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ABSTRACT. PPSZ, forlong time the fastest known algorithm for k-SAT, works by going through
the variables of the input formula in random order; each variable is then set randomly to 0 or 1,
unless the correct value can be inferred by an efficiently implementable rule (like small-width
resolution; or being implied by a small set of clauses).

We show that PPSZ performs exponentially better than previously known, for all k > 3.
We achieve this through an improved analysis and without any change to the algorithm itself.
The core idea is to pretend that PPSZ does not process the variables in uniformly random order;
but according to a carefully designed distribution. We write “pretend” since this can be done
while running the original algorithm, which does use a uniformly random order.

1. Introduction

Satisfiability is a central problem in theoretical computer science. One is given a Boolean
formula and asked to find a satisfying assignment, that is, setting the input variables to 0 and 1
to make the whole formula evaluate to 1. Or rather, determine whether such an assignment
exists. A particular case of interest is CNF-SAT, when the input formula is in conjunctive normal
formm—that is, the formula is an AND of clauses; a clause is an OR of literals; a literal is either a
variable x or its negation x. If every clause contains at most k literals, the formula is called a
k-CNF formula and the decision problem is called k-SAT.

Among worst-case algorithms for k-SAT, two paradigms dominate: local search algorithms
like Schoning’s algorithm [17] and random restriction algorithms like PPZ (Paturi, Pudlak, and
Zane [9]) and PPSZ (Paturi, Pudlak, Saks, and Zane [8]). Both have a string of subsequent
improvements: Hofmeister, Schoning, Schuler, and Watanabe [6], Baumer and Schuler [1], and
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Liu [7] improve Schoning’s algorithm. Hertli [5] and Hansen, Kaplan, Zamir, and Zwick [3]
improve upon PPSZ.

For large k, both paradigms achieve a running time of the form 2"(1-¢/k+0(1/K)) ‘where ¢
is specific to the algorithm (¢ = 1 for PPZ; ¢ = log,(e) ~ 1.44 for Schoning; ¢ = 72/6 ~ 1.64 for
PPSZ). Interestingly, the running time of completely different approaches like the polynomial
method (Chan and Williams [2]) is also of this form. This gave rise to the Super-Strong Exponen-
tial Time Hypothesis (Vyas and Williams [18]), which conjectures that the c/k in the exponent is
optimal; for instance, that a running time of 2"(1-198(K)/k) j5 impossible.

This paper presents an improvement of PPSZ. However, it is not an improvement of the
algorithm but of its analysis. We show that the same algorithm performs exponentially better
than previously known. Informally, PPSZ works by going through the variables in random
order 5; inspecting each variable x, it tosses an unbiased coin to determine which value to
assign, unless there is a set of at most w clauses that implies a certain value for x. Take w =1
and this is exactly PPZ; take w = w(1) and this is PPSZ (the exact rate by which w grows turns
out to be immaterial for all currently known ways to analyze the algorithm). Our idea is to
pretend that the ordering 57 is not chosen uniformly but from a carefully designed distribution D.
This increases the success probability of PPSZ by some “bonus”, which depends on D. It seems
surprising that this can be done without actually changing the algorithm, but it turns out
to be just a straightforward manipulation, which we formally explain below in (3). There
is a price to pay in terms of how much D differs from the uniform distribution: the success
probability incurs a penalty of 2 KL(PIIU) where KL(D||U) is the Kullback-Leibler divergence
from the uniform distribution U to D. We focus on Unique-k-SAT, where the input formula has
exactly one satisfying assignment. A “lifting theorem” by Steinberger and myself [14] shows that
improving PPSZ for Unique-k-SAT automatically yields a (smaller) improvement for general
k-SAT problem (without changing the algorithm).

The idea of analyzing PPSZ assuming some non-uniform distribution D on permutations
and paying a price in terms of KL(D||U) is not new. It is explicit in [14] and implicit in [4] and [8].
However, all previous applications use this to deal with the case that sat(F), the set of satisfying
assignments, contains multiple elements; furthermore, in [14, 4, 8], the distribution D is defined
solely in terms of sat(F) and ignores the syntactic structure of F itself. In particular, in the
special case that F has a unique solution, D reverts to the uniform distribution. This paper is
the first work that exploits the structure of F itself to define a distribution D on permutations,
and uses this to prove a better success probability for the Unique-SAT case.

