) for every ay, ..., a, € A.
For0 <i < n,welet B; = A\ {aj;1}. Clearly, B € AT for every i < n. Moreover, one can check
that,
A'ay---A*anA* = Byas - - By_japA".

It can then be verified that the marked concatenations B;Fam (B;f‘+1ai+2 --- By _,a,A") are all
unambiguous for 0 < i < n (they are actually left deterministic). Hence, an immediate induction
yields Bya; - -- B, _,a,A* € UPol(AT) and we get A*a; - -- A*anA* € UPol(AT), completing the
proof. ]

We conclude the presentation with a characteristic property of the classes UPol(C) when C
is an arbitrary prevariety. We use it in Section 7 to prove the algebraic characterization of
unambiguous polynomial closure.

PROPOSITION 4.26. Let C be a prevariety and L € UPol(C). There exists a C-morphism
n:A* — N and k € N satisfying the following property:

k

forallu,v,Vv',x,y € A%, if n(u) = n(v) = n(v’), then xukvuky €L & xu v’uky € L. 1)

PROOF. By definition, there exists a finite set of languages H C C such that L is built from the
languages in H using only unambiguous marked concatenations and disjoint unions. Propo-
sition 2.13 yields a C-morphism n : A* — N recognizing every H € H. We now use induction
on the construction of L from the languages in H to prove that there exists k € N such that (1)

4 As for Theorem 4.21, the original result of Pin, Straubing and Thérien only applies to input classes satisfying stronger
properties involving closure under inverse images by morphisms.
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holds. Assume first that L € H (which means that L is recognized by n). We show that (1)
holds for k = 0. Indeed, let u,v,V,x, y € A* such that n(u) = n(v) = n(v’). It follows that
n(xulvuy) = n(xu®v'uly). Since L is recognized by n, this yields xu’vu’y € L & xu®vuly € L
as desired.

We now assume that L ¢ H. In this case, there exist L, Ly, built from the languages in H
using unambiguous marked concatenations and disjoint unions such that either L = L1 @ Lo,
or L = LiaL, for some a € A and LialL; is unambiguous. Using induction, for i = 1, 2, we get
k; € N such that L; satisfies (1) for k = k;. If L = L1 W L,, it is immediate that L satisfies (1) for
k = max(kq, ko). We focus on the case L = LiaL,. Since L and L, are regular (as they belong to
UPol(C)), there exists a morphism « : A* — M into a finite monoid M recognizing them both.
Let p = w(M) > 1 be the idempotent power of this monoid. Moreover, let h = max(ky, kz) and
k = p + h. We prove that L = LjaL; satisfies (1) for this number k. Let u,v,Vv',x, y € A* such
that n(u) = n(v) = n(v'). Assume that xu*vuXy € L, we prove that xu*v'uXy € L (the converse
implication is symmetrical).

Since L = LiaL,, we have wy € L1 and wy € L, such that xu*vuXy = wiaw,. Using the
hypothesis that LjaL, is unambiguous, we prove the following fact.

LEMMA 4.27. Either xufvu” is a prefix of wy or u"vuXy is a suffix of w.

" is not a prefix of w; and uvuXy is not

k

PROOF. By contradiction, we assume that xu*vu

suffix of wy. Since k = p + h, we have wiaw, = xufvuXy = xuPuvuuPy. Therefore, our

hypothesis yields that u”y is a suffix of w, and xu? is a prefix of w,. We get z1, z; € A* such that

hy,;,h

w1 = xuPzq and wy = z,uPy. Since wiaw, = xuPuvuu? y, this also implies u"vu" = z1az,. Let

£ = (p-1)(2h+1). We prove that wiaz,u’z, € L and z,u’ziaw, € L,. Since we have wy € L4

£

and wy € Lo, this yields that wyaz,u*zyaw, € LiaL; and that this membership is witnessed

by two decompositions: wiazoutzi - a-wy and wy - a - zouz aw,. Hence, this contradicts the
hypothesis that LiaL, is unambiguous, finishing the proof.

We only prove that wiaz,u®z, € L (that zou®zaw, € Ly is symmetrical and left to the

h

reader). Since wy = xuPz; and u™vu" = z;az,, we have,

h

wyazoubz, = xuPuvu'ulz,.

Thus, it remains to show that xuPu™vuutz, € L. By definition, xu?z; = wy € L4. Since p is the

idempotent power of a finite monoid recognizing L1, this yields xuPuP?"*Vz, e L;. This can be

h

reformulated as xuPuuuu‘z, € L,. By definition, n(v) = n(u) and L satisfies (1) for k; < h.

Hence, we obtain xuPuvu'utz, € L, concluding the proof of the lemma. [

We may now prove that xuXv'uXy € L. In view of Lemma 4.27, there are two cases.

h ky,yh

First, assume that xukvu z and

k-h

is a prefix of wy. This yields z € A* such that w; = xu“vu

u<"y = zaw,. Since wy € Ly, n(u) = n(v) = n(v’) and L satisfies(1) for k; < h, it follows that,
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k Ky'uzaw, € Lial, as desired. In the second case, uvuXy

k-h

xuXv'uz e Li. Thus, xu¥vuky = xu"v'u

is a suffix of w,. This yields z € A* such that w, = zu"vuXy and xu*" = wyaz. Since w; € L,
n(u) = n(v) = n(v') and L, satisfies (1) for k, < h, it follows that, zu™'uXy € L,. We obtain

ky,q,k h

xuv'u*y = wiazu v’uky € LiaL,, as desired. [ ]

4.3 Alternated polynomial closure

We present a third and final operator. For every input class C, we define APol(C) as the least
class containing C closed under disjoint union, left deterministic marked concatenation and right
deterministic marked concatenation.

We now consider a technical restriction of APol, defined by further restricting the situations
in which using marked concatenation is allowed. While less natural, it will be useful in proof
arguments. Let C be a class of languages. Given two languages K,L C A* and a letter a € A,
we say that the marked concatenation Kal is left (resp. right) C-deterministic when there exist
K',L’ e Csuchthat K C K, L C L' and K’al’ is left (resp. right) deterministic.

REMARK 4.28. Clearly, KaL being left (resp. right) C-deterministic implies that it is also left
(resp. right) deterministic. The converse need not be true. For example, when C = ST = {0, A*},

no nonempty marked concatenation can be left or right ST-deterministic.

The weak alternated polynomial closure of a class C, which we denote by WAPol(C), is the
least class containing C and closed under disjoint union and left and right C-deterministic marked
concatenation. Clearly, we have WAPol(C) C APol(C). Moreover, we shall prove in Section 7 that
when C is a prevariety, the converse inclusion holds as well, so that WAPol(C) = APol(C). This
is useful to prove that APol(C) is included in another class: it suffices to prove that WAPol(C)
is included in this class, which is often simpler.

While APol and WAPol are less prominent than UPol, they serve as key tools in the paper.
This is because of the following theorem that we shall prove in Section 7.

THEOREM 4.29. Let C be a prevariety. Then, UPol(C) = APol(C) = WAPol(C).

Recall that by Lemma 4.14, a left/right deterministic marked concatenation is necessarily
unambiguous. Hence, the inclusions WAPol(C) € APol(C) € UPol(C) in Theorem 4.29 are
immediate from the definitions. On the other hand, the proof argument for the inclusion
UPol(C) € WAPol(C) is intertwined with that of the generic algebraic characterization of
UPol(C). More precisely, we prove that every language satisfying the characterization belongs
to WAPol(C) (which also implies membership in UPol(C)). This is why APol(C) and WAPol(C)
are important. In practice, left/right deterministic marked concatenations are simpler to handle
than unambiguous ones. By Theorem 4.29, they suffice to build all languages in UPol(C).
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5. Canonical relations associated to morphisms

Given a class C and a morphism a : A* — M into a finite monoid, we associate three distinct
objects: a submonoid of M and two relations. They are central ingredients for formulating
the algebraic characterizations of Pol(C) and UPol(C) that we present in Sections 6, 7 and 10.
Our characterization algorithms rely on these notions for C: the C-kernel, the C-pair and the
C-preorder relations.

51 G-kernels

Consider a class G and a morphism «a : A* — M into a finite monoid M. We associate to a a
subset N C M that we call the G-kernel of a. It consists of all elements s € M such that {&} is
not G-separable from a~!(s). Additionally, we shall consider a slightly more restrictive notion:
the strict G-kernel of a is the set S = N N a(A").

REMARK 5.1. While the definition makes sense for an arbitrary class G, it is meant to be used
in the special case where G is a prevariety of group languages (hence the notation G).

REMARK 5.2. When G is the class MOD of modulo languages, it can be shown that the MOD-
kernel of a morphism corresponds to a standard notion: the stable monoid, defined in [37].
Given a morphism a : A* — M into a finite monoid, it can be verified that there exists a number
d > 1 such that a(A%?) = a(A%). The least such number d > 1 is called the stability index of a.
The stable semigroup of a is S = «(A%) and the stable monoid of ais N = {137} U S. One may
verify that S and N are respectively the strict MOD-kernel and the MOD-kernel of « (this follows
from a simple analysis of MOD-separation).

Clearly, having a G-separation algorithm in hand suffices to compute the G-kernel of an
input morphism a. This yields the following lemma.

LEMMA 5.3. Let G be a class with decidable separation. Given a morphism a : A* — M into a
finite monoid as input, one can compute both the G-kernel and the strict G-kernel of a.

We now characterize G-kernels in terms of G-morphisms when G is a prevariety.

LEMMA 5.4. Let G be a prevariety, let a : A* — M be a morphism into a finite monoid and
let N be the G-kernel of a. The following properties hold:
— Letn : A* — G be a G-morphism. For every s € N, there exists w € A* such that a(w) = s
and n(w) = 1g.
— There exists a G-morphism np : A* — G such that for every w € A", if n(w) = 15, then
a(w) € N.
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PROOF. For the first assertion, let n : A* — G be a G-morphism and consider s € N. By
hypothesis, n71(1¢) € G and {€} € n71(1¢). Since s € N and N is the G-kernel of a, the language
n~1(1g) € G cannot separate o (s) from {&}. Since it includes {&}, we have a1 (s)Nn~1(1¢) # 0.
This yields w € A* such that a(w) = s and n(w) = 1g.

We turn to the second assertion. By definition of the G-kernel N of a, we know that for
every t € M \ N, there exists K; € G such that ¢ € K; and o~ *(t) N K; = 0. Proposition 2.13 yields
a G-morphism n : A* — G recognizing all languages K; for t € M \ N. It remains to prove that
given w € A* such that n(w) = 15, we have a(w) € N. Assume that n(w) = 1 = n(€). Since n
recognizes K; for every t € M \ N and ¢ € K; by definition, we get w € K; for everyt € M \ N.
Since a~1(t) N K; = 0, we deduce that a(w) # t for every t € M \ N. This means that a(w) € N,
completing the proof. u

An important property is that the G-kernel N of a morphism « : A* — M is a submonoid
of M. Observe that since the strict G-kernel of ais S = N N o (A™) by definition, this also implies
that S is a subsemigroup of M. We state these properties in the following fact, which we shall
use implicitly from now on.

FACT 5.5. Let G be a prevariety and a : A* — M a morphism into a finite monoid. The
G-kernel of a is a submonoid of M. Its strict G-kernel is a subsemigroup of M.

PROOF. We write N for the G-kernel of a. Lemma 5.4 yields a G-morphism n : A* — G
such that for every w € A*, if n(w) = 15, then a(w) € N. Since n(e) = 1g, it follows that
1y = a(e) € N. Moreover, if s,t € N, then the first assertion in Lemma 5.4 yields u, v € A* such
that n(u) = n(v) = 1g, a(u) = s and a(v) = t. Hence, n(uv) = 1 and we get st = a(uv) € N by
definition of n. ]

We conclude the presentation with a lemma, specific to the case where G is a prevariety
of group languages (which is the only case that we shall consider in practice).

FACT 5.6. Let G be a prevariety of group languages and let a : A* — M be a surjective
morphism into a finite monoid. Then, all idempotents in E(M) belongs to the G-kernel of a.

PROOF. Let N be the G-kernel of « and let e € E(M). We prove that e € N. By Lemma 5.4,
there exists a G-morphism n : A* — G such that for every w € A", if n(w) = 1, then a(w) € N.
By Lemma 2.14, we know that G is a group. Since « is surjective, there exists w € A* such that
a(w) = e. Let k = w(G). Since G is a group, we get n(wX) = 1 by definition of k. Moreover,
since e is idempotent, we have a(wX) = e. Hence, e € N by definition of . u
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5.2 (C-pairs

Consider a class C and a morphism « : A* — M into a finite monoid. We define a relation on
M: the C-pairs (for «). Let (s, t) € M?. We say that,

(s,t) is a C-pair (for ) if and only if a~*(s) is not C-separable from o~ *(¢). (2)
REMARK 5.7. While we often make this implicit, being a C-pair depends on o.

By definition, the set of C-pairs for « is finite: it is a subset of M2. Moreover, having a
C-separation algorithm in hand is clearly enough to compute all C-pairs associated to an input
morphism a. We state this simple, yet crucial property in the following lemma.

LEMMA 5.8. Let C be a class of languages with decidable separation. Then, given a morphism
o : A* — M into a finite monoid as input, one can compute all C-pairs for «a.

We complete the definition with some properties of C-pairs. A simple and useful one is
that the C-pair relation is reflexive provided that the morphism « is surjective (which is always
the case in practice). Moreover, it is symmetric when C is closed under complement. On the
other hand, the C-pair relation is not transitive in general (see Example 5.10 below).

LEMMA 5.9. Consider a class C and a morphism « : A* — M into a finite monoid. The
following properties hold:
— If a is surjective, the C-pair relation is reflexive: for every s € M, (s, s) is a C-pair.
— If C is closed under complement, the C-pair relation is symmetric: for every C-pair
(s,t) € M?, (t,s) is a C-pair as well.

PROOF. For first assertion, assume that « is surjective. Given s € M, we have a~!(s) # 0 since
a is surjective. Hence, a~1(s) N a~1(s) # 0, which implies that a~1(s) is not C-separable from
a1(s). This exactly says that (s, s) is a C-pair. For the second assertion, assume that C is closed
under complement and consider a C-pair (s, t) € M2. It follows that a1 (s) is not C-separable
from o1 (t). Since C is closed under complement, this implies that a~1(t) is not C-separable
from a~(s). Therefore, (t, s) is a C-pair. n

EXAMPLE 5.10. The C-pair relation is not transitive in general. Indeed, let C = AT and let M
be the monoid {1, a, b, 0} where 1 acts as an identity element, 0 as an absorbing element, and
the rest of the multiplication is given by aa = ab =ba=bb =0.Let A={a,b} anda : A* - M
be the morphism defined by a(a) = a and a(b) = b. We have a~!(a) = {a}. Therefore, any
language of AT containing a~'(a) also contains a*, and intersects a~1(0) (which is the set of
words of length at least 2). Hence, (a, 0) is an AT-pair. Likewise, (0, b) is an AT-pair. However;
(a, b) is not an AT-pair, since the language a* € AT separates a'(a) = {a} from a~1(b) = {b}.
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We now provide a useful characterization of C-pairs via C-morphisms in the special case
where C is a positive prevariety, which is the only case that we consider in practice. It is similar
to Lemma 5.4.

LEMMA 5.11. Let C be a positive prevariety and let a : A* — M be a morphism into a finite
monoid. The two following properties hold:
— For every C-morphism 5 : A* — (N, <) and every C-pair (s,t) € M? for a, there exist
u,v € A* such that n(u) < n(v), a(u) = sand a(v) =t.
— There exists a C-morphism n : A* — (N, <) such that for allu,v € A%, if n(u) < n(v), then

(a(u), a(v)) is a C-pair for a.

PROOF. Let us start with the first assertion. Let n : A* — (N, <) be a C-morphism and let
(s,t) € M? be a C-pair for a. Let F C N be the set of all elements r € N such that n(u) < r
for some u € a~1(s). By definition, F is an upper set for the ordering < on N. Hence, we
have n~1(F) € C since n is a C-morphism. Moreover, it is immediate from the definition of F
that a~(s) € n~!(F). Therefore, since (s, t) is a C-pair (which means that a~!(s) cannot be
separated from a~!(t) using a language in C), it follows that n~1(F) N o~ 1(t) # 0. This yields
v € A" such that n(v) € F and a(v) = t. Finally, since v € F, the definition of F yields u € A*
such that n(u) < n(v) and a(u) = s, concluding the proof of the first assertion.

We turn to the second assertion. Let P C M? be the set of all pairs (s, t) € M? which are not
C-pairs. For every (s, t) € P, there exists Ks; € C separating a*(s) from a~*(t). Proposition 2.13
yields a C-morphism n : A* — (N, <) such that every language Kj; for (s, t) € P is recognized
by n. It remains to prove that for every u,v € A*,if n(u) < n(v), then (ax(u), a(v)) is a C-pair. We
prove the contrapositive. Assuming that (a(u), a(v)) is not a C-pair, we show that n(u) £ n(v).
By hypothesis, (a(u), a(v)) € P, which means that Ky),«v) € C is defined and separates
o Y(a(u)) from o (a(v)). Thus, u € Ko(u),a(v) and v & Ky ) a(v)- Since Ky a(v) is recognized
by n, this implies n(u) £ n(v). |

We now prove that when C is a positive prevariety of regular languages (which is the only
case that we shall consider), the C-pair relation is compatible with multiplication. This result is
similar to Fact 5.5 for G-kernels.

LEMMA 5.12. Let C be a positive prevariety and let a : A* — M be a morphism into a finite
monoid. If (s, t1), (S2, t2) € M? are C-pairs, then (s1S,, t1t2) is a C-pair as well.

PROOF. Lemma 5.11 yields a C-morphism n : A* — (N, <) such that for all u,v € A", if
n(u) < n(v), then (a(u),a(v)) is a C-pair. Let (s, t1), (S2,t;) € M? be C-pairs. Since n is a
C-morphism, it follows from Lemma 5.11 that there exist u;,v; € A* for i = 1,2 such that
n(u;) < n(vy), a(u;) = s; and a(v;) = t;. Clearly, it follows that n(uiuz) < n(vivy), o(uruy) = $152
and a(v1vy) = t1ty. Hence, (5182, t1tz) is a C-pair by definition of . ]
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We conclude the presentation with a result connecting G-pairs with the G-kernel, when G
is a prevariety of group languages.