11 Analyzing PPSZ: permutations and forced variables

We will now formally describe the PPSZ algorithm. Let F be a formula, x a variable, and b € {0, 1}.
A formula F implies (x = b) if every satisfying assignment of F sets x to b. For example,
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(x Vy)A(xVy)implies (x = 1) but neither (y = 0) nor (y = 1). For an integer w, we say F
w-implies (x = b) if there is a set G of at most w clauses of F such that G implies (x = b).

The PPSZ algorithm with strength parameter w. Let w = w(n) be some fixed, slowly
growing function. Given a CNF formula F and a permutation s of its variable set V, we define
ppsz(F, w, i) as follows: go through the variables x4, . .., x,, in the order prescribed by 7. In each
step, when handling a variable x, check whether (x = b) is w-implied by F for some b € {0, 1}.
If so, set x to b (i.e., replace every occurrence of x in F by b). Otherwise, set x randomly to
0 or 1, with probability 1/2 each. We define ppsz(F, w) to first choose a uniformly random
permutation ;7 and then call ppsz(F, w, i).

1: procedure ppsz(F,w,m)

2: V = the set of variables in F

3: B := the empty assignment on V

4: for x €V in the order of m do

5: if there is b € {0,1} such (x =b) is w-implied by F then
6: B(x):=»b

7: else

8: B(x) := a uniformly random bit in {0,1}
9: F .= lez,B(X)

10: if F has been satisfied then

11: return S

12: else

13: return failure

Algorithm 1. PPSZ with fixed permutation

It should be noted that Paturi, Pudlak, Saks, and Zane in [8] formulated a stronger version
of PPSZ, which tries to infer (x = b) using bounded-width resolution. A close look at their
proof shows that they never use properties of resolution beyond those already possessed by
w-implication. We assume that a = (1, ..., 1) is the unique satisfying assignment of F. This is
purely for notational convenience.

DEFINITION 1.1. Let 7 be a permutation of V and x a variable. Let A C V be the set of
variables coming before x in 77, and let F’ := F|4,1 be the restricted formula obtained from F
by setting every variable y € A to 1. If F/ w-implies (x = 1) then we say x is forced under 7 and
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14: procedure ppsz(F,w)
15: m:= a random permutation of the variables V
16: return ppsz(F,w,m)

Algorithm 2. PPSZ with random permutation

write Forced(x, ;1) = 1; otherwise we say x is guessed under  and write Forced(x, i) = 0. Let

Forced(m) := ),y Forced(x, ).

Of course, Forced(x, ir) depends on F and w, as well, so to be formally correct, we should
write Forced(F, w, x, 7). Since F and w are fixed throughout, we prefer the less formal notation
F(x,m).

OBSERVATION 1.2 ([8]). Suppose we run PPSZ with a fixed permutation it. Then ppsz(F,w, 1)
succeeds, i.e., finds o, with probability exactly 2~ "+Forced(m)

Taking 77 to be a random permutation we get

Pr[ppsz(F) succeeds] = E [2_”+F°r°ed(”)] (1)
JT

> 2—n+Eﬂ [Forced(s)]

which follows from Jensen’s inequality applied to the convex function ¢t + 2. We are now in a
much more comfortable position: E[Forced(m)] = >, Pr[Forced(x, ) = 1], and we can analyze
this probability for every variable individually. Indeed, this is what Paturi, Pudlak, Saks, and
Zane [8] did: they showed that Pr[Forced(x, ) = 1] > sx — o(1) if F is a k-CNF formula with
exactly one satisfying assignment. Here sy is a number defined by the following experiment:
let T,.” | be the complete rooted (k — 1)-ary tree; pick 77 : V(T;”,) — [0, 1] at random and delete
every node u with (u) < mr(root), together with all its descendants. Let T be the resulting tree.
Then

Sk := Pr[T is finite] . (2)

The o(1)-term converges to 0 as w tends to infinity; thus, the growth rate of w only influences
how fast this 0(1) error term vanishes, but (as far as we know) does not materially influence
the success probability of PPSZ. We conclude:
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THEOREM 1.3 ([8]). If F is a k-CNF formula with a unique satisfying assignment, then
Pr[ppsz(F) succeeds] > 2 +skn-o()

Furthermore, sy = % +o(1/k).

1.2 Previous improvements

Multiple satisfying assignments. The analysis of Paturi, Pudlak, Saks, and Zane runs into
trouble if F contains multiple satisfying assignments. In their original paper [8] they presented
a workaround; unfortunately, this is quite technical and, for k = 3, 4, exponentially worse than
the bound of Theorem 1.3. It was a breakthrough when Hertli [4] gave a very general analysis
of PPSZ showing that the “Unique-SAT bound” also holds in the presence of multiple satisfying
assignments. Curiously, his proof takes the result “Pr[Forced(x, 7r)] = sx — 0(1)” more or less
as a black box and does not ask how such a statement would have been obtained. Steinberger
and myself [14] later simplified Hertli’s proof and obtained a certain unique-to-general lifting
theorem that is also important for this work:

THEOREM 1.4 (Unique-to-General lifting theorem [8]). If the success probability of PPSZ is at
least 27k on k-CNF formulas with a unique satisfying assignment, for some € > 0, then it is
at least 27SKEN o k-CNF formulas with multiple solutions, too, for some (smaller) € > 0.

Improved algorithms. Concerning the Unique-SAT case, Hertli [5] designed an algorithm that
is a variant of PPSZ and achieves a success probability of 277*"%"*€" for 3-CNF formulas with a
unique satisfying assignment. Unfortunately, the concrete value of € is so tiny that Hertli did not
even bother to determine it, and his approach is extremely specific to 3-SAT, with no clear path
how to generalize it to k-SAT. A result by Qin and Watanabe [11] strengthened Hertli’s result
somewhat. More recently, Hansen, Kaplan, Zamir, and Zwick [3] published an algorithm called
biased-PPSZ, a version of PPSZ in which some guessed variables are decided by a biased coin;
which variables and how biased, that depends on the structure of the underlying formula. In
contrast to Hertli’s, their improvement is “visible”: for 3-SAT, it improves the success probability
from 1.30703197" in Theorem 1.3 to 1.3069957". Also, it works for all k (although the authors
do not work out the exact magnitude of the improvement).

Lower bounds. Chen, Tang, Talebanfard, and myself [16] have shown that there are instances
on which PPSZ has exponentially small success probability. Just how exponentially small has
been tightened by Pudlak, Talebanfard, and myself [10]: we now know that PPSZ has success
probability at most 2~(172/k=0(1/k))n o certain instances, provided our parameter w is not too
large; for strong PPSZ, i.e., PPSZ using small-width resolution instead of w-implication, then the
same bound holds, provided your width bound is really small, like c - \/loglw [15].
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1.3 Our contribution

We show that the success probability of PPSZ on k-CNF formulas is exponentially larger than

278K In particular,

THEOREM 1.5 (Improvement for all k). For every k > 3 there is ex > 0 such that the success
probability of PPSZ on satisfiable k-CNF formulas is at least 271 ~5k=€x),

Comparison to Hansen et al. As already mentioned, a paper by Hansen, Kaplan, Zamir, and
Zwick [3] introduces the algorithm biased-PPSZ, which also exhibits an exponentially improved
running time. Which approach is better, ours or theirs? Numerically, neither paper bothers to
analyze the asymptotic behavior of the improvement e as k grows. Conceptually, one might
argue that our result subsumes theirs, because they actually have to define a new algorithm,
while we simply give a better analysis of the old one. Methodologically, the two approaches are
somewhat orthogonal: Hansen et al. choose the Boolean values of the variables in a non-uniform
way but leave the permutation of the variables uniform; we change the permutation (more
appropriately, we “pretend” to change it, because we don’t change the algorithm) but choose the
Boolean values uniformly. The fact that we do not change the algorithm seems like a limitation
but actually gives us greater freedom: we can exploit information gleaned from the formula,
even if that information is by itself NP-hard to compute. I suspect that one can combine two
approaches and get improved numbers for small k, like k = 3; however, I fear that doing so
would be extremely tedious and barely offer any additional insight.

Personally, I think it would be more fruitful to focus on both approaches individually
and explore how far each can be pushed because they, in the words of [3], “only scratch the
surface”. Unfortunately, both currently suffer from the same shortcoming: they do not improve
the asymptotic %z—factor in the behavior of the savings sx for large k. To be more precise, the
improvement ey shrinks like o () for both Hansen et al. and this paper and thus becomes

negligible compared to sy = %2 240 (%)

14 Thecasek=3

The case k = 3 is the most visible and exhibits the fiercest competition. The full version of
Hansen et al. and the ECCC version of this result [13] invest considerable energy to hammer out
a concrete numerical result how much they can improve over s3. And although the k = 3 part of
[13] follows roughly the same approach as the general-k case in this paper; it introduces several
new concepts and methods that are not needed for Theorem 1.5. Furthermore, it is highly
technical, and the set of people interested in it is most likely a clear subset of those interested
in the general-k case. Finally, the analysis for k = 3 in [13] does not hit any natural wall, and
therefore a simple tightening of inequalities and a better choice of constants and functions
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would already yield a better bound. We therefore decided not to include the k = 3 part in this
paper.