LEMMA 5.13. Let G be a prevariety of group languages and let « : A* — M be a surjective
morphism into a finite monoid. Let e € E(M) and s, t € M such that (e, s) is a G-pair. Then, es
and t(est)?“~1 both belong to the G-kernel of «.

PROOF. Let N be the G-kernel of a. Lemma 5.4 yields a G-morphism np : A* — G such that for
every w € A%, if n(w) = 15, then a(w) € N. By Lemma 2.14, G is a group. We first show that
es € N. Since (e, s) is a G-pair, Lemma 5.11 yields u,v € A* such that n(u) = n(v), a(u) = e and
a(v) = s. Let p = w(G) X w(M). Since n(u) = n(v), we have n(uP~1v) = n(uP) = 1 (recall that
G is a group). Hence, by definition of n, we have a(u?~!v) € N. Since e is an idempotent, this
yields es € N, as desired.

We now prove that t(est)??~! € N. Let w = u?~!v. We know that n(w) = 15 and a(w) = es.
Since « is surjective, we get x € A* such that a(x) = t. Since n(w) = 1 and p is a multiple of
w(G), we have n(x(wx)?P~1) = n(x?P) = 15. Moreover, since p is a multiple of w (M), we have
a(x(wx)?P~1) = t(est)?“~1. By definition of n, we get t(est)?*~! € N. n

5.3 Canonical C-preorder and C-equivalence

Consider a lattice C. Moreover, let o : A* — M be a morphism into a finite monoid. We define
two relations on M: a preorder “<¢,” which we call the canonical C-preorder of a and an
equivalence “~¢ o” which we call the canonical C-equivalence of a. Consider a pair (s, t) € M2.
We define,

s <cat ifandonlyif se F =t e Fforall F C M such thata ' (F) € C. (3)
s ~cqt ifandonlyif se F & te Fforall F C M such thata ! (F) € C. 4)

It is immediate by definition that <¢ 4 is indeed a preorder on M. Moreover, ~¢ , is exactly the
equivalence induced by <¢ ,: for every s,t € M, we have s ~¢ t if and only if s <¢ 4 t and
t <c,« S- From now on, for the sake of avoiding clutter, we shall abuse terminology when the
morphism « is understood and we write <¢ for <¢ 4 and ~¢ for ~¢ . Additionally, for every
element s € M, we write [s]¢c € M/~¢ for the ~¢-class of s. Finally, note that since ~¢ is the
equivalence induced by <, the preorder <. also induces an order on the quotient set M /~¢,
which we write <¢: for every s,t € M we have [s]¢ <¢ [t]¢ if and only if s < t.

Observe that an immediate key property of these relations is that having an algorithm for
C-membership suffices to compute both <¢ and ~¢. Indeed, with such a procedure in hand, it
is possible to compute all subsets F C M such that a™!(F) € C. One may then decide whether
S Z¢ tfor some s,t € M by checking whether the implication s € F = t € F holds for every
such subset F. We state this in the following lemma.
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LEMMA 5.14. Let C be a class of languages with decidable membership. Given a morphism
o : A* — M into a finite monoid as input, one can compute the relations <¢ and ~¢ on M.

Properties. First, we show that given a morphism o : A* — M, we are able to characterize the
languages simultaneously recognized by a and belonging to C as those which are the inverse
image of an upper set for the preorder <. Recall that by definition, F € M is an upper set for
<c if and only if for every s € F and t € M such that s <c t, we have t € F.

LEMMA 5.15. Consider a lattice C and a morphism « : A* — M into a finite monoid. For every
F € M, we have o 1(F) € C if and only if F is an upper set for <¢.

PROOF. We fix F C M for the proof. Assume first that a1 (F) € C we prove that F is an upper
set for <¢. Let s € Fand t € M such that s <¢ t. By definition of <¢ and since a™1(F) € C,
this implies that t € F as desired. Conversely assume that F is an upper set for <. We prove
that a=1(F) € C. Consider s € F. By definition, we know that for every element r ¢ F, we have
s #c r. Hence by definition of <, there exists a set Fs,, € M such that a!(Fs;) € C, s € Fs,
and r ¢ F,. It is now immediate that,

F= U(ﬂ Fs,r).

SeF r¢F

Since inverse image commutes with Boolean operations, we obtain,

o (p) = (o (Fep)-

SeF r¢F

We conclude that a1 (F) € C, since C is a lattice. |

We turn to a key property of the preorder <. We connect it to the C-pair relation associated
to every morphism o : A* — M. Specifically, we show that < is the reflexive transitive closure
of the C-pair relation.

LEMMA 5.16. Consider a lattice C and a morphism «a : A* — M into a finite monoid. Then,
the relation <¢ on M is reflexive transitive closure of the C-pair relation.

PROOF. We first prove that < contains the reflexive transitive closure of the C-pair relation.
Since <¢ is a preorder, it suffices to show that for every C-pair (q,r) € M?, we have q <¢ T.
Hence, we fix F € M such that a™'(F) € C and q € F. We have to show that r € F. Clearly,
q € F implies that a~*(q) € a '(F). Since (q,r) is a C-pair and a~!(F) € C, we know that
a~(r) n a1 (F) # 0, whence r € F, as desired.

We turn to the converse implication. Let s,t € M be such that s <o t. Moreover, let
F C M be the least subset of M containing s and such that for every C-pair (q,r) € M?, if
q € F,thenr € F as well. We have to show thatt € F. Since s <¢ t, it suffices to show that
a1(F) € C by definition of <¢. For every q € F, we may build a language H, € C such that
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a1(q) € Hy € o™ (F). Indeed, for any r ¢ F, we know that (g, r) is not a C-pair by definition of
F. Therefore, there exists Hy, € C separating a~1(q) from a~1(r). We let,
Hy=( ) Hqr.
re¢F

Clearly H,; € C since C is a lattice. It now suffices to observe that,

o L(F) = U at(q) UHq C a”I(F).

qeF qeF

Therefore, a1 (F) = Uger Hq belongs to C since C is lattice. This concludes the proof. ]

We now consider the case where C is a Boolean algebra. We show that in this case the
preorder <. coincides with the equivalence ~¢ for every morphism o : A* — M.

LEMMA 5.17. Consider a Boolean algebra C and a morphism o : A* — M into a finite monoid.
For every s,t € M, we have s <¢ tif and only if s ~¢ t.

PROOF. We fix s,t € M for the proof. It is immediate by definition that if s ~¢ t, then we
have s <¢ t. We prove the converse implication. Assume that s <¢ t. For F € M such that
a1(F) € C,we need to show that s € F < t € F. The implication s € F = t € F is immediate
from s <c t. For the converse direction, since a~!(F) € C and C is a Boolean algebra, we have
a (M \ F)=A*\a}(F) € C. Hence, s <¢ tyieldss € M\ F = t € M \ F. The contrapositive
exactly says that t € F = s € F, which concludes the proof. u

Finally, we consider the particular case where C is additionally closed under quotients
(i.e., when C is a positive prevariety). We show that in this case <¢ and ~¢ are compatible with
the multiplication of M, provided that the morphism a : A* — M is surjective.

LEMMA 5.18. Let C be a positive prevariety and let a : A* — M be a surjective morphism
into a finite monoid. The two following properties hold for every sy, t1, S, t; € M:

— if s1 Z¢ t; and sy <Z¢ ty, then s15y < tits.

— if s ~¢ t1 and sy ~¢ to, then s15; ~¢ tits.

PROOF. Recall that by definition, s ~¢ tif and only if s <¢ t and t <¢ s for every s,t € M.
Hence, it suffices to prove the first assertion as the second is an immediate consequence. We
fix sq, t1, S, to € M such that s; <¢ t; and sy <¢ t,. We prove that s1S; <¢ tity. Let F C M such
that a1 (F) € C and s;s; € F. We show that t;t; € F. Let u,v € A* be two words such that
a(u) = s; and a(v) = t; (this is where we use the hypothesis that « is surjective). Since s15; € F,
we have s; € s;'F. Moreover, a ' (s;'F) = u™'a ! (F) belongs to C by closure under quotients.
Since s, < ty, we get t, € s;'F . It follows that s;¢t; € F, which means that s; € Ft,'. Moreover,
o1 (Ft;') = a(F)v~! belongs to C by closure under quotients. Since s; <¢ t1, we get t; € Ft; ™.
Altogether, we obtain tyt; € F, which concludes the proof. [
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Connection with C-morphisms. When C is a positive prevariety, it follows from Lemma 5.18
that the canonical C-preorder <. of a surjective morphism a : A* — M is a precongruence on the
monoid M and the induced equivalence ~¢ is a congruence. Consequently, the pair (M /~¢, <¢)
is an ordered monoid (recall that < denotes the order induced by <. on the quotient set M /~¢).
Moreover, the map [-]¢c : M — M /~¢ (which associates its ~¢-class to every element in M) is a
morphism. In the following lemma, we prove that the morphism [-]c o : A* —» (M/~¢, <¢) is
a C-morphism.

LEMMA 5.19. Let C be a positive prevariety and let « : A* — M be a surjective morphism
into a finite monoid. The languages recognized by [-]¢ o a are exactly those in C which are
recognized by a. In particular, [-]coa : A* —» (M/~¢, <¢) is a C-morphism.

PROOF. It is immediate from the definitions that the languages recognized by [-]¢ o «a are
exactly those of the form o~ !(F) where F C M is an upper set for <c. Hence, Lemma 5.15
implies that these are exactly the languages in C which are recognized by «, concluding the
proof. u

6. Algebraic characterizations for polynomial closure

We present an algebraic characterization for the classes built with polynomial closure. The
statements are based on Proposition 2.12: given a class O, rather than directly characterizing
the languages in D, we characterize the D-morphisms. Presenting the results in this form is
more convenient for reusing them later. We first consider the classes Pol(C) when C is a positive
prevariety. We recall their algebraic characterization proved in [26]. Then, we use it to prove
generic characterizations of the classes Pol(C) N coPol(C) and Pol(BPol(C)) N coPol(BPol(C))
when C is a positive prevariety.

6.1 Polynomial closure

We first present the generic characterization of the Pol(C)-morphisms proved in [26]. The
statement is based on the C-pair relation defined in Section 5. Since classes of the form Pol(C)
are not closed under complement in general, it is important to consider morphisms into finite

ordered monoids here.

THEOREM 6.1 ([26]). Let C be a positive prevariety and let o : A* — (M, <) be a surjective
morphism into a finite ordered monoid. The following properties are equivalent:

1. ais a Pol(C)-morphism.

2. «a satisfies the following property:

st < s¥ts®  for every C-pair (s,t) € M2 (5)
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Given a positive prevariety C, it follows from Lemma 5.8 that the C-pairs associated to
a morphism can be computed provided that C-separation is decidable. Hence, Theorem 6.1
implies that in this case, one can decide whether an input morphism o : A* — (M,<) isa
Pol(C)-morphism. In view of Proposition 2.12, this implies that Pol(C)-membership is decidable.
Indeed, given as input a regular language L, one can compute its syntactic morphism and since
Pol(C) is a positive prevariety by Theorem 4.3, the proposition yields that L € Pol(C) if and only
if this syntactic morphism is a Pol(C)-morphism. Altogether, we obtain the following corollary.

COROLLARY 6.2. Let C be a positive prevariety with decidable separation. Then Pol(C)-
membership is decidable.

REMARK 6.3. Itis also known that Pol(C)-covering and Pol(C)-separation are decidable when
C is a finite prevariety [22]. We do not detail this result as we shall not need it.

6.2 Intersected polynomial closure

With the generic characterization of Pol(C) in hand, it is straightforward to deduce another
generic characterization for Pol(C) N coPol(C). In particular, it shows that membership for
Pol(C) N coPol(C) boils down to separation for C (when C is a positive prevariety). However; it
turns out that this result can be strengthened: for any positive prevariety C, membership for
Pol(C) N coPol(C) reduces to membership for C. This is a simple consequence of Theorem 6.1.
It was first observed by Almeida, Bartonova, Klima and Kunc [2]. Indeed, we have the following
theorem. It is based on the canonical preorder < associated to a morphism « (note that since
classes of the form Pol(C) N coPol(C) are prevarieties, it suffices to consider morphisms into
unordered monoids here, see Remark 2.11).

THEOREM 6.4. Let C be a positive prevariety and let o : A* — M be a surjective morphism
into a finite monoid. The following properties are equivalent:
1. ais a (Pol(C) N coPol(C))-morphism.
2. a satisfies the following property:
st = s¥ts®  for every C-pair (s,t) € M. (6)
3. «a satisfies the following property:

st = s¥ts®  for every s,t € M such that s <c¢ t. (7)

PROOF. We first prove (1) & (2). Recall that we view o as the morphism o : A* — (M, =) into
the ordered monoid (M, =). Therefore, we get from Theorem 6.1 that a is a Pol(C)-morphism if
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and only if (6) is satisfied. It remains to prove that a is a (Pol(C) N coPol(C))-morphism if and
only if it is a Pol(C)-morphism. The left to right implication is immediate. For the converse one,
assume that o is a Pol(C)-morphism and let F € M. We show that a~1(F) € Pol(C) N coPol(C).
By hypothesis, we know that a~(F) € Pol(C) and A* \ a (F) = a1 (M \ F) € Pol(C). Hence,
o~ L(F) € Pol(C) N coPol(C), as desired.

The implication (3) = (2) is immediate from Lemma 5.16, which entails that for every
C-pair (s,t) € M? we have s < t. It remains to show the implication (2) = (3). Assuming
that o satisfies (6), we show it satisfies (7) as well. Let s, t € M? such that s <¢ t. We show that
st = g¥ts®, Lemma 5.16 yields k € Nand ry,...,rx € M such thatrg = s, e = t and (14, 'iy1) iS
a C-pair for all i < k. Using induction, we show that for all i > 1, s“*! = s¥r;s®. The case i = k
then yields the desired result, as t = ry. When i = 0, it is immediate that s**! = s“rys® since
ro = s. We now assume that i > 1. Using induction, we get that s**! = s“r;_1s®. Therefore, we
obtain s = (s“*1)® = (s¥r;_1s¥)®. Since (ri_1,1;) is a C-pair, it follows from Lemma 5.12 that
(8“ri—18%, s“r;s?) is a C-pair as well. Thus, it follows from (6) that,

Sw)w+1 w)wswrl_sw(swri_lsw)w'

(s“riz1 = (s“ri-1$

Since s“* = s¥r;_;1s* and s = (s“ri_1s*)¥, this yields,

Sw+1 — (sw+1)w+1

= s¥s“r;sYs? = s“r;s?.
This concludes the proof. u

Theorem 6.4 has the announced consequence: if C is a positive prevariety with decidable
membership, then (Pol(C) N coPol(C))-membership is decidable as well. Indeed, given as input
a regular language L, we can compute its syntactic morphism «a : A* — M together with the
relation < on M (this is possible by Lemma 5.14 since C-membership is decidable). Moreover,
we get from Proposition 2.12 that L € Pol(C) NcoPol(C) if and only if o is a (Pol(C) N coPol(C))-
morphism since Pol(C) NcoPol(C) is a prevariety by Corollary 4.7. This property can be decided
using (7) in Theorem 6.4 since we have <¢ in hand.

COROLLARY 6.5. Let C be a positive prevariety with decidable membership. Then, member-
ship is decidable for Pol(C) N coPol(C) as well.

This is surprising: C-membership suffices to handle (Pol(C) N coPol(C))-membership
while we are only able to handle Pol(C)-membership when C-separation is decidable. Intuitively,
this means that when a regular language L belongs to Pol(C) N coPol(C), the basic languages
in C which are required to construct L are all recognized by its syntactic morphism. On the
other hand, this is not the case for Pol(C).

We turn to the classes Pol(BPol(C)) N coPol(BPol(C)). As seen in Theorem 4.9, they are
interesting because they correspond to the levels A, (I¢) in quantifier alternation hierarchies.
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We present a specialized characterization of them, which we prove as a corollary of Theorem 6.1
and Theorem 6.4. We start with a preliminary result. A key point is that we do not consider BPol
in the proof: we bypass it using Lemma 4.8, which implies that Pol(BPol(C)) N coPol(BPol(C))
and Pol(coPol(C)) N coPol(coPol(C)) are the same class. Consequently, in order to apply
Theorem 6.4, we need a description of the canonical preorder <.,po(c) associated to a morphism.
We use Theorem 6.1 to obtain one.

LEMMA 6.6. Let C be a positive prevariety and let a : A* — M be a surjective morphism into
a finite monoid. The relation <;,po(c) On M is the least preorder such that for every x, y,s € M
and e € E(M), if (e, s) € M? is a C-pair, then xesey <coPol(C) XeYy.

PROOF. One can check from the definition that <;,po(c) is the reverse of the canonical preorder
<poi(c) associated to a. Therefore, it suffices prove that <pyc) is the least preorder such that
for every x, y,s € M and e € E(M), if (e, s) € M? is a C-pair, then xey <pol(C) Xe€SeY.

By hypothesis on C, Theorem 4.3 implies that Pol(C) is a positive prevariety of regular
languages. We first prove that for all x, y,s € M and e € E(M), if (e,s) € M? is a C-pair,
then xey =<poic) xesey. Let f = [e]poic) and t = [S]poi(c)- Since « is surjective, Lemma 5.19
yields that the map [-]poic) © & : A* — (M/~poi(c)> <poi(c)) is @ Pol(C)-morphism. Moreover,
since e is an idempotent of M, it is immediate that f is an idempotent of M /~pec). Finally,
since (e, s) is a C-pair for a, one can verify that (f,t) = ([e]poic), [S]poi(c)) is a C-pair for
[‘1poic) © & Consequently, Theorem 6.1 yields f**! <pyc) fUtf?, ie., f <poyc) ftf since
f is idempotent. This exactly says that [e]poc) <poic) [€S€]poic)- Therefore, we also have
[xeylpoic) <poi(c) [Xesey]poic) and we conclude that xey <peic) Xesey, as desired.

Conversely, let < be the least preorder on M such that for every x, y,s € M and e € E(M),
if (e, s) € M?is a C-pair, then xey < xesey. We show that <p,c) € <. Let = be equivalence
on M induced by < and let < be the ordering induced by < on the quotient set M/=. It is
straightforward that < is compatible with multiplication (this is where the elements x, y € M
in the definition are important). Hence, the pair (M /=, <) is an ordered monoid and the map
s - [s]=, sending every element s € M to its =-class, is a morphism.

We use Theorem 6.1 to prove that [-]~oca : A* — (M/=, <) is a Pol(C)-morphism. We have
to show that given r, t € M/= such that (r, t) is a C-pair for [-]= o a, we have r**! < r®tr®. Let
(r, t) be a C-pair for [-]= o a. One can verify that there exists a C-pair (g, s) € M? for « such that
[q]= =rand[s]s = t. Letk = w(M). We know from Lemma 5.12 that (¢~, s(q)*~1) is also a C-pair
Kgqk-1

< q* by definition of < which yields
q“™! < q¥sq since k = w(M). It follows that [q“* ]~ < [q“sq”]=~. Therefore, since [q]~ = r and

for a. Since g¥ € E(M) by definition of k, we have ¢ < q
[s]= = t, we obtain r**! < r®tr¢, as desired, and we conclude that [-]= o o : A* — (M/=,<) is
a Pol(C)-morphism.

We are ready to prove that <pyc) € <. Let (¢q,r) € M such that q <pec) r.- We show that
q<r.LetF={peM]|q< p}. Bydefinition, a ! (F) is recognized by the Pol(C)-morphism
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[]z=oa:A* — (M/=,<). Hence, we have a~!(F) € Pol(C) and since we have q € a'(F) and
q =poi(c) I» We obtain r € F by definition of <pyc). This exactly says that q < r by definition of
F, which concludes the proof. [

We are ready to present and prove the generic algebraic characterization of the classes
Pol(BPol(C)) N coPol(BPol(C)).

THEOREM 6.7. Let C be a positive prevariety and let o : A* — M be a surjective morphism into
a finite monoid. The two following properties are equivalent:

1. acis a (Pol(BPol(C)) N coPol(BPol(C)))-morphism.

2. « satisfies the following property:

(eset)?*! = (eset)“et(eset)?

(8)
orevery s,t € M and e € E(M) such that (e, s) € M?isa C-pair.
f

PROOF. First, recall that by Lemma 4.8, we have the equality Pol(BPol(C)) = Pol(coPol(C)).
Thus, the first assertion in the theorem states that a is a (Pol(coPol(C)) N coPol(coPol(C)))-
morphism. As coPol(C) is a positive prevariety by Corollary 4.7, it follows from Theorem 6.4
that this property holds if and only if « satisfies the following condition:

q“’+1 =q“rq” foreveryq,r € M such that q =coPol(C) T 9)

Consequently, it suffices to prove that « satisfies (9) if and only if it satisfies (8).

We first assume that o satisfies (9). We prove that it satisfies (8) as well. Given s,t € M and
e € E(M) such that (e, s) € M? is a C-pair, we have to prove that (eset)“*! = (eset)“et(eset)®.
It is immediate from Lemma 6.6 that ese <.,po(c) €, Which yields eset <.,poc) et. Hence, (9)
implies that (eset)“*! = (eset)“et(eset)®, as desired.

Conversely, we assume that « satisfies (8) and prove that it satisfies (9) as well. Given
q,r € M such that q <.po1c) 7> We have to prove that ¢“*! = ¢“rq®. By Lemma 6.6, there exists
qos - - -, qn € M such that g = qo, r = qn and, for every i < n, there existx, y,s € M and e € E(M)
such that (e, s) € M? is a C-pair, g;_1 = xesey and ¢; = xey. We use induction on i to prove
that q**! = q“q;q® for every i < n. Since g, = r, the case i = n yields the desired result. When
i = 0, it is immediate that ¢“*! = q“qoq® since qo = q. Assume now that i > 1. By induction
hypothesis, we have q**! = q“q;_1q®, which implies that ¢**? = (q“q;-1q®)“*2. Moreover, by
definition, we have x, y,s € M and e € E(M) such that (e, s) € M? is a C-pair, gi_1 = xesey and
qi = xey. It follows that,

qw+2 — (qwxesequ)w+2
= q“x(eseyq?q”x)“*eseyq®.
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Since (e, s) € M? is a C-pair, it now follows from (8) applied with ¢t = yq“q“x that,

gt = q“x(eseyq”q“x)?eyq“q“x(eseyq“q“x)”eseyq”
= (q“xeseyq”)”q”xeyq”(q“xeseyq®)®*!
= (4“qi-19°)” 94" 0:9" (9 qi-19*)*“**
— qw CIi qw+1.
Multiplying by ¢! on the right yields ¢“*! = q“q;q*, which concludes the proof. m

Theorem 6.7 implies that membership is decidable for Pol(BPol(C)) N coPol(BPol(C))
when C is a positive prevariety with decidable separation. The argument is based on Proposi-
tion 2.12. Note that we already had this result. Indeed, since Pol(BPol(C)) N coPol(BPol(C)) is
exactly Pol(coPol(C)) N coPol(coPol(C)) by Lemma 4.8, it also follows from Corollary 6.2 and
Corollary 6.5 (clearly, membership for coPol(C) reduces to the same problem for Pol(C)). Yet,
we shall need Theorem 6.7 when proving the logical characterizations of UPol in Section 10.

COROLLARY 6.8. LetC be apositive prevariety with decidable separation. Then, membership
is decidable for Pol(BPol(C)) N coPol(BPol(C)).

7. Algebraic characterizations for unambiguous polynomial closure

We present the generic algebraic characterization of unambiguous polynomial closure. It
holds for every input prevariety C and implies that UPol(C)-membership reduces to the same
problem for C. We also use this characterization to complete the proofs of Theorem 4.21 and
Theorem 4.29: when C is a prevariety, we have UPol(C) = APol(C) = Pol(C) N coPol(C).

REMARK 7.1. There exists an independent characterization by Pin [15]. Yet, it involves algebraic
notions that we have not presented and does not yield the reduction to C-membership.

Again, the characterization is based on the canonical equivalence ~ associated to mor-
phisms into finite monoids (see Section 5 for the definition).

THEOREM 7.2. Let C be a prevariety and let o : A* — M be a surjective morphism into a finite
monoid. The following properties are equivalent:

1. ais a UPol(C)-morphism.

2. ais a APol(C)-morphism.

3. ais a WAPol(C)-morphism.

4. « satisfies the following property:

st = s¥ts?  for every C-pair (s,t) € M. (6)
5. a satisfies the following property:

st = s¥ts® foreverys,t € M such that s ~c t. (10)
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Note that by Theorem 6.4, Equation (6) characterizes (Pol(C) N coPol(C))-morphisms.
Before proving Theorem 7.2, let us discuss its consequences. Importantly, we cannot directly
apply it to reduce UPol(C)-membership to C-membership. Indeed, given an arbitrary class
D, the connection between D-membership and D-morphisms is based on Proposition 2.12,
which requires D to be a (positive) prevariety. Hence, we need Theorem 4.24: UPol(C) is a
prevariety when C is one. Yet, we cannot use Theorem 4.24 at this point, since we obtained
it as the corollary of a result that we have not proved yet: Theorem 4.21 (which states that
UPol(C) = Pol(C) N coPol(C) when C is a prevariety). Therefore, we first use Theorem 7.2 to
provide a proof of Theorem 4.21. In fact, we present a more general statement involving also
WAPoI(C) and APol(C). It combines Theorem 4.21 and Theorem 4.29.

COROLLARY 7.3. For any prevariety C, we have the following equalities:
WAPoI(C) = APol(C) = UPol(C) = Pol(C) N coPol(C).

PROOF. The inclusions WAPol(C) C APol(C) C UPol(C) are immediate from Lemma 4.14:
left/right deterministic marked concatenations are unambiguous. Hence, we need to prove
that UPol(C) € WAPol(C), UPol(C) C Pol(C) N coPol(C) and Pol(C) N coPol(C) < UPol(C).
We start with the latter. Consider a language L € Pol(C) N coPol(C) and letax : A* - M
be the syntactic morphism of L. Since Pol(C) N coPol(C) is a prevariety by Corollary 4.7, it
follows from Proposition 2.12 that a is a (Pol(C) N coPol(C))-morphism. It then follows from
Theorem 6.4 that « satisfies (6). Consequently, Theorem 7.2 yields that o is a UPol(C)-morphism,
and L € UPol(C) since it is recognized by its syntactic morphism.

We turn to the inclusions UPol(C) € WAPol(C) and UPol(C) C Pol(C) N coPol(C), which
we treat simultaneously. Let L € UPol(C) and a : A* — M be the syntactic morphism of L. We
prove that «a satisfies (6). It will follow from Theorem 6.4 that a is a Pol(C) NcoPol(C)-morphism
and from Theorem 7.2 that it is a WAPol(C)-morphism. Therefore, since L is recognized by its
syntactic morphism, we get L € Pol(C) N coPol(C) and L € WAPol(C).

In order to prove (6), let (s, t) € M? be a C-pair for a. We have to show that s¥*! = s¥ts.
Since L € UPol(C), Proposition 4.26 yields a C-morphism np : A* — N and k € N such that for all
words u, v,V, X, y € A* satisfying n(u) = n(v) = n(v’), we have xuvu¥y € L & xu*v'uky ¢ L.
Since (s, t) is a C-pair and n is a C-morphism, it follows from Lemma 5.11 that there exist
u,v € A* such that n(u) = n(v), a(u) = s and a(v) = t. By definition of n, it follows that for
every x, y € A*, we have xu*vuXy € L & xufuuXy e L. This exactly says that u*vu* and u*¥uu*
are equivalent for the syntactic congruence of L. Hence, they have the same image under o by
definition of the syntactic morphism, and we get stsX = sXss¥. It now suffices to multiply by
the appropriate number of copies of s on the left and on the right to get s**! = s“ts®, which
completes the proof. u
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REMARK 7.4. There is a subtle difference between Theorem 7.2 above and Theorem 6.4 (which
applies to Pol(C) N coPol(C)), although the algebraic characterizations are the same: the latter
holds for every positive prevariety C, while the former requires C to be a prevariety. This is
important, as Corollary 7.3 fails when C is only a positive prevariety (see Remark 4.22).

With Corollary 7.3 in hand, we may now use Theorem 4.24: if C is a prevariety, then so is
UPol(C). Consequently, in this case, it follows from Proposition 2.12 that deciding whether an
input regular language L belongs to UPol(C) amounts to testing whether its syntactic morphism
is a UPol(C)-morphism. The syntactic morphism of a regular language can be computed.
Moreover, Theorem 7.2 states that an arbitrary surjective morphism is a UPol(C)-morphism if
and only if it satisfies (10). This can be checked by testing every possible combination provided
that we have the equivalence ~¢ in hand. Finally, by Lemma 5.14, ~¢ can be computed as soon
as C-membership is decidable. Altogether, we obtain that UPol preserves the decidability of
membership when it is applied to a prevariety.

COROLLARY 7.5. Let C be a prevariety. Assume that C has decidable membership. Then,
UPol(C)-membership is decidable as well.

It remains to establish Theorem 7.2. We devote the rest of this section to this proof.

PROOF OF THEOREM 7.2. We fix a prevariety C and a surjective morphism o : A* — M.
We prove (3) = (2) = (1) = (4) = (5) = (3). The implications (3) = (2) and (2) = (1)
are clear: we have the inclusions WAPol(C) € APol(C) C UPol(C) since left/right deterministic
marked concatenations are necessarily unambiguous by Lemma 4.14.

We show (1) = (4): let a be a UPol(C)-morphism, we prove that it satisfies (6). Given a C-
pair (s, t) € M? weshow that s“*! = s¥ts?. Let q = s. By hypothesis, we have a1 (q) € UPol(C).
Hence, Proposition 4.26 yields a C-morphism n : A* — N and k € N such that for every

Keallq & uvuk e a™l(q). Let p = w(M).

u,v,v € A%, if n(u) = n(v) = n(v'), then ufvu
Since (s, t) € M? is a C-pair, it follows from Lemma 5.12 that (s?, tsP~1) is also a C-pair. Hence,
since n is a C-morphism, Lemma 5.11 yields u,v € A* such that n(u) = n(v), a(u) = sP and
“un € a7 (q)

e a”1(q). We get a(uvu¥) = q = s*. By

a(v) = tsP~1. Clearly, a(ufuu¥) = ¢*PqPq*? = q = s since p = w(M). Hence u
K

uu
and since n(u) = n(v), the definition of n yields u*vu
definition of u and v, this exactly says that s“ts?“~1 = s, It now suffices to multiply by s on the
right to get s“*! = s“ts%, as desired.

We now prove (4) = (5). Assume that « is surjective and satisfies (6), we need to prove
that it satisfies (10) as well. Since C is a prevariety, we know that ~o = <¢ by Lemma 5.17.
Hence, the property is immediate from the implication (2) = (3) in Theorem 6.4.

We proved that (3) = (2) = (1) = (4) = (5). Therefore, it remains to prove (5) = (3).
Assuming that o satisfies (10), we show that it is a WAPol(C)-morphism, i.e., that every language
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recognized by a belongs to WAPol(C). Let N = M /~¢. Recall that N is a monoid since ~¢
is a congruence by Lemma 5.18. We define n asthemapn = [-][coca : A* — N. We know
from Lemma 5.19 that n is a C-morphism. Given a finite set of languages K and s,t € M, we
say that K is (s, t)-safe if for all K € K and w,w’ € K, we have sa(w)t = sa(w’)t. Finally, a
WAPol(C)-partition of a language H is a finite partition of H into languages of WAPol(C). The
implication (5) = (3) follows from the following lemma.

LEMMA 7.6. For any x € N and s,t € M, there exists an (s, t)-safe WAPol(C)-partition
of n71(x).

We first apply Lemma 7.6 to complete the main argument. For every x € N, Lemma 7.6
yields a WAPol(C)-partition Ky of n71(x) which is (1y,157)-safe. Hence, K = [,y Ky is a
WAPoI(C)-partition of A* which is (1j, 1)s)-safe. The latter property implies that for every
K € K, we have s € M such that K C a~!(s). Since K is a partition of A*, it follows that every
language recognized by « is a disjoint finite union of languages in K and therefore belongs to
WAPoI(C), by closure under disjoint union. This concludes the main argument.

It remains to prove Lemma 7.6. Let s,t € M and x € N. We build an (s, t)-safe WAPol(C)-
partition K of 71 (x). The proof proceeds by induction on the following three parameters, which
depend on Green relations on M and N, listed by order of importance:

1. The rank of (s, x, t): the number of elements y € N such that [s]cx[t]c < 7 y.
2. The Z-index of s: the number of elements r € M such thatr <4 s
3. The .Z-index of t: the number of elements r € M such thatr < ¢ t.

There are three cases, depending on whether [s]¢x[t]¢c _# x and on two properties of s, t and x:
— We say that s is right x-stable if there exists ¢ € M such that [q]¢ Z x and sq Z s.
— We say that ¢ is left x-stable if there exists r € M such that [r]¢ Z xandrt Z t.

In the base case, we assume that all three properties hold. Otherwise, we distinguish two
inductive cases depending on whether [s]¢cx[t]c _# x holds or not.

Base case: [s]cx[t]lc Z x, s is right x-stable and ¢ is left x-stable. In this case, let
K = {n71(x)}, which is clearly a WAPol(C)-partition of =1 (x): thisis even a C-partition of n™1(x)
since 1 is a C-morphism. It remains to show that K is (s, t)-safe. Given w, w’ € n~!(x), show that
sa(w)t = sa(w')t. We let p = a(w) and p’ = a(w’). By hypothesis, we have [p]c = [p']lc = x
and we have to show that spt = sp’t. We have [s]cx[t]c £ x, which implies that [s]cx # x
and x[t]c _# x. Hence, since [s]cx < X and x[t]¢c <% X, Lemma 2.1 yields [s]¢cx £ x and
x[t]lc % x. We use this property to prove the following fact.

LEMMA 7.7. We have spt # s and spt . t.

PROOF. We prove that spt # s using the hypotheses that x[t]¢ Z x and that s is right x-stable
(that spt Z t is proved symmetrically using the hypotheses that [s]cx £ x and that ¢ is left
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x-stable). Since s is right x-stable, there exists ¢ € M such that [q]¢c # x and sq Z s. Since
x = [plc and x[t]c Z x, we get [pt]lc Z [qlc. We getr € M such that [q]¢c = [ptr]c. Moreover,
since sq Z s, we have ¢’ € M such that s = sqq’. Consequently, we get s = s(qq")* = s(qq’)“**.
We have [qq’']¢c = [ptrq’]c which implies that qq’ ~¢ ptrq’. Therefore, Equation (10) yields
(qq)** = (qq)“ptrq (qq’)*. Finally, we may multiply by s on the left to obtain,

/)w+1

s =s(qq =s(qq)“ptrq' (qq)® = sptrq'(qq')*.

This implies that s <4 spt. Since it is clear that spt <4 s, we get spt % s, as desired. u

Lemma 7.7 yields q1, q2 € M such that ¢t = q1spt and s = sptq,. Letr = q;Sptq,. We may
combine the above equalities to obtain s = spr (indeed, r = tq,, whence spr = sptq; = S).
Therefore, s = s(pr)®. Similarly, t = rpt = (rp)“*'t. By hypothesis, [p]c = [p']¢c = x. Hence, we
obtain [pr]c = [p'r]c, so that pr ~¢ p’r. Therefore, Equation (10) applies and yields,

(pr)***™ = (pr)®*™ = (pr)®p'r(pr)®.

We may now multiply by s on the left and by pt on the right to obtain,

s(pr)“p(rp)®*'t = s(pr)“p’ (rp)“*'t.

Since we already established that s = s(pr)® and t = (rp)“*'t, we get as desired that spr = sp't,
which concludes the proof for this base case.