1.5 Organization of the paper

We outline our general idea, analyzing PPSZ under some non-uniform distribution on permuta-
tions, in Section 2. Section 3 introduces the notions of critical clause trees and “cuts” in those
trees. This is mainly a review of critical clause trees as defined in [8]; however, since we will
manipulate these trees extensively, we introduce a more abstract and robust version, called
“labeled trees” and cuts therein. Section 4 contains the proof of Theorem 1.5, our main result.
We strive for succinctness above all else and took no effort to optimize the magnitude of our

improvement.

2. Brief overview of our method

2.1 Working with a make-belief distribution on permutations

Our starting point is to take a closer look at the application of Jensen’s inequality:

E [2—n+F0rced(n)] > 2—n+En[F0rced(7r)] .
b

This would be tight if X := Forced(sr) was the same for every permutation 7. But maybe
certain permutations are “better” than others. The idea is to define a new distribution D on
permutations, different from the uniform distribution, under which “good” permutations have
larger probability, thus E;.p[X] > Ez-y[X]. Sadly, we have no control over the distribution of
permutations: firstly, we promised not to change the algorithm; secondly, and more importantly,
defining D will require some information that is itself NP-hard to come by. There is a little trick
dealing with this. Generally speaking, if we want to bound the expression Eg [ZX ] from below
but the obvious bound from Jensen’s inequality, 2E¢[*], is not good enough for our purposes, we
can replace Q by our favorite P but have to pay a price. Formally:

%[ZX] _ Z Q(w)zX(w) — Z P(w) - MzX(U))

weR wWeR P((x))
P(w)

_ g [ZX(w)—logzm]
w~P
Ep[X]-Bw-~p [logz P(w)

> 2 Qw)

— 9Ep[X]-KL(P||Q) (3)
The term KL(P||Q) := >, P(w) log, (%) is known as the Kullback-Leibler divergence from Q
to P. If Q and P are continuous distributions (over Q = [0, 1]", for example) with density
functions fp and fp, then (3) still holds, for KL(P||Q) := fg fr(w)log, (fg EZ;) This trick is not
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new: it plays a crucial rule in [14], and, if you look close enough, also in Hertli [4]; it appears,
in simpler form, already in [8]. However, in [14, 4, 8], the distribution P is defined only to
make “liquid variables” (variables x for which F|,-¢ and F|,=; are both satisfiable) come earlier
in 77 and do not take the syntactic structure of F into account: they define P purely in terms
of sat(F), the space of solutions, whereas our P will depend heavily on the structure on F as a
k-CNF formula. Our work is the first to apply this method to improving PPSZ on formulas with
a unique satisfying assignment.

2.2 Good make-belief distributions for PPSZ—a rough sketch

How can we apply this idea to the analysis of PPSZ? The challenge is to find a distribution D
under which Ej.p[Forced(s)] is larger than under the uniform distribution. Since we assume
that F has the unique satisfying assignment a = (1,...,1), we can find, for every variable x,
a critical clause of the form (x v y Vv z).1 Critical clauses play a crucial role in [8] and [3]
as well. Imagine we change the distribution on permutations such that y tends to come a
bit earlier than under the uniform distribution. It is easy to see that this can only decrease
E[Forced(y, )] (which is bad) and only increase E[Forced(a, )] for all other variables. In
particular, it usually increases E[Forced(x, )| (which is good). Now assume the literal y appears
in a disproportionally large number of critical clauses. Then the beneficial effect of pulling y
to the front of 7 outweighs its adverse effect. Thus, if there is a set V' C V of variables with
|[V’| = Q(n), and each y € V’ appears in a large number of critical clauses, we can define a new
distribution P on permutations - under which variables V' tend to come earlier than under
the uniform distribution. Using P as our make-belief distribution in (3), we obtain a success
probability that is exponentially larger than the baseline. This is what we call the “highly
irregular case” below.