Firstinductive case: [s]cx[t]c < # x. Inthis case, it is immediate that the rank of (1p7, X, 1x)
is strictly smaller than the one of (s, x, t). Hence, induction on our first and main parameter
in Lemma 7.6 yields a WAPol(C)-partition K of n71(x) which is (1, 137)-safe (and therefore
(s, t)-safe as well). This concludes the first inductive case.

Second inductive case: [s]cx[t]c # x and either s is not right x-stable or t is not
left x-stable. This involves two symmetrical arguments depending on which property holds.
We treat the case where ¢ is not left x-stable using induction on the first and third parameter
(the second one is used in the symmetrical case). LetT C N X A X N be the set of all triples
(y,a,z) € Nx AxX N suchthat x .Z n(a)z <4 z and yn(a)z = x. For each triple (y,a,z) € T,
we use induction to build auxiliary WAPol(C)-partitions of n71(y) and n1(z), which we then
combine to construct the desired (s, t)-safe WAPol(C)-partition K of n71(x). We fix (y,a,z) € T
for the definition of these auxiliary WAPol(C)-partitions.

By definition of T, we have x < ¢ z. By Lemma 2.1, this implies x < 7 2,80 that we also
have [s]¢x[t]c < s z. Hence, the rank of (1, z, 1) is strictly smaller than the one of (s, x, t).
Since this is our most important induction parameter, we obtain a WAPol(C)-partition V, of
n~1(z) which is (1y, 1yr)-safe.
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We now use V, to build several WAPol(C)-partitions of n~1(y), one for each language
V € V,. We fix a language V € V, for the definition. Since V is (1, 157)-safe, there exists ry € M
such that a(v) = ry for every v € V. Moreover, [ry]c = n(v) = z since v € n71(z). We show
that (s, y, a(a)ryt) has a strictly smaller induction parameter than (s, x, t). Since (y,a,z) € T,
we have x .Z n(a)z, which means that x .Z [a(a)ry]¢. Since t is not left x-stable, it follows
that a(a)ryt < ¢ t: the Z-index of a(a)ryt is strictly smaller than the one of t, meaning that
our third induction parameter has decreased. Moreover, since yn(a)z = x, we also have
[slecyla(a)ryt]c = [s]cx[t]c which means that (s, x, t) and (s, y, a(a)ryt) have the same rank:
our first induction parameter is unchanged. Finally, the second induction parameter remains
unchanged as well, since it only depends on s. Hence, induction on our third parameter yields
a WAPol(C)-partition Uy q ;) v of n~1(y) which is (s, a(a)ryt)-safe.

We are ready to build the desired (s, t)-safe WAPol(C)-partition K of n7!(x). We define,

K= | ] {UaV|VeV,andU € Uyazv).
(y,a,z)eT

It remains to prove that K satisfies the desired properties. First, we show that K is indeed a
WAPol(C)-partition of n™!(x). We start by proving that for every w € n='(x), there exists a
unique K € K such that w € K. Let V' be the least suffix of w such that n(v') .Z x (U’ exists
since w is such a suffix). Observe that v’ # €. Indeed, otherwise [1y]¢c £ xand 1yt =t £ ¢,
contradicting our hypothesis that t is not left x-stable. Thus, v = av for some v € A* and a € A.
Finally, we let u € A* be such that w = uav. Let then y = n(u) and z = n(v). By definition
of v/ = av, we know that x .Z n(a)z < z and yn(a)z = x. Hence, (y,a,z) € T. Moreover,
there exists V € V, such thatv € Vand U € U(yq,),v such thatu € U. Thus w = uav € UaV
and UaV € K. Moreover, one can verify from the definition that this is the only language in K
containing w.

We now prove that for every K € K, we have K € n7!(x) and K € WAPol(C). By definition,
K =UaV withV € Vy and U € Uy, q,) v for some triple (y, a,z) € T. Moreover, by definition
of Vy and Uy q ) v, we have U € n7'(y) and V € n7'(z). Thus, since we have yn(a)z = x by
definition of T, we get K = UaV C n~!(x). Moreover, U,V € WAPol(C). Therefore, it suffices
to show that UaV is right C-deterministic to prove that UaV € WAPol(C) (note that left C-
deterministic marked concatenations are used in the symmetrical case). By definition, we have
V ¢ n7l(y) andU C n~1(z). Hence, since n71(y), n71(z) € C since n is a C-morphism, it suffices
to prove that n~1(y)an~1(z) is right deterministic. This is immediate from Lemma 4.15: since
(y,a,z) € Twehaven(a)z <¢ z. Altogether, we conclude that Kisindeed a WAPol(C)-partition
of n71(x).

Finally, we show that K is (s, t)-safe. Let K € K and w,w’ € K. We have to prove that
sa(w)t = sa(w')t. By definition K = UaV withV € V, and U € Uy ;) v for some triple

(y,a,z) € T. Thus, we get u,u’ € U and v,V € V such that w = uav and w = uv'av’. By
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definition v, v’ € Vimply that a(v) = a(v’) = ry. Therefore, we obtain sa(w)t = sa(w)a(a)ryt
and sa(w’)t = sa(u’)a(a)ryt. Finally, recall that Uy is (s, a(a)ryt)-safe. Consequently, we get
sa(w)t = sa(u)a(a)ryt = sa(u')a(a)ryt = sa(w’)t, which concludes the proof. u

8. Covering and Separation for unambiguous polynomial closure

In this section, we look at separation and covering for classes of the form UPol(C). We prove
that both problems are decidable for UPol(C) when the input class C is a finite prevariety.
The algorithm is based on a generic framework introduced in [32] to handle separation and
covering. We first recall this framework and then use it to present the algorithm.

8.1 Semirings

A semiring is a tuple (R, +, ) where R is a set and “+” and “-” are two binary operations called
addition and multiplication, which satisfy the following axioms:
— (R, +) is a commutative monoid, whose identity element is denoted by Og.
— (R, ) is a monoid, whose identity element is denoted by 1.
— Multiplication distributes over addition: for r,s,t € R,r - (s+t) = (r-s) + (r-t) and
(r+s)-t=(r-t)+(s-t.
— Ogrisazerofor (R,:): Og -7 =1 -0x = Og for everyr € R.

A semiring R is idempotent when r +r =r for every r € R, i.e., when the additive monoid (R, +)
is idempotent (there is no additional constraint on the multiplicative monoid (R, -)). Given an

idempotent semiring (R, +, -), one can define a canonical ordering < over R:
Forallr,se€ R, r <swhenr+s=s.

It is easy to check that < is a partial order which is compatible with both addition and multipli-
cation. Moreover, every morphism between two such commutative and idempotent monoids is
increasing for this ordering.

EXAMPLE 8.1. A key example of idempotent semiring is the set of all languages 24". Union is
the addition and language concatenation is the multiplication (with {e} as the identity element).
Observe that in this case, the canonical ordering is inclusion. More generally, if M is a monoid,
then 2 is an idempotent semiring whose addition is union, and whose multiplication is obtained

by pointwise lifting that of M to subsets.

When dealing with subsets of an idempotent semiring R, we shall often apply a downset

operation. Given S C R, we write:

lrRS ={r e R|r < s for some s € S}.
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We extend this notation to Cartesian products of arbitrary sets with R. Given some set X and
S C X X R, we write,

RS ={(x,r) e X X R | 3s € Rsuch thatr < sand (x,s) € S}.

Multiplicative rating maps We define a multiplicative rating map as a semiring morphism
p:(24,U,.) = (R,+,-) where (R, +, ) is a finite idempotent semiring, called the rating set of p.
That is, p is a map from 24" to R satisfying the following properties:

1. p(0) = Og.

2. For every K1, K, C A*, we have p(K; U K3) = p(K7) + p(K3).

3. p({e}) = 1.

4. For every Ky, K, C A*, we have p(K1K3) = p(K7) - p(K3).

For the sake of improved readability, when applying a multiplicative rating map p to a
singleton set {w}, we shall write p(w) for p({w}). Additionally, we write p. : A* — R for the
restriction of p to A*: for every w € A*, we have p.(w) = p(w) (this notation is useful when
referring to the language p;!(r) C A*, which consists of all words w € A* such that p(w) =r).
Note that p. is a morphism into the finite monoid (R, -).

REMARK 8.2. As the adjective “multiplicative” suggests, there exists a more general notion of
“rating map” introduced in [32]. These are morphisms of idempotent and commutative monoids
(i.e., it is not required that R be equipped with a multiplication). However, we shall not use this
notion in the paper.

Most of the theory makes sense for arbitrary multiplicative rating maps. Yet, in the paper,
we work with special multiplicative rating maps satisfying an additional property.

Finitary and full rating maps. We say that a multiplicative rating map p : 24" — R is finitary
when, for every language K C A*, there exist finitely many words wy,...,w, € K such that
p(K) = p(w1) +- - + p(Wg).

If a rating map is simultaneously finitary and multiplicative, we say that it is full. Full
rating maps are specially important. This is because any full rating map p : 24" — R is (fully)
characterized by the canonical monoid morphism p. : A* — R. Indeed, for K C A", we may
consider the sum of all elements p(w) for w € K: while it may be infinite, this sum boils down
to a finite one since R is commutative and idempotent for addition. The hypothesis that p is
finitary implies that p(K) is equal to this sum. The key point here is that full rating maps are
finitely representable: clearly, a full rating map p is characterized by the morphism p, : A* — R,
which is finitely representable since it is a morphism into a finite monoid. Hence, we may speak
about algorithms taking full rating maps as input.
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Canonical multiplicative rating map associated to a monoid morphism. Finally, one can
associate a particular full rating map p, to every monoid morphism « : A* — M into a finite
monoid. Its rating set is the idempotent semiring (2¥, U, -), whose multiplication is obtained by
lifting the one of M to subsets of M. Moreover, for every language K C A*, we let p,(K) be the
direct image a(K) € M. In other words, we define:

Po: 24 — 2M
K + {a(w)]|weK}.

Clearly, p, is a full rating map.

Optimal imprints. Now that we have multiplicative rating maps, we turn to imprints. Consider
a multiplicative rating map p : 24" — R. Given any finite set of languages K, we define the
p-imprint of K. Intuitively, when K is a cover of some language L, this object measures the
“quality” of K. The p-imprint of K is the subset of R defined by:

I[pl(K) = lr{p(K) | K € K}.

We now define optimality. Consider an arbitrary multiplicative rating map p : 24" — R and
a lattice 9. Given a language L, an optimal D-cover of L for p is a D-cover K of L having the
smallest possible imprint among all D-covers, i.e., which satisfies the following property:

I[p](K) C I[p](K') forevery D-cover K’ of L.

In general, there can be infinitely many optimal 9-covers for a given multiplicative rating map
p. The key point is that there always exists at least one, provided that D is a lattice. We state
this property in the following lemma (proved in [32]).

LEMMA 8.3. Let D be a lattice. For every language L and every multiplicative rating map p,
there exists an optimal D-cover of L for p.

Clearly, given a lattice D, a language L and a multiplicative rating map p, all optimal
PD-covers of L for p have the same p-imprint. Hence, this unique p-imprint is a canonical object
for O, L and p. We call it the D-optimal p-imprint on L and we write it Ip[L, p]:

Ip|L, p] = I[p](K) for any optimal D-cover K of L for p.

An important special case is when L = A*. In this case, we write 7y |[p] for Ip[A*, p]. Let us
present a few properties of optimal imprints (all proved in [32]). First, we have the following
useful fact, which is immediate from the definitions.

FACT 8.4. Let p be a multiplicative rating map and consider two languages H, L such that
H C L. Then, Ip[H, p] C Ip|L, p].

Additionally, the following lemma describes optimal imprints of a union of languages.
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LEMMA 8.5. Let D be alattice and let p : 24" — R be a multiplicative rating map. Given two
languages H, L, we have Ip[H U L, p]| = Ip[H, p] U Ip|L, p]

We complete Lemma 8.5 with a similar statement for language concatenation instead of
union. Note that it requires more hypotheses on the class 9: we need closure under quotient.

LEMMA 8.6. Let D be a positive prevariety and let p : 24" — R be a multiplicative rating map.
Given two languages H,L C A*, we have Ip[H, p] - Ip|L, p] C Ip[HL, p].

Connection with covering. We may now connect these definitions to the covering problem.
The key idea is that solving D-covering for a fixed class D boils down to finding an algorithm
that computes D-optimal imprints from full rating maps given as inputs. In [32], two statements
are presented. The first is simpler but it only applies to Boolean algebras, while the second is
more involved and applies to all lattices. Since all classes investigated in the paper are Boolean
algebras, we only present the first statement.

PROPOSITION 8.7. Let D be a Boolean algebra. There exists an effective reduction from

PD-covering to the following problem:
Input: A full rating map p : 24" — Rand F C R.

Question: Isittrue that Ip[p] N F = 0?

PROOF SKETCH. We briefly describe the reduction (we refer the reader to [32] for details).
Consider an input pair (Lo, {L4, ..., Ly}) for D-covering. Since the languages L; are regular, for
every i < n, one can compute a morphism ¢; : A* — M; into a finite monoid recognizing L;
together with the set F; € M; such that L; = (xl.‘1(1-“l-). Consider the associated full rating maps
pe; 1 24 — 2Mi, Moreover, let R be the idempotent semiring 2M0 x - .. x 2Mr equipped with
the componentwise addition and multiplication. We define a full rating map p : 24" — R by
letting p(K) = (pg, (K), ..., Pa,(K)) for every K € A*. Finally, let F C R be the set of all tuples
(Xo,...,Xn) € Rsuch that X; N F; # (0 for every i < n. One can now verify that (Lo, {L1,...,Ln})
is D-coverable if and only if 7y [p] N F = (. Let us point out that this equivalence is only true
when 9 is a Boolean algebra. When 9 is only a lattice, one has to handle the language L
separately. u

Pointed optimal imprints. In view of Proposition 8.7, given a Boolean algebra P, an algorithm
computing 7y [ p] from a full rating map p yields a procedure for D-covering. We consider the
case where D = UPol(C) for some finite prevariety C. We present a least fixpoint procedure
for computing Jypeic)[p]. Yet, implementing it requires considering an object which carries
more information than Zypec)[p], which we now define.

Let D be aBoolean algebra, n : A* — N be amorphism into a finite monoidand p : 24" — R
be a multiplicative rating map. The n-pointed D-optimal p-imprint is defined as the following



48 | 74

TheoretiCS T. Place, M. Zeitoun

set Ppl[n, p] € N XR:

Ppln,pl = {(t,r) e NXR |reIp[n (1), pl}.

In view of this definition, we shall manipulate Cartesian products N X R where N is a finite
monoid and R is a finite idempotent semiring. In this context, it will be convenient to use the
following functional notation. Given a subset S C N X Rand t € N, we write S(t) C R for the set
S(t)y={reR| (t,r) eS}

The set Pp[n, p] encodes the D-optimal p-imprint on A%, that is, the subset 7p[p] of R.
Indeed, since Ip[p] = Ip[A*, p], we have the following immediate corollary of Lemma 8.5.

COROLLARY 8.8. Let D be aBoolean algebra, n : A* — N be a morphism into a finite monoid

and p : 24" — R be a multiplicative rating map. Then,

Iplpl = | Znln ™' (®), p1 = () Poln, p1 (D).
teN teN
In the sequel, we consider the case where 9D = UPol(C), for some finite prevariety C.
We present an algorithm for computing Pypoic)[nc, Pl € Ne¢ X R from a full rating map p.
Recall that n¢ : A* — N¢ is the canonical C-morphism, which is well-defined since C is a finite
prevariety. This is actually the reason why the algorithm depends on the finiteness of C.

8.2 Characterization of UPol(C)-optimal imprints

Let us first describe the property characterizing UPol(C)-optimal imprints for a finite prevariety
C. Consider a morphism n : A* — N into a finite monoid (as explained above, in the statement,
n will be the canonical C-morphism n¢) and a multiplicative rating map p : 24" — R. We say
that a subset S C N X R is UPol-saturated for n and p if satisfies the four following properties:

Trivial elements: for every w € A*, we have (n(w), p(w)) € S.
Closure under downset: we have |[gS = S.

Closure under multiplication: for every (s1,11), (S2,12) € S, we have ($1S2,1112) € S.

=W e

UPol-closure: if (ey, f1), (€2, f2) € S are pairs of multiplicative idempotents and we have
some s € N such that e; <y se; and e; <o eys, then (eisey, fip(n~1(s)) f2) € S.

We are ready to state the main theorem of the section. Recall that when C is a finite
prevariety, we write n¢ : A* — N¢ for the canonical C-morphism (see Section 2). We prove
that for every multiplicative rating map p : 24" — R, the n¢-pointed UPol(C)-optimal p-imprint
Pupoi(c)[Nc, p] is the least UPol-saturated subset of N¢ X R (for inclusion) for ¢ and p.

THEOREM 8.9. Let C be a finite prevariety and p : 24" — R be a multiplicative rating map.
Then, Pypoi(c)[Nc, p] is the least UPol-saturated subset of N¢ X R for nc and p.
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REMARK 8.10. When C is finite, Theorem 8.9 characterizes the least UPol-saturated subset
for the canonical C-morphism and a multiplicative rating map. However, note that in order
to obtain the decidability of UPol(C)-covering, we need the input to be finitely representable,
i.e., we need the rating map to be full. In this case, it is clear that one can use a least fixpoint
procedure to compute the least UPol-saturated subset of Nc X R from an input full rating
map p : 24" — R. Therefore, Theorem 8.9 yields a procedure for computing Pupoi(c)[Nc, Pl
from an input full rating map p : 24 — R. By Corollary 8.8, it follows that we may compute
Tupoic)[P] € R as well. Hence, Proposition 8.7 yields that UPol(C)-covering is decidable. This
extends to UPol(C)-separation by Lemma 2.4.

From the above remark, we obtain the following corollary of Theorem 8.9.

COROLLARY 8.11. For every finite prevariety C, UPol(C)-covering and UPol(C)-separation
are decidable.