The other extreme would the “almost regular case”, namely that almost every variable x
has exactly one critical clause and that almost every negative literal y appears in exactly two
critical clauses. In this case, we find a matching M, i.e., a set of disjoint pairs of variables such
that {y,z} € M implies that (x vV y V z) is a critical clause of F, for some variable x. We then
adapt the distribution on permutations such that the location of y and z is positively correlated—
either they both tend to come late or they both tend to come early. This will have both (easily
quantifiable) beneficial effects and (more difficult to quantify) adverse effects. However, we
will see that the adverse effects can only be large if E,.y[Forced(sr)] is already larger than sxn

under the uniform distribution.

1 Our informal outline assumes k = 3 to keep notation simple.
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3. Critical clause trees, labeled trees, and cuts

This section introduces the key notions of critical clause trees and cuts, which were already
defined in [8]. We introduce a more general notion that we call labeled trees and of cuts therein.
We will perform extensive “tree surgery”, and this new terminology will allow us to state our

results in a concise, rigorous, and readable fashion.

3.1 The Critical Clause Tree

All notions and results in this subsection already appear in [8], although we might phrase certain
things a little different. We assume that a = (1,...,1) is the unique satisfying assignment of our
input k-CNF formula F. That means that for every variable x, we can find a clause of the form
(X V y2 V---V yx). This is called a critical clause of x. For an integer h € N, a critical clause tree
of x of height h is a rooted tree Ty of height at most h with a bunch of additional information:
every node u of Ty has a variable label varlabel(u); if the depth of u is less than h, it has a clause
label clauselabel(u). The tree is constructed as follows:
— Initialize Ty as consisting of a single root node, and set varlabel(root) = x.
— While some node u of Ty of depth less than h does not have a clause label yet:
1. Let oy, be the assignment arising from a by setting to 0 all the variables y that appear
as variable labels on the path from the root to u (including both the label of the root,
which is x, and the label of u). Let a := varlabel(u). In particular, o, (a) = 0.
2. Pick a clause C that is violated by o, (this exists since « is the unique satisfying
assignment), and set clauselabel(u) := C.
3. For each negative literal z € C, create a new child of u and give it variable label z.
Note that u has at most k — 1 children.

The construction depends on the choice of h, so we should write T)fh) instead of Ty; however, the
number h will be fixed throughout, so we simply write Ty for brevity.? This tree is central to
the analysis in [8] and also [3] (but curiously is completely absent in [4] and [14]). The depth
of anode u in a tree T is the length of the path from the root to u; we abbreviate it as dr(u) or
simply d(u) if T is understood. Ty is a (k — 1)-ary tree: every node has at most k — 1 children, as
Step 3 creates a child for every negative literal in C; since o = (1,...,1) satisfies C, there are at
most k — 1 negative literals in C.

OBSERVATION 3.1 ([8]). SupposeC = (y1V ---V y;i Vz1V---V zj)is the clause label of a
node u. Then

2 Indeed, strictly speaking, T, also depends on the formula F and the satisfying assignment «, so one should write

TX(F’“’h). However, since F, a, and h always refer to the same formula, assignment, and integer parameter, there is no
gain in explicitly listing this dependency.
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1. each variable among yq, ..., y; appears as the clause label of some (not necessarily proper)
ancestor of u;

2. u has j children (note that j = 0 might happen) whose variable labels are zy, .. ., ;.

3. Ifvis a proper descendant of u in Ty then varlabel(u) # varlabel(v).

PROOF. Point 1 and 2 follow immediately from the construction process. To show Point 3, let
a := varlabel(u) and b := varlabel(v). We have to show that a # b. Let w be the parent of v,
so w is a (not necessarily proper) descendant of u, and let C = clauselabel(w). By construction,
in particular Point 3 above, C contains the negative literal b. Since a, violates C, by choice of C
in Point 2, we conclude that o, (b) = 1. By definition of «, in Point 1, we observe that a,,(a) = 0

and therefore a # b. ]

A down-path in a rooted tree is a sequence Uy, . . ., U; where each u; is the parent of u;41.
A root-path is a path starting at the root. Note that a root path always is a down-path. By
Observation 3.1, no variable can appear twice or more on a down-path in Ty. Critical clause
trees are important because of the following lemma:

LEMMA 3.2 ([8]). Suppose w > (k — 1)1, where w is the strength parameter of PPSZ as in
Algorithm 13. Let x € V, t a permutation of V, and denote by A the set of variables coming before x
in 1. If every path from the root of Ty to a leaf at depth h contains a node u with varlabel(u) € A
then Forced(x,m) = 1.