A key application of Corollary 8.11 is when C is the finite prevariety AT of alphabet testable
languages: we get the decidability of covering and separation for UPol(AT) = UPol(BPol(ST))
(we proved this equality in Lemma 4.25). Let us point out that this result was already known: it
is proved in [32] using a specialized argument based on the logical characterization of UPol(AT)
in terms of two-variable first-order logic (we present this logical characterization in Section 10).
Actually, specializing the above generic algorithm yields exactly the procedure of [32].

We turn to the proof of Theorem 8.9. We present two independent statements, which
correspond to soundness and completeness of the least fixpoint procedure that computes
Pupoi(c)[Nc, p]. We start with the former.

PROPOSITION 8.12 (Soundness). Let C be a finite prevariety and p : 24" — R be a multi-
plicative rating map. Then, Pypoic)[nc, p] € Nc X R is UPol-saturated for n¢ and p.

PROOF. Recall that UPol(C) is a prevariety by Theorem 4.24. There are four properties to verify.
We start with the first three which are standard. For the trivial elements, consider w € A* and
let K be an optimal UPol(C)-cover of n&l(nc(w)). Sincew € nél(nc(w)), there exists K € K such
that w € K. Thus, p(w) < p(K) which yields p(w) € 7[p](K) = IUpol(C)[ng,l(nC(w)),p]. This
implies that (nc(w), p(w)) € Pupoi(c)[nc, p]. Closure under downset is immediate by definition
of imprints. Finally, for closure under multiplication, consider (s1,71), (S2,12) € Pupoic)[Nc; P]-
We have r; € Iypoi(c) [nél(si), p] for i = 1, 2. Since UPol(C) is a prevariety, Lemma 8.6 yields
riry € Iypoic) (g (s1)ng'(s2), pl. Clearly, n;'(s1)ng'(sz2) € ng'(sisz). Thus, Fact 8.4 yields
riry € Iypoi(c) [nél(slsz), p]. By definition, this exactly says that (s152,7112) € Pupoicc)[c, P].

It remains to prove that Pypec)[nc, p] satisfies UPol-closure. Consider two pairs of mul-
tiplicative idempotents (e, f1), (€2, f2) € Puroic)[c, p] and s € N¢ such that e; <5 se; and
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ey <y e1S. We prove that (e;sey, flp(nal(s)) f2) € Pupoi(c)lNc, p]. By definition, we have to
show that,

fip(ngt () f2 € Tupoic) (NG (e15€2), pl.

By definition, this boils down to proving that given an arbitrary UPol(C)-cover K of nél (e1sey),
we have flp(nal(s))fz € I [p](K). We fix K for the proof. Proposition 2.13 yields a UPol(C)-
morphism o : A* — M recognizing every language K € K. Let k = w(M).

Leti € {1,2}. By hypothesis, we know that (e;, fi) € Pupoic)[Nc, p]- By definition, this
means that f; € Typoic)[ng' (e:), pl. Clearly, the set {a'(¢) | t € M and a”'(t) N n,'(e;) # 0}
is a UPol(C)-cover of n&l(ei). Therefore, since f; € Iypoi(c) [nél(el-), pl, we get t; € M such that
ng'(e) Nal(t) # 0 and f; < p(a'(t;)). We fix w; € n;'(e;) N’ (t;) for the proof. Moreover,
we let u € n;'(s). We define,

w= W’l‘uw’z‘ :
Since eq, e; € N¢ are idempotents, we have n¢(w) = e;se;. Since Kis a cover of ng,l(elsez), we
get K € Ksuch that w € K. We prove that,

(o M ()G (s) (M (12))* C K. 11)

Let us first explain how to use (11) to conclude the proof. Since f; < p(a™i(t;)) fori = 1,2,
the inclusion given by (11) implies that fp(n5!(s))f¥ < p(K). Moreover, since fi, f; € R are
multiplicative idempotents, this yields f1p(r)51(s)) f2 < p(K). Finally, since K € K, we get
fip(ng'(s)) f2 € I[p](K), as desired.

It remains to prove that (11) holds. We fixw’ € (a™*(t1))*n;" (s) (o} (t2))* for the proof and
show that w’ € K. Since K is recognized by a and w € K, it suffices to prove that a(w’) = a(w).
Fori = 1,2, we write g; = t”. By definition of w and of k = w(M), we have a(w) = g1a(u)g2. By
hypothesis on W/, there exists u’ € r;gﬂ(s) such that a(w’) = g1ax(u’) g2. Hence, it remains to show
that g1a(u)g, = g1a(u’)g,. First, we use our hypothesis on ey, €, s € N¢: since e; <y se; and
e, < e1S, there exist q1,q, € N¢ such that e; = se;q; and e; = gqoe18. Let p = qze18€2q1 € Ne.

Since e; and e; are idempotents, we have,

€1 = Sexqi1 = Sezezex(q1 = Sex(qrei1Sexq1 = Seyp,

€y = (1S = (e1€e1e1S = (€e1S€ez(qi1e1S = pe;S.

Letv € nél(p). Since nc(wf) = ¢ fori = 1,2 and ne¢(u) = ne(uw') = s, the above yields
the equalities nc(w¥) = nc(wWwiv) and ne(w¥) = ne(vwku). Since ne is the canonical C-
morphism and a(wf) = gi fori = 1,2, one obtain, using Lemma 2.16 and Lemma 5.19, that
g1 ~c a(u)gza(v) and g ~¢ a(v)gia(u). Finally, since a is a UPol(C)-morphism, Theorem 7.2
implies that it satisfies (10). Since g; and g, are idempotents, this yields: g1 = g1a(u')ga(v) g1



51/ 74

TheoretiCS All about unambiguous polynomial closure

and g; = g2a(v)gi1a(u)g,. It follows that,

gro(w) gz = g1a(U') g2a(v) gro(w) g2 = g1(U') G-
This concludes the proof. ]
We turn to the completeness direction in Theorem 8.9.

PROPOSITION 8.13 (Completeness). Let C be a prevariety, n : A* — N be a C-morphism,
p : 24" — R be a multiplicative rating map and S C N X R be UPol-saturated for n and p. For
every t € N, there exists a UPol(C)-cover K, of n71(t) such that 7 [p] (K;) € S(¢).

PROOF. We fix C, n, p and S as in the statement. Since S is UPol-saturated, it is closed under
multiplication, which implies that S is a monoid for the componentwise multiplication (the
identity element is the trivial element (1y, 1z) = (n(€), p(€))). The proposition is a corollary of
the following lemma, which we prove by induction.

LEMMA 8.14. Let (x,p),(y,q) € Sand t € N. There exists a UPol(C)-partition K of n~1(t)
such that (xty, pp(K)q) € S for every K € K.

We first apply the lemma to complete the proof of Proposition 8.13. We apply it for
(x,p) = (v,q) = (1y,1z) € S. For every t € N, this yields a UPol(C)-partition K, of n~1(t) such
that (¢, p(K)) € S for every K € K. Since S is closed under downset, the fact that (¢, p(K)) € S
for every K € K; implies that 7 [p](K;) C S(t), as desired.

It remains to prove Lemma 8.14. The proof is reminiscent of that of Lemma 7.6. Let
(x,p), (y,q) € Sand t € N. We build a UPol(C)-partition K of n7(¢) such that (xty, pp(K)q) € S
for every K € K by induction on the following three parameters listed by order of importance
(they depend on the Green relations of the finite monoids N and S).

1. The rank of xty € N: the number of elements ¢ € N such that xty < ¢ t'.
2. The Z-index of (x, p): the number of pairs (x’, p’) € S such that (x’, p’) <% (x, p).
3. The Z-index of (y, q): the number of pairs (y’,q’) € S such that (y’,q’) <¢ (y, Q).

We distinguish three cases depending on whether xty ¢ t and on which of the two following
properties of ¢, (x, p) and (y, q) are fulfilled:

— (x, p) is right t-stable when there is (z,r) € S such that (xz, pr) Z (x,p) and z Z t.

— (Y, q) is left t-stable when there is (z,r) € S such that (zy,rq) £ (y,q) and z .Z t.

In the base case, we assume that all three properties holds and conclude directly. Otherwise,
we consider two distinct inductive cases. In the first one, we assume that xty < st and in the
second one, that either (x, p) is not right ¢-stable or (y, q) is not left t-stable.

Base case: xty 7 t, (x,p) is right t-stable and (y, q) is left t-stable. WeletK = {n~'(¢)}.
Clearly, this is a UPol(C)-partition of n~1(t) since n is a C-morphism. Hence, it remains to prove
that (xty, pp(n~1(t))q) € S. We first use our hypothesis to prove the following fact.
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FACT 8.15. There exist two pairs of multiplicative idempotents (e, f1), (ez, f2) € S satisfying
the following conditions: (xeq, pfi) = (x, p), (e2y, foq) = (y,q), e1 <5 te; and e; < ¢ eqt.

PROOF. We exhibit (eq, f1) using the right t-stability of (x, p). Since (x, p) is right t-stable, there
exists (z,r) € S such that (xz, pr) Z (x,p) and z Z t. Hence, we obtain (z’,r’) € S such that
(x,p) = (xzz', prr’). Let k = w(S) > 1. Then, (eq, fi) = ((zz")X, (rr')¥) is a pair of multiplicative
idempotents. It is now immediate that (xej, pfi) = (X, p). The existence of (e, f2) is proved
symmetrically using the left t-stability of (y, q). We now show that e; <4 te, (the proof that
e, <y eqt is symmetrical and left to the reader). Since z Z t, it is clear that e; = (zz')X <4 t.
Moreover, since xty = xeite;y _# t by hypothesis, we have te, ¢ t. Since it is clear that
te; <z t, Lemma 2.1 yields te, & t. Altogether, we get e; <y tes. ]

We let (eq, f1), (e, f2) € S be given by Fact 8.15. Since (ey, f1), (€2, f2) € S are multi-
plicative idempotents such that e; <y te; and e; <¢ ejqt, and S is UPol-saturated, we get
from UPol-closure that (ejtes, fip(n™'(t))f2) € S. Finally, since we have (x, p),(y,q) € S,
(xe1, pf1) = (x,p) and (e2y, f2q) = (y,q), we obtain from closure under multiplication, that

(x, p)(eitey, fip(n~2 () ) (y,q) = (xty, pp(n~1(t))q) € S, which concludes this case.

First inductive case: xty < , t. In this case, the rank of t = 1yt1y is strictly smaller than
the one of xty. Consequently, induction on our first parameter in Lemma 8.14 (applied for
(x,q) = (y,r) = (1n, 1) € S) yields a UPol(C)-partition K of n=1(¢) such that (t, p(K)) € S for
every K € K. Since (x,q), (y,r) € S and S is closed under multiplication, it then follows that
(xty,qp(K)r) € S for every K € K, concluding this case.

Second inductive case: either (x, p) is not right t-stable or (y, q) is not left t-stable.
There are two symmetrical cases depending on which property holds. We handle the case
where (y, q) is not left ¢t-stable and leave the other, which follows by symmetry, to the reader.
Let T be the set of all triples (t1,a,t;) € N X A X N such that tyn(a)t; =tand t .Z n(a)t, <¢ to.
In the next fact, we use induction to build UPol(C)-partitions of n7(t;) and n~1(t,) for every
triple (t1, a, tz) € T. We shall then combine them to construct the desired UPol(C)-partition K
of n71(¢).

FACT 8.16. Consider a triple (t1, a, t;) € T. There exists a UPol(C)-partition V¢, of n71(t,) such
that (ty, p(V)) € SforeveryV € V;,. Moreover, for every V e V,,, there exists a UPol(C)-partition
U(t,,at,),v Of n~1(t1) such that (xty, pp(UaV)q) € S for every U € Uty,at,),v-

PROOF. By definition of T, we know that ¢t < t;. This implies t < ; t; by Lemma 2.1 and
since xty < 7 twegetxty < g to. Hence, the rank of t; = 1yty1y is strictly smaller than the
one of xty. Therefore, by induction on our first and main parameter in Lemma 8.14 (applied for
(x, p) = (¥,9) = (1n, 1)) we obtain a UPol(C)-partition V;, of n71(t,) such that (tz, p(V)) € S
for every V € Vq,.
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We now fix V € Vi, and build U, 4r,),v. Since (t;, p(V)) € S by definition of V;, and
(n(a), p(a)) € S (this is a trivial element), we have (n(a)ty, p(aV)) € S. Hence, since t .Z n(a)t;
by definition of T, the hypothesis that ( y, q) is not left t-stable yields (n(a)t. y, p(aV)q) <o (y,q).
Consequently, the .Z-index of (n(a)t,y, p(aV)q) is strictly smaller than the one of (y,q). We
may apply induction to (x, p), (n(a)tyy, p(aV)q) and t;. Indeed, while the third parameter has
decreased, the first has not increased since xt1n(a)t,y = xty by definition of T. The second one
has not increased as well since we did not change the first pair (x, p). Hence, induction on our
third parameter in Lemma 8.14 applied when (y, q) has been replaced by (n(a)t,y, p(aV)q) and
t by t1 yields a UPol(C)-partition U, q+,)v 0f n~1(t1) such that (xtin(a)t,y, pp(U)p(aV)q) € S
for every U € U, q1,),v- Finally, since xt1n(a)t,y = xty, we have (xty, pp(UaV)q) € S for every

U (S U(tl’a’tz)’v. [ |
We are ready to construct our UPol(C)-partition K of n71(t). We define,

K= | ] {vav|VeV,andU e Upqapv}
(t1,a,t2)€T

It is immediate from the definition and Fact 8.16 that (xty, pp(K)q) € S for every K € K. It
remains to verify that K is a UPol(C)-partition of n~1(t). We first prove that it is a partition
of n71(¢t): let w € n~1(t), we show that there is a unique K € K such that w € K. Let V' € A*
be the least suffix of w such that t = n(w) £ n(v’) and let u € A* such that w = uwv’. Observe
that v/ # ¢ (otherwise, we would have t . 1y, contradicting the hypothesis that (y, q) is
not left t-stable, since (1yy,1zrq) -Z (y,q)). Hence, there exists v € A* and a € A such that
V' = av. Let t; = n(u) and t, = n(v). By definition t;n(a)t; = n(uav) = n(w) = t. Moreover,
t Z n(v) =n(a)t, <g n(v)bydefinition of v’ as the least prefix of w such that t = n(w) .Z n(v').
Hence, (t1, a, t;) € T and we may consider the partition V, of 71(t,). In particular, there exists
V € Vy, such that v € V since t; = n(v). Moreover, since U, 41, v is a partition of n7(t;) and
t1 = n(u), there exists U € U, q4,),v such that u € U. Hence, w = uav € UaV and UaV € Kis the
unique language of K containing w by definition.

Finally, let us verify that for every K € K, we have K C n~'(¢t) and K € UPol(C) which
completes the proof that K is a UPol(C)-partition of n™1(¢t). Let K € K. By definition, K = UaV
where V € Vi, and U € Uy, q,),v for some (tq,a, tz) € T. Since Vi, and Uy, q,),v are UPol(C)-
partitions of n71(t,) and n~1(t;) respectively, we know that U,V € UPol(C), U < n~1(t;) and
V C n7i(ty). It follows that K € n~1(t1)an~1(t,). Hence, since t1n(a)t, = t by definition of T, we
get K C n~1(t). Moreover, U,V € UPol(C) and UaV is right deterministic by Lemma 4.15 since
V € n7l(ty) and tan(a) < t; (as (t1, a, tz) € T). This concludes the proof. |

We are now ready to prove Theorem 8.9.

PROOF OF THEOREM 8.9. Let C be a finite prevariety and p : 24" — R be a multiplicative
rating map. By Proposition 8.12, Typec)[p] € N¢ X R is UPol-saturated for n¢ and p. It remains
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to show that it is the least such set. Thus, let S € N¢ X R be UPol-saturated for n¢ and p. We
show that Pypoic)[nc, p] € S. Clearly, it suffices to show that Pypeic)[nc, p](t) € S(t) for every
t € N¢c. We fix t for the proof.

Since n¢ is a C-morphism, Proposition 8.13 yields a UPol(C)-cover K of n&l(t) such that
T[p](K;) € S(t). Moreover, recall that Pypoic) [, P1(t) = Lupoi(c) [ng,l(t), pl. Therefore, since
K is a UPol(C)-cover of r]&l(t), we get Pupoic)[nc, p1(t) € I[p](K). Altogether, we obtain
Puroicc)Nc, p](t) € S(t), as desired. ]

9. Unary temporal logic

We introduce unary temporal logic. We use a definition that generalizes the standard one: for
each class C, we define a particular variant of unary temporal logic that we denote by TL[C]
and associate a class TL(C) to it. The standard definitions of unary temporal logic found in the
literature correspond either to TL(ST) or to TL(ST").

We prove two key results in the section. First, we establish a connection with two-variable
first-order logic. For every Boolean algebra C, we prove that TL(C) = FO?(I¢). This result
generalizes a well-known theorem by Etessami, Vardi and Wilke [9]. We also compare these
logical classes to those built with unambiguous polynomial closure. More precisely, we prove
the given an arbitrary prevariety C, we have the inclusion UPol(BPol(C)) C TL(C). While it
is strict in general, we shall prove in the next section that when C is a prevariety of group
languages or a well-suited extension thereof, the converse inclusion holds as well.

9.1 Definition and properties

We actually define two distinct sets of temporal formulas, which we denote by TLX and TL.
Then, we explain how these sets can be restricted depending on some class of languages C. This
yields two new classes built from C, which we write TLX(C) and TL(C). Let us first define the
TLX formulas, which are more general.

A TLX formula is built from atomic formulas using Boolean connectives and temporal
operators. The atomic formulas are T, L, min, max and “a” for every letter a € A. All Boolean
connectives are allowed: if ¥; and ¢, are TLX formulas, then so are (1 V ¥7), (1 A P2) and
(=¥1). There are two kinds of temporal operators, which are both unary. First, one may use X
and Y: if ¢ is a TLX formula, then so are (X ) and (Y ¥). Moreover, we associate two temporal
operators to every language L C A*, which we write F; and P;: if ¢ is a TLX formula, then so
are (F; ) and (P, ¢). For the sake of improved readability, we omit parentheses when there is
no ambiguity. Finally, we define TL as a syntactical restriction: a TL formula is a TLX formula
that does not contain X, nor Y.

We now turn to the semantics. Since TL formulas are particular TLX formulas, it suffices
to define the semantics of the latter. Evaluating a TLX formula ¢ requires a word w € A* and
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a position i € Pos(w). We use structural induction on ¢ to define what it means for (w, i) to
satisfy ¢. We denote this property by w,i F o:
— Atomic formulas: w,i T always holds and w,i = L never holds. Additionally, for every
£ € AU {min,max}, w,i E € holds when ¢ = w|[i].
— Disjunction: w,i | Y1 V ¢ when w,i | Y1 or w,i = 3.
— Conjunction: w,i = 1 A Y, when w,i E ¢, and w,i F ¥,.
— Negation: w,i F =t when w, i | ¢ does not hold.
— Next: w,i F X @ wheni+1isapositionof wand w,i+1 | ¢.
— Preceding: w,i F Y ¢ wheni - 1isaposition of wand w,i — 1 | ¢.
— Finally: for L € A%, we let w,i | F; ¥ when there exists a position j > i of w such that
w,j EyYand w(i, j) € L.
— Previously: for L C A%, we let w,i | Py  when there exists a position j < i of w such that
w,j E ¥ and w(j,i) € L.

When no distinguished position is specified, we evaluate formulas at the leftmost unlabeled
position. More precisely, given a TLX formula ¢ and a word w € A*, we write w | ¢ and say that
w satisfies ¢ if and only if w, 0 = ¢. Finally, the language defined by ¢ is L(¢p) = {w € A* | w [ ¢}.
Of course, considering all formulas is not really interesting, as every language L is defined by
“F;r max”.

Consider a class C. We first explain how C can be used to restrict the sets of TL and
TLX formulas. A TL[C] (resp. TLX[C]) formula is a TL (resp. TLX) formula ¢ such that every
temporal operator F; or Py occurring in ¢ satisfies L € C. With this definition in hand, we
associate two classes to C, which we denote by TL(C) and TLX(C). They consist of all languages
that can be defined by a TL[C] and a TLX[C] formula, respectively. Observe that by definition,
Boolean connectives can be used freely in TL and TLX formulas, Hence, it is immediate that the
two associated classes are Boolean algebras. They both contain C: a language L € C is defined
by the TL[C] formula “F; max”. One may also prove that if C is a prevariety, then so are TL(C)
and TLX(C). Yet, we shall not use this property.

REMARK 9.1. It is immediate that for an arbitrary TLX formula ¢, w € A* and i € Pos(w), we
have w,i = Fa« ¢ (resp. w,i | P4+ @) if and only if there exists j € POS(w) such thati < j (resp.
j <iandw,j | ¢. Hence, F4- and P4+ correspond to standard operators in unary temporal
logic, usually denoted by F and F~L. In particular for the input class ST = {0, A*}, the classes
TL(ST) and TLX(ST) correspond to the standard variants of unary temporal logic, which are
often denoted by F+ F~! and F+ X+ F 1 + XL, For the sake of consistency, we write P (for “past”)
instead of F~! and Y (for “yesterday”) instead of X~ ?.

We now prove that when C is a prevariety, the operator C — TL(C) is “more fundamental”
than C — TLX(C). More precisely, we show that if C is a prevariety, then TLX(C) = TL(C").
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The takeaway is that while considering TL(C) and TLX(C) independently is natural when
presenting statements, it suffices to consider TL(C) in proof arguments.

LEMMA 9.2. Let C be a prevariety. Then, TLX(C) = TL(C™).

PROOF. We start with TLX(C) € TL(C™). By definition, it suffices to show that X and Y can be
expressed with the operators available in TL[C™"] formulas. This is immediate since {€} € C*
and the operators Fy,, and Py, have the same semantics as X and Yyl

We turn to the inclusion TL(C*) € TLX(C). Given an arbitrary TL[C"] formula ¢, we
explain how to inductively construct an equivalent TLX[C] formula {(¢) (i.e., for every word
w € A" and every position i € Pos(w), we have w,i E ¢ © w,i | (¢)). By definition, this
yields TL(C*) C TLX(C), as desired. If ¢ is atomic, it is already a TLX[C] formula and we
may define (@) := ¢. Boolean combinations are handled in the natural way. By definition of
TL[C™"] formulas, it remains to handle the case where ¢ is of the form F;, ¥ or P;, ¥ for some
L € C*. By symmetry, we only consider the case where ¢ := F;, 1. By definition of C™, there
exists K € C such that either L = {¢} UK or L = A" N K. In the former case, it suffices to
define (@) := (X (¢¥)) V (Fg (¥)), which is a TLX[C] formula by definition. Otherwise, we have
L = A* N K. Since C is a prevariety, we know that a 'K € C for every a € A. Hence, we may
define (@) as the following TLX[C] formula:

(@) =X (\/ (@AFqix @) ).

acA

This concludes the proof. u

We complete the definition with a property of the classes TL(C) (when C is a prevariety)
which we shall need in Section 10 to establish the correspondence with unambiguous polynomial
closure. This involves quite a bit of work as we require some machinery to present it. First, we
define equivalence relations that we shall use to formulate the property.

Canonical equivalences. We start with some terminology needed for the definition. Given a
morphism 5 : A* — N into a finite monoid N, a TL[n] formula is a TL formula ¢ such that for
every operator Fy or Py occurring in ¢, the language L C A is recognized by n. The following
simple fact connects this notion to the classes TL(C).

FACT 9.3. Let C be a prevariety. For every TL[C] formula ¢, there exists a C-morphism
n: A* — N such that ¢ is a TL[n] formula.

PROOF. Let L be the finite set consisting of all languages L C A* such that either Fj, or Py,
occurs in @. Since ¢ is a TL[C] formula, we know that every L € L belongs to C. By hypothesis
on C, it follows from Proposition 2.13 that there exists a C-morphism n : A* — N recognizing
every L € L. By definition, ¢ is a TL[n] formula. ]
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We now associate a number called rank to every TL formula ¢ (this is a standard notion in
unary temporal logic). As expected, the rank of ¢ is defined as the length of the longest sequence
of nested temporal operators within its parse tree. More precisely,

— Any atomic formula has rank 0.

— The rank of —¢ is the same as the rank of ¢.

— Therank of ¢ vV ¢ and ¢ A ¢ is the maximum between the ranks of ¢ and .
— For every language L C A", the rank of F;, ¢ and Py, ¢ is the rank of ¢ plus 1.

Two TL formulas ¢ and @ are equivalent if they have the same semantics. That is, for every
w € A* and every position i € Pos(w), we have w,i | ¢ © w,i | . The following key lemma

is immediate from a simple induction on the rank of TL formulas.

LEMMA 9.4. Letn : A* — N be a morphism into a finite monoid and let k € N. There are only
finitely many non-equivalent TL[n] formulas with rank at most k.

We may now define the equivalences associated to TL. They relate pairs (w, i), where
w e A*and i € Pos(w). Letn : A* — N be a morphism into a finite monoid and let k € N.
Given w,w’ € A%, i € Pos(w) and i’ € Pos(w’), we write, w,i =, w', i’ when:

For every TL[n] formula ¢ with rank at most k, w,i E ¢ < w',i’ E .

Clearly, the relations =, x are equivalences. Moreover, it is immediate from the definition and
Lemma 9.4, that they have finite index. Finally, we also introduce equivalences which compare
single words in A*. Abusing terminology, we also write them =, . Given w, w’ € A, we write
w =, Wifw,0 =, w', 0. Clearly, the relation =, is an equivalence on A"

We complete this definition with a useful lemma. It presents an alternative definition of

the equivalences =, x, which is convenient in proof arguments, using induction on k.

LEMMA 9.5. Letn : A* — N be a morphism into a finite monoid, k € N,w,w’ € A*,i € Pos(w)
and i’ € Pos(w’). Then, w, i =,k W, 1" if and only the five following conditions hold.:
— We have w|i] = w'[i’].
— If k > 1, then for every j € Pos(w) such thati < j, there exists j* € Pos(w’) such that
U< nw(,j) =nw (i, j) and w, j =pp-1 W', j".
— Ifk > 1, then for every j’ € Pos(w’) such that i’ < j’, there exists j € Pos(w) such that
L <J,nw(i,j)) =nW (@, j))and w,j =41 W,
— Ifk > 1, then for every j € Pos(w) such that j < i, there exists j* € Pos(w’) such that
Jr<t,n(w(j, 1) =nW (', 1) and w, j =, W', j'.
— If k > 1, then for every j’ € Pos(w’) such that j* < i/, there exists j € Pos(w) such that

J<inw(j,1) =nw(', i) and w, j =1 W', j’.

PROOF. We start with the “only if” implication. Assume that w, i =, w’,i’. We show that the
five conditions in the lemma hold. For the first one, we know that for every £ € A U {min, max},
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“£” is an atomic TL[n] formula, hence of rank 0. Therefore, our hypothesis implies that w,i |
{ & w, i’ ¢ forevery £ € AU {min,max}. This exactly says that w[i] = w'[i’] and the
first condition is proved. We turn to the four remaining conditions. By symmetry, we only
detail one of them: we consider the second condition in the lemma. Hence we assume that
k > 1 and consider j € Pos(w) such thati < j. We have to exhibit j € Pos(w’) such
that i’ < j', n(w(i, j)) = n(wW'(i’,j’)) and w, j =,x-1 W,j’. We use w and j to build a TL[n]
formula. Lemma 9.4 yields a finite set S of TL[n] formulas of rank at most k — 1 such that every
TL[n] formula ¢ of rank at most k — 1 is equivalent to some formula in S. Consider the set

T={YeS|w,jEy} We define,
o=/\v.

YeT

Moreover, let s = n(w(i, j)) € N (recall thati < j) and let L = n™(s). Clearly, w, j E ¢ and it
follows that w, i |= F;, @. Moreover, ¢ has rank at most k — 1 by definition, which means that F;, ¢
has rank at most k. Since w, i =, w’,7’, it follows that w’,i" = F; ¢. This yields j* € Pos(w’)
such thati’ < j', w'(i’,j’) € L, i.e, n(W'(i’, j')) = n(w(i, j)) and W', j* F ¢. It remains to show
that w,j =,x_1 W, j’. Let ¥ be an n-formula of rank at most k — 1. We have to show that
w,j E Y o w,j | . For the left to right implication, if w, j | ¥, then we know that T contains
a formula equivalent to ¢. Recall that w/, j* | ¢. By definition of ¢, this yields w’, j* = 1. For
the converse implication, we prove the contrapositive. Assume that w, j £ ¢, i.e., w, j |E —.
Since -y has rank at most k — 1, we know that T contains a formula equivalent to —1. Again by
choice of ¢, since W/, j’ E ¢, we also have w’, j* E =1, which implies that w’, j* |~ ¢, completing
the proof.

Conversely, assume that the five conditions in the lemma are satisfied. We prove that
w,i =p W,1’. Given an arbitrary TL[n] formula ¢ of rank at most k, we have to prove that
w,i E o © w,i’ E @. We proceed by structural induction on ¢. First, if ¢ is an atomic formula
then either ¢ = T, ¢ = L or ¢ = £ for some ¢ € A U {min, max}. In the first two cases, the result
is trivial. In the last one, the first condition in the lemma states that w[i] = w’[i’]. Hence, we
havew,i £ © w',i’ E € for every a € AU {min, max}. We now consider Boolean connectives.
If o = Y1 V Yy, it follows from structural induction on ¢ that w,i F ¥, © w,i’ E ¥; and
w,i E Yy, & w, i’ | . Itis then immediate that w,i F ¢ © w',i’ | ¢. Similarly, if ¢ = =), it
follows from structural induction on ¢ that we have w,i F ¢ & w',i’ F ¢, whence immediately,
that w,i F ¢ © w,i" E ¢. It remains to treat the temporal operators, i.e., the cases where
o =F;, Yor =P, ) where L C A*isrecognized by n (recall that ¢ is a TL[n] formula). Note
that since ¢ has rank at most k, these cases may only happen when k > 1 and i has rank at
most k — 1. By symmetry, we only detail the case where ¢ = F; . Moreover, we only prove
the implication w,i F ¢ = W',i’ | ¢, as the other one is proved symmetrically. Hence, we
assume that w, i | ¢. Since ¢ = F, ¢, it follows that there exists a position j in w such thati < j,
w(i, j) € L and w, j  ¢. The second condition in the lemma yields a position j’ of w’ such that
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i < j,nw(,j) =nw({’,j)) and w, j =,r_1 W', j’. Since L is recognized by n and w(i, j) € L,
the equality n(w(i, j)) = n(w(i, j)) implies that w'(i’, j’) € L. Moreover, since ¥ has rank at
most kK — 1 and both w, j F Y and w, j =, 1 W/, j" hold, we obtain w’, j* |= . Altogether, since
i’ < j/, it follows that w', i’ |= F ¢, i.e., that W, i’ £ ¢, as desired. This concludes the proof. =

It can be verified from Lemma 9.5 and a straightforward induction that the equiva-
lences =, on A* are congruences. The detailed proof is left to the reader.

LEMMA 9.6. Consider a morphism n : A* — N into a finite monoid and k € N. For every

u,v,u’,v' € A" such thatu =, v’ and v =, v/, we have uv =, , u'v’.

We are ready to present the property of the equivalences =, that we shall need in
Section 10 to establish the correspondence with unambiguous polynomial closure.

PROPOSITION 9.7. Consider a morphism n : A* — N into a finite monoid, let e € E(N) be
an idempotent and let u, v, z € n~!(e). For every k € N, the following property holds:
yk gk kyzkyk,

(zKuz?vzK)k (zZKuz?kvzF)k =k (zKuz**vz vzK(z¥uz* vz

PROOF. We first show that we may restrict ourselves to the special case where u, v and z are
single letters. To this aim, we consider a second independent alphabet B = {a, b, c} and we
define a : B* — A* as the morphism given by a(a) = u, a(b) = v and a(c) = z. Finally, we let
§=noua:B*— N.We have the following fact.

FACT 9.8. Forallw,w’ € B*and allk € N, if w =5 w, then a(w) =, a(w’).

PROOF. Let n = max({|ul, |v], |z|}). For every x € B* and every h < n, we define a partial map
fx.n : Pos(x) — Pos(a(x)). We fix i € Pos(x) for the definition. If i = 0, then f; ,(0) = 0 and if
[ = |x| +1, then fin(|x| +1) = |a(x)| + 1. Assume now that1 < i < |x| and letd = x[i] € B. If
h > |a(d)|, then f; »(i) is undefined. Otherwise h < |a(d)| and position i of x corresponds to a
factor a(d) in a(x) which is made of more than h positions. We let f; »(i) be h-th position of
this factor. Formally, this boils down to defining f, »(i) = |a(x(0,1))| + h.

One may verify using Lemma 9.5 and induction on k € N that for every w,w’ € B*, every
[ € Pos(w) and every i’ € Pos(w'), if w,i =sx w',7’, then for all h < n, f,, n(i) is defined if
and only if f, n(i’) is defined and, in this case, a(w), fu,n(i) =px a(W’), fur x(i’). In particular, it
follows that if w =, , W' (i.e., w, 0 =, W', 0), then a(w) =, a(w’) as desired. [ |

Note that by hypothesis on u,v and z, we have §(a) = §(b) = §(c) = e € E(N), which
means that for every nonempty word w € B*, we have §(w) = e (on the other hand, 6(¢) = 1y,
which might be distinct from e). We prove that for every k € N, we have,

(ckac® bk * (cKac® b)Yk =g (Kac® b)Yk bk (cKac® bck)F. (12)
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By Fact 9.8 and by definition of «, this will yield the desired property of Proposition 9.7.
To prove (12), we establish by induction a more general property. We fix k for the proof,

Kack and y = c*bck. Let n € N and consider a quadruple (w, i,w’,i’) where

and we write x = ¢
w,w’ € B*, i € Pos(w) and i’ € Pos(w’). We say that (w, i, w’,i’) is an n-candidate if there exist
h,€ > nand wy,w] € (x +y)* such that w = xy)'wq (xy)t, w' = (xy)hw’l(xy)e and one of the
three following properties is satisfied:

1. Wehavei < |(xy)", i < |(xy)"| and i = i".

2. We have |(xy)'wq| < i, |(xy)"w}| < i and i - |(xy)"'wi| =1 - |(xy)"w]].

3. We have |(xy)" < i < |(xy)"wq|, |(xy)"| < i < |(xy)"w}|, and the following infixes are

equa w(i—-n-1,i+n+1)=w({@’'—-n-1,i"+n+1).

We use Lemma 9.5 and induction on n to prove that for every n < k and every n-candidate
(w,i,w,i’), we have w,i =5, w/,i’. Since it is clear that ((xy)X(xy)%,0, (xy) y(xy)X,0) is
a k-candidate (as Condition 1 in the definition holds), it will follow that the equivalence
(xy)K(xy)¥ =5 (xy)Xy(xy)¥ also holds. By definition of x and y, this is exactly (12).

Fixn < k and an n-candidate (w, i, w’, 1) for the proof. We have to show that w,i =5, w',i".
It is clear from the definition of an n-candidate that i and i’ are either both unlabeled or share
the same label in B. By Lemma 9.5, this concludes the proof when n = 0: we get w,i =50 W', 1’
We now assume that n > 1. In view of Lemma 9.5, there are four additional conditions to
prove in this case. By symmetry, we only prove the first one and leave the others to the reader.
Consider a position j of w such thati < j. We have to exhibit a position j* of w’ such that

i/

< j,nw(,j) = n(w'(’,j)) and w,j =51 W,j'. Observe that for the latter property
(i.e., w,j =sn_1 W, J'), it suffices to choose j’ such that (w, j,w’, j’) is an (n — 1)-candidate: by
induction on n, this implies that w, j =, ,_1 W/, j". Since (w, i, w’,{’) is an n-candidate, there exist
h, £ > nand wy, W), € (x + y)* such that w = (xy)"wq(xy)*, w’ = (xy)"w/;(xy)? and one of the
three conditions in the definition holds. We consider several cases depending on the position j
inside w.

Assume first that j < |(xy)"|. Hence, we have i < j < |(xy)"|. It follows that Condition 1
in the definition of the n-candidate (w, i, w,i’) holds. Therefore, we have i’ =i < |(x y)h|. It
now suffices to define j* = j. Clearly, i” < j" and w’'(i’, j') = w(i, j). Moreover, one can check that
(w, j,w', j’) is an (n — 1)-candidate (in fact, it is even an n-candidate in this case) as Condition 1
in the definition holds.

We now assume that |(xy)"| < j < |(xy)"wixy|. We consider two subcases depending
on whetheri+1=jori+1 < j. Assume first thati + 1 = j. In this case, we define j’ =i’ + 1.
Clearly, we have i’ < j and w'(i’, j') = w(i, j) = €. Hence, we have to verify that (w, j,w/, j’) is
an (n — 1)-candidate. We show that Condition 3 holds. By definition,h > n-1,£-1>n-1,
w = (xy) " wixy(xy)t?
it can be verified from the definition of j’ that |(x y)"| < j* < |(x y)hw’lx y|. Finally, one can also

and w’ = (xy)"w,xy(xy)*~1. Moreover, |(xy)"| < j < |(xy)"wixy| and

check that w(j—n, j+n) = w'(j —n, j’+n) from the hypothesis that (w, i, w’,i’) is an n-candidate,
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since j =i+1and j’ =i’ +1. We conclude that (w, j,w’, j’) is an (n — 1)-candidate as Condition 3
holds. We turn to the second subcase: assume thati+1 < j. By hypothesis, i’ < [(x y)hw’1|. Hence,
by definition of x, y and since n < k, one can verify that there exists a position j* € Pos(w’)
such that [(xy)"| < j* < |(xy)"wixy|, " +1 < jandw(j - n,j+n) = w'(j —n,j' +n). We
have i’ < j’ by definition. Moreover, sincei+1 < jand i’ +1 < j’, we know that w'(i’, j*) and
w(i, j) are nonempty, which yields §(w’(i’, j')) = §(w(i, j)) = e by definition of §. Finally, it is
immediate that (w, j,w/, j’) is an (n — 1)-candidate since Condition 3 again holds.

Finally, assume that |(x y)"wix y| < j. In this case, let j* be the unique position of w’ such
that |(xy)"w,xy| < j" and j — |(xy)"wixy| = j — |(xy)"w,xy|. Since i < j and (w,i,w’, 1) is an
n-candidate, one can check that i” < j* and thateitheri+1=jandi"+1=jori+1 < jand
i’+1 < j’, which implies that §(w’(i’, j)) = §(w(i, j)). Finally, it is straightforward to verify that
(w, j,w', j’)is a (n — 1)-candidate (in fact, it is even an n-candidate in this case) as Condition 2
in the definition holds, completing the proof. ]

9.2 Connection with two-variable first-order logic

We now prove the generic correspondence existing between two-variable first-order logic and
unary temporal logic: we prove that FO?(I;) = TL(C) for every Boolean algebra C. As we
announced, this generalizes a theorem by Etessami, Vardi and Wilke [9], which states that
FO?(<) = F + P (which is the particular case C = ST) and FO%(<,+1) = F + X+ P + Y (which is
the particular case C = ST™).

THEOREM 9.9. For every Boolean algebra C, we have FO*(I) = TL(C).

PROOF. We first prove the inclusion TL(C) € FO?(I¢). We have to prove that for every TL[C]
formula, there exists a sentence of FO?(I) defining the same language. Consider a TL[C]
formula @. We use structural induction to construct a formula (@) (x) of FO?(I;) with at most

one free variable “x”, which satisfies the following property:
Given w € A" and a position i € Pos(w), w [ (p)(i) = w,i E 0. (13)

Clearly, the language defined by ¢ is also defined by the sentence “(¢)(min)” of FO?(I;). Hence,
this proves TL(C) C FO?(I¢), as announced.

It remains to construct (@) (x) from ¢, which we do using structural induction on the TL[C]
formula ¢. Note that we only present the construction. That it satisfies (13) is straightforward to
verify and left to the reader. First, if ¢ := T or ¢ := L, then we define (¢)(x) := Tand (@)(x) := L
respectively. Moreover, if ¢ := min or ¢ := max, then we define (¢)(x) := (x = min) and
(@) (x) := (x = max) respectively. If ¢ := a for some letter a € A, then we define (¢)(x) = a(x).
Assume now that ¢ := Fy ¢ for some L € C and a smaller TL[C] formula ¢. In this case, we
define (@) (x) := Ay I.(x, y) A (¥)(y). Finally, when ¢ := Py ¢ for some L € C and a smaller



62 / 74

TheoretiCS T. Place, M. Zeitoun

TL[C] formula 3, we define (¢)(x) := 3y I;(y,x) A (¥)(y). This concludes the proof of the
right to left inclusion in Theorem 9.9.

We turn to the inclusion FO?(Ic) € TL(C). Let ¢(x) be an FO?(I) formula with at most
one free variable x. We prove that there exists a TL[C] formula [¢] satisfying the following

property:
Given w € A* and a position i € Pos(w), w,i E [¢] < w E ¢(i). (14)

Before we present the construction, let us explain why this implies FO?(I¢) € TL(C). Let
L € FO%(Ic). By definition, L is defined by a sentence ¢ of FO?(I;). Since ¢ has no free
variables, the TL[C] formula [¢] given by (14) satisfies w,i | [¢] © w |= ¢ for every w € A*
and every i € Pos(w). In particular, [¢] defines L and we get L € TL(C).

It remains to prove that for every formula ¢(x) of FO?(I) with at most one free variable x,
there exists a TL[C] formula [ ¢] satisfying (14). We proceed by induction on the size of ¢ (x). We
start with the base case: ¢(x) is an atomic formula. There are several cases. First, if ¢(x) := T or
¢(x) := L, then we define [¢] := T and [¢@] := L respectively. If ¢ := a(x) for some letter a € A,
then we define [¢] := a. If ¢ := a(min) or ¢ := a(max) for some letter a € A, then we define
[@] := L. We now consider the atomic formulas involving equality. Since there is only one free
variable x and equality is commutative, this boils down to four cases. If ¢ := (x = x), we define
[p] = T. If ¢ := (x = min), we define [@] := min. If ¢ := (x = max), we define [¢] := max.
Finally, if ¢ := (min = max), we define [¢] := L. It now remains to consider the atomic formulas
involving a binary predicate I, for some L € C. Since x is the only variable which is (possibly)
free in ¢(x), we have to consider the following cases. If ¢ is either I (x, x), I, (max, x), I.(x, min)
or I, (max, min), we simply define [¢] := L. If we have ¢ := I (min, x), we define [¢] := P, min.
If we have ¢ := I.(x, max), we define [¢] := F; max. Finally, when ¢ := I;(min, max), we
define [¢@] := (min A FL max) V P4« (min A Fp max) (note that A* € C since C is a Boolean
algebra). This concludes the case of atomic formulas. The Boolean connectives are handled in
the obvious way: we let [¢1 V Y2] = [Y1] V [¥2], [Y1 A 2] = [Y1] A [¢2] and [-y] = =[¥].

It remains to treat quantification over a second variable y, i.e., ¢(x) := 3y y(x, y) (since V
has the same semantics as -3, we may assume without loss of generality that all quantifiers
in @ are existential). We cannot apply induction to y since it has two free variables. To solve
this problem, we first need to put y into normal form. First, we define L as the finite set of all
languages L € C such that y contains an atomic formula Iy (x, y) or I (y, x) inside which the
occurrences of x and y are free. Using L, we define an equivalence ~ over A*: for u,v € A*, we
writeu ~vwhenu € L & v € L for every L € L. Since L is finite, ~ has finite index. Moreover,
since every L € L belongs to C, which is a Boolean algebra by hypothesis, the ~-classes belong to
C as well. We say that a formula is an L-profile when it is of the form Iy (x, y), Ig(y,x) orx = y
where H € C is a ~-class. Note that since ~ has finite index, there are finitely many L-profiles.
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Finally, we say that an FO?(I;) formula with at most two free-variables x and y is L-
normalized if it has the following form:

N\ @00 & t) A y) Ap),
1<i<n
wheren € N, {1(x), ..., {n(x) are FO?(Ic) formulas smaller than y whose only free variable is x,
t1,...,tq € {T, L}, m(x, y) is an L-profile, and y( y) is an FO?(I;) formula smaller than y whose
only free variable is y. The argument is based on the following fact.

FACT 9.10. The formula y(x, y) is equivalent to a finite disjunction of L-normalized formulas.

Before we prove Fact 9.10, let us use it to complete the construction of [¢]. Recall that
o(x) :=3y y(x, y). Since disjunctions and existential quantifications commute, it follows from
Fact 9.10 that ¢(x) is equivalent to a finite disjunction of the form

\/ ;0.

1<j<m

where each formula ¢;(x) is of form Iy &;(x, y) with &;(x, y) an L-normalized formula. There-
fore, we concentrate on the formulas ¢;: if we construct TL[C] formulas [¢4], ..., [¢m] satisfy-
ing (14) for ¢4, . .., @n, it will then suffice to define:

[p1="\/ [9)].

1<j<m

Consider one of the formulas ¢;. We use induction to build [¢;]. By definition of normalized
formulas, ¢;(x) has the following form:

pi(x) =3y N (G(x0) & t) AR(xy) AY(Y).
1<i<n

with n € N, {;(x), ..., {x(x) are FO?(I) formulas smaller than y whose only free variable is x,
t1,...,tq € {T, L}, m(x, y) an L-profile and y( y) is an FO?(I¢) formula smaller than y whose
only free variable is y. We may therefore apply induction to the subformulas {;(x), ..., {n(x)
and y(y), which yields FO?(I¢) formulas [1],..., [{x] and [y] satisfying (14). We consider
three cases depending on the L-profile r(x, y). First, if 7(x, y) := “Ig(x, y)” for some ~-class
H € C, we define,

[p)1= /\ ([&] & t) AFx [¥].

1<i<n

Second, if (X, y) :=“Ig(y, x)” for some ~-class H € C, we define,

[p]1= /\ ([&] & t) APy [¥].

1<i<n
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Finally, if 7(x, y) := “x = y” for some ~-class H € C, we define,

[p]1= /\ ([G] & t) Ayl

1<i<n
One may verify that this definition satisfies (14), which concludes the proof for the construction
of [¢].

It remains to prove Fact 9.10. By definition, y(x, y) is a Boolean combination of atomic
formulas and existential quantifications, i.e., formulas of the form 3z ¥(x, y, z). Note that since
y(x, y) is FO? and already contains the two variables x and y, we know that in the latter case,
the quantified variable z is either x or y, which means that there remains in the formula a
single free variable (namely, x if z = y and y if z = x). The important point resulting from this
discussion is that the only subformulas in the Boolean combination involving both x and y as
free variables are atomic. In summary, we conclude that y(x, y) is a Boolean combination of
three kinds of subformulas:

1. Atomic formulas involving both x and y: by definition, they are of the form I (x, y) or

I;(y,x) for L € L.

2. Formulas {;(x),..., (n(x) whose only free variable is x.
3. Formulas y1(y),...,xm(y) whose only free variable is y.

Intuitively, the main idea is now to get rid of the first two kinds of subformulas from y(x, y) by
making a disjunction over all possible assignments of truth values for {;(x),..., (n(x) and all
possible formulas I (x, y) or I, (y, x) for L € L.

Let T = {1, T}" Intuitively, we view each tuple 7 = (t,...,t,) € T as an assignment of
truth values for the subformulas {;(x), ..., {n(x). Moreover, let P be the set of all L-profiles. By
definition, an L-profile 77(x, y) determines the truth value of every atomic formula I (x, y) or
I;(y,x) for L € L. Indeed, when (X, y) := “x = y” is satisfied, then all atomic formulas I (x, y)
or I;,(y, x) are false. When r(x, y) := “Ig(x, y)” is satisfied for some ~-class H, then all formulas
I1(y, x) are false and given L € L, I;(x, y) is true if and only if H C L (by definition of the
equivalence ~ from L). Symmetrically, when 77(x, y) := “Ig(y, x)” is satisfied for some ~-class
H, then all formulas I (x, y) are false and given L € L, I;,(y,x) is true if and only if H C L.
For every 7 = (t1,...,tp) € T and m € P, we denote by m(7(y(x, y))) the formula obtained
from y(x, y) by replacing each subformula {;(x) in the Boolean combination by the truth value
ti € {1, T} and each atomic formula I (x, y) or I (y, x) for L € L by its truth value as given by
7t. Observe that the only free variable in 7(7(y (X, y))) is y since we replaced all subformulas
involving x in the Boolean combination by truth values. One may now verify that y(x, y) is
equivalent to the following formula:

VNG e 0 Aty arro )|,

7=(t1,...,tn) €T TEP \i<n
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By definition, this is a disjunction of normalized formulas. Note also that each formula {;(x) is
smaller than y(x, y), as well as ¥(y) = n(7(y(x, y))). This concludes the proof of Fact 9.10. =

9.3 Connection with unambiguous polynomial closure

We now prove that if C is a prevariety, the inclusion UPol(BPol(C)) € TL(C) holds. Let us point
out that this inclusion is strict in general. Yet, we shall prove in the next section that when C is
either a prevariety of group languages G or its well-suited extension G7, the inclusion is in fact
an equality: in that case, we have UPol(BPol(C)) = TL(C).

REMARK 9.11. The cases when C is either G or G* for a prevariety of group languages G
cover most of the situations when TL(C) corresponds to a natural logical class. Indeed, as
TL(C) = FO?(I¢) by Theorem 9.9, it follows from the results of Section 3 that when C is either
G or G*, we obtain the variant FO*(<, Pg) and FO*(<, +1, Pg) of FO%. Yet, there is a special
variant of FO? that is not covered by theses cases. It was considered by Krebs, Lodaya, Pandya
and Straubing [12]. It is called “two-variable first-order logic with between predicates” and
it is simple to verify that it corresponds to FO?(Izr). It is proved in [12] that this variant has
decidable membership but this is based on a specialized proof which is independent of the
techniques that we use here.

We may now prove the generic inclusion UPol(BPol(C)) € TL(C). The proof argument is
based on Theorem 4.29 which yields UPol(BPol(C)) = WAPol(BPol(C)). With this equality in
hand, it suffices to prove that WAPol(BPol(C)) C TL(C).

PROPOSITION 9.12. Let C be a prevariety. Then, UPol(BPol(C)) C TL(QC).

PROOF. By Corollary 4.6, BPol(C) is a prevariety. Hence, UPol(BPol(C)) = WAPol(BPol(C))
by Theorem 4.29 and it suffices to prove that WAPol(BPol(C)) € TL(C). By definition of WAPol,
this boils down to proving that TL(C) contains BPol(C) and is closed under disjoint union and
left/right BPol(C)-deterministic marked concatenation. Closure under union is immediate by
definition. For the other properties, we use the following fact.

FACT 9.13. Let K € BPol(C). There exist two TL[C] formulas Ef( and &y such that for every
word w € A* and every position i € POs(w), we have,

w,iE& < i>1andw(0,i) € K.

w,i &, & i<|wlandw(i,|w|+1) € K.

PROOF. We prove the existence of &}, (the argument for f}’( is symmetrical and left to the
reader). By definition, K € BPol(C) is a Boolean combination of languages Koa1 K - - - a,Kp
where ay,...,a, € A and Ky, ...,K, € C. Therefore, since we may use Boolean connectives
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freely in TL[C] formulas, we may assume without loss of generality that K itself is of the form
Koa1K; - - - a,K,,. In that case, it suffices to define,

f;(IFKO (Cll/\]:“[(1 (az/\FKZ ( an/\FKn max)))

By definition, &} is a TL[C] formula. Moreover, one can verify that it satisfies the desired
property, concluding the proof. u

Clearly, Fact 9.13 implies that TL(C) contains BPol(C): every language K € BPol(C) is
defined by the TL[C] formula &f.. It remains to prove that TL(C) is closed under left/right
BPol(C)-deterministic marked concatenation. By symmetry, we concentrate on left BPol(C)-
deterministic marked concatenation. Let H, L € TL(C) and a € A such that HalL is left BPol(C)-
deterministic. We prove that HalL. € TL(C). By definition, we have K € BPol(C) such that
H C K and Kal is left deterministic. We write ¢ for the TL[C] formula a A Ef( (where ff{ is
given by Fact 9.13). Since Kal is left deterministic, it follows from Lemma 4.14 that KaA* is
unambiguous. Hence, by definition of ¢, for every word w € A*, there exists at most one position
i € Pos(w) such that w,i  t. Since H C K, it follows that for every w € A*, we have w € HaL
if and only if w satisfies the three properties:

1. there exists i € Pos(w) such that w,i | ¢ (the position i is unique as explained above).
2. The prefix w(0, i) belongs to H.
3. The suffix w(i, |w| + 1) belongs to L.

Therefore, it suffices to prove that these three properties may be expressed using a TL[C]
formula. This is simple for the first property: it is expressed by the formula F ¢. It remains
to prove that the other two properties can be defined as well. Let us start with the second
one. Since H € TL(C), it is defined by a TL[C] formula ¢y. We modify it to construct another
formula ¢, expressing the second property. Given w € A*, we restrict the evaluation of ¢y to
the positions i € Pos(w) such that i is either strictly smaller than the unique one satisfying i
or i = [w| + 1. More precisely, we build ¢, by applying the two following modifications to ¢y
1. We recursively replace each subformula of the form Py ¢ with V € C by,

(max AP (Y APy Q) V(EYp APy ().

2. We recursively replace each subformula of the form Fy ¢ with V € C by,

(Fv (CAFY))V (Fv (Y AF (max A Q))).

It remains to handle the third property. Since L € TL(C), there exists a TL[C] formula ¢y,
defining L. We construct a formula ¢} expressing the third property above.
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Given w € A*, we restrict the evaluation of ¢y, to the positions i € Pos(w) such that i is
either strictly larger than the unique one satisfying ¢ or i = 0. More precisely, we build ¢} by
applying the two following modifications to ¢y:

1. We recursively replace each subformula of the form Py  with V € C by,

(Py (CAPY))V (Py (Y AP (minA())).

2. We recursively replace each subformula of the form Fy ¢ with V € C by,

(min AF (Y AFy )V (PYAFy ().

The language HalL is now defined by the TL[C] formula (F ¢) A ¢%; A @;. This concludes the
proof of Proposition 9.12. u

10. Logical characterizations of unambiguous polynomial closure

This final section details the logical characterizations of unambiguous polynomial closure.
Let us first summarize what we already know. By Theorem 4.9, when C is a prevariety, we
have A;(Ic) = Pol(BPol(C)) N coPol(BPol(C)). Moreover, since BPol(C) is a prevariety by
Corollary 4.6, we get from Theorem 4.21 that,

Ay (Ic) = Pol(BPol(C)) N coPol(BPol(C)) = UPol(BPol(C)).

Independently, we proved in Theorem 9.9 that the variant FO?(I¢) of two-variable first-order
logic corresponds to the unary temporal logic TL(C) (this holds as soon as C is a Boolean
algebra). Finally, we proved the inclusion UPol(BPol(C)) € TL(C) in Proposition 9.12 for every
prevariety C. Altogether; it follows that when C is a prevariety, we have

Ay(Ic) = Pol(BPol(C)) N coPol(BPol(C)) = UPol(BPol(C)) C TL(C) = FO*(I¢).

In general, the inclusion is strict. Yet, we prove in this section that when C is either a prevariety
of group languages G or its well-suited extension G*, the converse inclusion holds. Since the
presentation of logical classes can be simplified in these cases (see Lemma 3.3 and Lemma 9.2),
we get the following generic results for every prevariety of group languages G:

UPol(BPol(G)) = DM(<,Pg) = FO*(<,Pg) = TL(G).
UPOl(BPol(G*")) = Ayx(<,+1,Pg) = FO*(<,+1,Pg) = TLX(G).

The proofs of the missing inclusions are based on Theorem 6.7, the algebraic characterization
of Pol(BPol(C)) N coPol(BPol(C)) = Ay(Ic). We use Proposition 9.7 to prove that it is satisfied
by the class TL(C) when C is a prevariety of group languages G or its well-suited extension

G*. Actually, we simplify the generic characterization presented in Theorem 6.7 and present
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specialized characterizations for these two special cases. In particular, this yields generic
characterizations of FO%(<, Pg) and FO*(<,+1, Pg). They generalize well-known results for
particular instances of these logical classes. Let us point out that here, we directly characterize
the languages of these classes (using a property of their syntactic morphism) rather than
characterizing the morphisms associated to the class. This is because in this case, we do need to

use the characterizations as subresults.

101 Group languages

We first consider the classes UPol(BPol(G)) where G is a prevariety of group languages. The
algebraic characterization is based on the class of finite monoids DA, whose connection with
unambiguous polynomial closure [35] and two-variable first-order logic [39] is well known. We
use a definition based on an equation (see [38] for details). A finite monoid N belongs to DA

when it satisfies the following equation:
(st)? = (st)“t(st)” foreverys,t e N. (15)

We are now ready to present the generic characterization for classes of the form UPol(BPol(G)).

THEOREM 10.1. Let G be a prevariety of group languages and let L be a regular language. The
following properties are equivalent:
1. L € UPol(BPol(G)).
L € Pol(BPol(G)) N coPol(BPol(G)).
L e Ay(<, Pg).
L € FO?*(<,Pg).
L € TL(G).
The G-kernel of the syntactic morphism of L belongs to DA.

S Gk N

PROOF. By Lemma 3.3, we have Ay(<,Pg) = Ay(Ig). Therefore, (2) < (3) follows from
Theorem 4.9. Moreover, (1) & (2) is given by Theorem 4.21. Since FO*(<, Pg) = FO*(Ig) by
Lemma 3.3, the equivalence (4) & (5) is immediate from Theorem 9.9. Finally, the implication
(1) = (5) follows from Proposition 9.12. We now prove independently that (6) = (2) and
(5) = (6), which completes the argument. Let a : A* — M be the syntactic morphism of L and
let N C M be its G-kernel.

Let us start with the implication (6) = (2). We assume that N belongs to DA and show
that L € Pol(BPol(G)) N coPol(BPol(&)). Since L is recognized by its syntactic morphism q, it
suffices to show that a is a (Pol(BPol(G)) N coPol(BPol(G)))-morphism. By Theorem 6.7,this
boils down to proving that for every s,t € M and e € E(M) such that (e,s) € M? is a G-pair,
we have (eset)“*! = (eset)“et(eset)”. By Lemma 5.13, we have es € N and et(eset)?*~! € N.



69 / 74 TheoretiCS All about unambiguous polynomial closure

Since N belongs to DA, it follows from (15) that,
(eset(eset)*® ) = (eset(eset)*”)“et(eset)*” ! (eset(eset)* )Y,

This exactly says that (eset)®” = (eset)“et(eset)3“~1. It now suffices to multiply by eset on the
right to get (eset)“*! = (eset)“et(eset)?, as desired.

Finally, we prove that (5) = (6). We assume that L € TL(G) and show that N € DA, i.e.,
that N satisfies (15). Let s,t € N. We prove that (st)“ = (st)“t(st)“. By hypothesis, L is defined
by a formula ¢, of TL[G]. Let k € N be the rank of ¢;. Fact 9.3 yields a G-morphismnn : A* — G
such that ¢y, is a TL[n] formula. Moreover, since s, t belong to the G-kernel N of a« and n is a
G-morphism, Lemma 5.4 yields u,v € A* such that n(u) = n(v) = 16, a(u) = s and a(v) = t.
Hence, since ¢y, is an n-formula of rank k, it follows from Lemma 9.6 and Proposition 9.7 (applied
for z = e which also maps to 1) that x(uv)*(uv)¥y € L & x(uv)*v(uv)Xy e L forall x, y € A*.
In other words, (uv)X(uv)¥ and (uv)*v(uv)* are equivalent for the syntactic congruence of L.
Since « is the syntactic morphism of L, we get a((uv)X(uv)¥) = a((uv)*v(uv)¥). By definition of
u and v, it follows that (st)¥(st)X = (st)Xt(st)*. It now suffices to multiply by enough copies of
st on the left and on the right to obtain (st)® = (st)“t(st)“, as desired. |

Given as input a regular language L, one can compute its syntactic morphism. Moreover, by
Lemma 5.3, the G-kernel of this morphism can be computed when G-separation is decidable. Itis
then simple to decide whether it belongs to DA: this boils down to checking whether (15) holds by
testing all possible combinations for s and t. By Theorem 10.1, this decides if L. € UPol(BPol(G)).
Altogether, we obtain the following corollary.

COROLLARY 10.2. Let G be a prevariety of group languages with decidable separation. Then,
membership is decidable for the class FO*(<, Pg) = TL(G) = Ax(<,Pg) = UPol(BPol(G)).

Recall that separation is decidable for the four standard prevarieties of group languages
ST, MOD, AMT and GR that we presented in Section 2.3. Therefore, Corollary 10.2 applies in
these cases. In particular, we get the decidability of membership for the logical classes FO%(<),
FO?(<, MOD), FO?(<, AMOD) and FO?(<, Pgp).

Again, Theorem 10.1 generalizes classic results. The most prominent one is for G = ST.
Since ST = {0, A*}, it is easy to check that the ST-kernel of a surjective morphism a : A* - M
is the whole monoid M. Also by Lemma 4.25, we have UPol(BPol(ST)) = UPol(AT). Therefore,
in this case, Theorem 10.1 yields that UPol(AT) = Ay(<) = FO?(<) = F + P and that a regular
language belongs to this class if and only if its syntactic monoid belongs to DA. Historically,
this was proved by combining several independent results. First, the correspondence between
UPol(AT) and DA is due to Schiitzenberger [35]. Then, it was shown by Pin and Weil [20] that
UPol(AT) = A,(<). As we explained in the previous section, that FO?(<) = F + P was proved by
Etessami, Vardi and Wilke [9]. Finally, the correspondence between FO?(<) and DA is due to
Thérien and Wilke [39].
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Another well-known application of Theorem 10.1 is the case where G = MOD. In particular,
the theorem implies that A, (<, MOD) = FO?(<, MOD) and that a regular language belongs to this
class if and only if the MOD-kernel of its syntactic morphism belongs to DA. The correspondence
between FO?(<, MOD) and the membership of the MOD-kernel of the syntactic morphism to
DA is due to Dartois and Paperman [7], while the equality A, (<, MOD) = FO?(<, MOD) is due
to Kufleitner and Walter [13].

REMARK 10.3. While membership for UPol(BPol(G)) boils down to G-separation, not much
is known about separation and covering for UPol(BPol(&)). The only class of this kind for which
separation and covering are known to be decidable is UPol(BPol(ST)) = FO?(<). This is the
class UPol(AT) by Lemma 4.25. Since AT is a finite class, UPol(AT)-covering is decidable by
Corollary 8.11.

10.2 Well-suited extensions

We now consider classes of the form UPol(BPol(G™")), where G* is the well-suited extension of
an arbitrary prevariety of group languages G. In this case, the characterization is based on the
class of finite semigroups LDA. Again, we use a definition which is based on an equation. A
finite semigroup S belongs to LDA when it satisfies the following equation:

(esete)” = (esete)ete(esete)” foreverys,t € Sande € E(S). (16)
We now present the generic statement characterization of UPol(BPol(G")).

THEOREM 10.4. Let G be a prevariety of group languages and let L be a regular language. The
following properties are equivalent:
1. L € UPol(BPol(G™)).
L € Pol(BPol(G")) N coPol(BPol(G™)).
L e Ay(<,+1, Pg).
L € FO*(<,+1,Pg).
L € TLX(G).
The strict G-kernel of the syntactic morphism of L belongs to LDA.

S kWD

PROOF. In this case as well, we already proved most of the implications. By Lemma 3.3,
we have Ay(<,+1,Pg) = Ay(Ig+). Hence, (2) < (3) follows from Theorem 4.9. Moreover,
(1) & (2) is given by Theorem 4.21. Finally, since FO*(<, +1, Pg) = FO*(Ig+) by Lemma 3.3 and
TLX(G) = TL(G") by Lemma 9.2, the equivalence (4) & (5) is immediate from Theorem 9.9.
Finally, the implication (1) = (5) follows from Proposition 9.12. We now prove independently
that (6) = (2) and (5) = (6) to complete the proof. We let a : A* — M be the syntactic
morphism of L. Let also N be the G-kernel of a, and S be its strict G-kernel. Recall from
Section 5 that we have S = N N a(A*) by definition.
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We start with the implication (6) = (2). Assume that S belongs to LDA. We have to show
that L € Pol(BPol(G")) N coPol(BPol(G")). Since L is recognized by its syntactic morphism ¢, it
suffices to show that a is a (Pol(BPol(G*)) N coPol(BPol(G")))-morphism. By Theorem 6.7, this
boils down to proving that for every s, t € M and e € E(M) such that (e, s) € M? is a G*-pair, we
have (eset)“*! = (eset)“et(eset)”. By Fact 5.6, we have e € N. We consider two cases depending
on whethere € Sore € N\ S. Assume first thate € N \ S. Since S = N N a(A™"), this implies that
e = 1)y and that a~1(1y;) = {€}. Since (1, s) is a G*-pair and {&} € G7, it follows that s = 1y,
as well. Hence, (eset)“*! = t¥*! = (eset)“et(eset)® follows directly. We now consider the case
where e € S. By Lemma 5.13, we have es and et(eset)?“~! € N. Since e € S, this implies that
es € S and et(eset)*?~! € S. Since S belongs to LDA, we get from Equation (16) that,

(eeseet(eset)*“Le)¥ = (eeseet(eset)*? le)?eet(eset)*“ Le(eeseet(eset)*“1e)?.

Since e is idempotent, this simplifies into (eset)”e = (eset)“et(eset)>“Le. It now suffices to
multiply by set on the right to get the desired equality (eset)®*! = (eset)”et(eset).

We finally turn to the implication (5) = (6). Assume that L € TLX(G) = TL(G"). We
show that S belongs to LDA, i.e., that S satisfies (16). Let s,t € S and e € E(S). We prove that
(esete)” = (esete)”ete(esete)”. By hypothesis, L is defined by a formula ¢; of TL[G"]. Let
k € N be the rank of ¢. Fact 9.3 yields a G*-morphism np : A* — Q such that ¢y, is a TL[n]
formula. It follows from Lemma 2.15 that G = n(A™) is a group in N and that the morphism
B : A* — G defined by f(w) = n(w) for every w € A* is a G-morphism. Using the hypothesis
that s, t, e € S, we prove that there exist u,v,z € A* such that a(u) = s, a(v) = t, a(z) = e and
n(w) = n(v) = n(z) = 1g. By symmetry, we only prove the existence of u € A*. There are two
cases, depending on whether s = 1,; or not. If s = 1, then we have 1); € S C a(A*). Thus,
there exists u’ € A* such that a(u’) = 1. We let u = (u’)? for p = w(G). Clearly, ax(u) =1y = s
and n(u) = (n(w))? = 1¢ since G is a group. Assume now that s # 1. We haves € S C N.
Since B : A* — G is a G-morphism, it follows from Lemma 5.4 that there exists u € A* such that
o(u) = sand B(u) = 1. Since s # 17, we have u € A*, which also implies that n(u) = f(u) = 1g,
as desired.

We now use u, v, z (satisfying a(u) = s, a(v) =t, a(z) = eand n(u) = n(v) =n(z) = 1g) to
conclude the proof. Since ¢y, is an n-formula of rank k and 1 € E(N), it follows from Lemma 9.6
and Proposition 9.7 that for all x, y € A*, we have,

x(zFuz®vz¥k (ZXuz*vz5)ky e L o x(zFuz®vz¥*z%vzk (zZ¥uz%vzF)ky e L.

Hence, (z¥uz?*vz¥)*(zKuz?*vz¥)¥ and (zKuz®vz¥)kzkvzX (zXuz?*vz¥)* are equivalent for the

syntactic congruence of L. Since « is the syntactic morphism of L, these words have the same
image under a. This yields (esete)X(esete)k = (esete)<ete(esete)* by definition of u, v and z.
It now suffices to multiply by enough copies of esete on the left and on the right to obtain
(esete)” = (esete)?ete(esete)?, as desired. |
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Given as input a regular language L, one can compute its syntactic morphism. Moreover,
by Lemma 5.3, the strict G-kernel of this morphism can be computed as soon as G-separation is
decidable. It is then simple to decide whether it belongs to LDA: this boils down to checking
if (16) holds by testing all possible combinations for s, t and e. By Theorem 10.4, this decides
whether L € UPol(BPol(G™")). We state this in the following corollary.

COROLLARY 10.5. Let G be a prevariety of group languages with decidable separation. Then,
membership is decidable for FO*(<, +1, Pg) = TLX(G) = Ay(<, +1,Pg) =UPol(BPol(G")).

Recall again that separation is decidable for the prevarieties of group languages ST, MOD,
AMT and GR, so that Corollary 10.5 applies in these cases: membership is decidable for the
logical classes FO?(<,+1), FO%(<, +1, MOD), FO*(<, +1, AMOD) and FO%(<, +1, Pgg).

Here again, Theorem 10.4 generalizes known results in the particular case G = ST. Since
ST = {0, A*}, it is straightforward to verify that the strict ST-kernel of a morphism a : A* — M is
the semigroup a(A™). When « is the syntactic morphism of a language L, this object is called the
syntactic semigroup of L. Thus, Theorem 10.4 yields that Ay(<,+1) = FO?(<,+1) =F+X+P+Y
and that a regular language belongs to this class if and only if its syntactic semigroup belongs to
LDA. As seen in the previous section, the equality F02(<, +1) = F + X+ P + Y is due to Etessami,
Vardi and Wilke [9]. The remaining correspondences are due to Thérien and Wilke [39]. In
particular, the connection with LDA is established by relying on results of Almeida [1], based on
a complex algebraic framework by Tilson [42], which involves categories and wreath products
of finite semigroups. We bypass this intricate machinery here.

REMARK 10.6. In this case as well, there exists no generic result concerning separation
and covering for classes of the form UPol(BPol(G*)). However, both problems are known to
be decidable in two particular cases: G = ST and G = MOD. In view of Theorem 10.4, this
corresponds to the logical classes FO?(<, +1) and FO?(<, +1, MOD). The decidability of covering
for these two classes can be obtained by applying generic transfer results of [25] and [23] to the
simpler class FO?(<) (as we mentioned above, decidability of covering for this class was first
proved in [32]). The techniques involved in these results are orthogonal and independent from
the ones of the present paper.

11. Conclusion

We presented a generic algebraic characterization of unambiguous polynomial closure and
used it to prove that when C is a prevariety, membership for UPol(C) reduces to membership
for C. An interesting byproduct of the proof is that UPol(C) = APol(C) = Pol(C) N coPol(C) in
that case. Moreover, we showed that when C is a finite prevariety, covering and separation
are decidable for UPol(C). This completes similar results of [31] for Pol(C) and Bool(Pol(C))
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and of [22] for Pol(Bool(Pol(C))). Finally, we presented logical characterizations of the classes
built with unambiguous polynomial closure. In particular, we proved that if the input class G is
a prevariety of group languages, then UPol(BPol(G)) = A;(<,Pg) = FO*(<,Pg) = TL(G) and
UPol(BPol(G*)) = Ay(<,+1,Pg) = FO*(<,+1, Pg) = TLX(G). This generalizes earlier results
corresponding to particular examples of prevarieties of group languages G.

A natural follow-up question is whether our result for separation and covering can be
pushed further to encompass more inputs than the finite classes. In particular, in view of the
above logical characterizations, it would be interesting to look at both problems for classes
of the form UPol(BPol(G)) and UPol(BPol(G")) when G is a prevariety of group languages.
While this is difficult, there are known results of this kind; in particular, it is known [30] that
separation and covering are decidable for Pol(BPol(G)) as soon as separation is decidable for G.
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