PROOF. Call a node u of Ty dead if varlabel(u) comes strictly before x in ; call a node v
reachable if the path from the root to v contains no dead nodes. Note that the root itself is
reachable. By the assumption in the lemma, no leaf at depth h is reachable, and therefore every
reachable node v has a clause label. Let G be the set of clause labels of all reachable nodes. Note

Y g

that |G| <1+ (k-1)+ (k=12 +---+ (k-1 < —(k‘ll( )
When the loop of ppsz(F,r, w) arrives x, the formula F has already been reduced to

< w.

F’ := F|a-1, i.e, all variables in A have been set to 1. We have to show that F’ implies x = 1.
Indeed, we show something stronger, namely that G’ := G|s-; implies x = 1.

To show that G’ implies (x = 1), let y’ be a total assignment to the remaining variables
V \ A with y’(x) = 0. We have to show that y’ violates G’. Equivalently, we have to show that
every total assignment y on V that sets y(x) = 0 and y(a) = 1 for all a € A violates G. For such
a y, find a maximal root path ug, uy, . .., u; of nodes in Ty such that y(varlabel(u;)) = 0 for all y;
on that path. Such a path is non-empty because y(varlabel(ug)) = y(varlabel(root)) = y(x) =0
by assumption. Can the last node u; be a leaf of height h? Obviously not: by assumption, such a
path from root to leaf would contain node, let us say u;, with a := varlabel(u;) coming before x,
and thus a € A and y(a) = 1. We conclude that u, is not a leaf of height h and therefore has
a clause label C. We write C = (y1 V...y;iVZz1V---V zj) withi+ j = k. Note thati > 1
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since a = (1,...,1) satisfies C, but j = 0 is possible. By Point 1 of Observation 3.1, each of the

variables yq, ..., y; is the variable label of one of the uy, ..., u;, and thus y(y;) = --- = y(y;) = 0;
by Point 2 of Observation 3.1, each of the z4, ..., z; is the variable label of a child v of u;. By
maximality of the path u, ..., u;, we have y(varlabel(v)) = 1, and thus y(z1) =--- = y(z;) = 1.
In other words, y violates C and thus G. ]

From now on, we take h = h(n) to be the largest integer such that w > (k —1)™*1. Note that

lim,,_,., h(n) = oo because lim,,_,., w(n) = oo.

3.2 The canonical critical clause tree

In Point 2 of the construction process for critical clause trees, we might have several violated
clauses to choose from. For example, if x has more than one critical clause, then there are
several different critical clause trees Ty. In this section, we make things unique by introducing
the concept of canonical clauses and canonical clause trees.

DEFINITION 3.3 (Canonical critical clause). Among all critical clauses of x, we choose one
and call it the canonical critical clause of x.

This choice is arbitrary but considered fixed from now on. Every variable has exactly one
canonical critical clause.

DEFINITION 3.4 (Canonical critical clause tree, CCCT). The the canonical critical clause
tree of a variable x of height h is the critical clause tree Ty that is constructed as above, but
additionally adhering to the following tie-breaking rule in Point 2: if the canonical critical clause
of varlabel(u) is violated by oy, pick it as clauselabel(u); otherwise, pick the lexicographically
first violated clause.

In particular, if Ty is the CCCT of x, then the clause label of its root is the canonical critical
clause of x. We distinguish between canonical and non-canonical nodes:

DEFINITION 3.5 (Canonical nodes). In the canonical critical clause tree Ty, we call a node v
canonical if, for every node u on the path from the root to v (including root and v), varlabel(u)
has exactly one critical clause, and this clause is clauselabel(u).

Suppose u is a maximal non-canonical node in Ty (i.e., either u is the root itself or the parent
of u is canonical), and write a = varlabel(u). There are two reasons why u can be non-canonical:
(1) the variable a has two or more critical clauses; (2) the clause label C := clauselabel(u) is not
a critical clause (it has at least two positive literals, like (x V a v I;), for example). In the latter
case, u has at most k — 2 children in T.
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Remark. For the improvement for general k as presented in this paper, the notions of canonical
clause trees and canonical nodes therein are not strictly necessary, and we could prove some
improvement without introducing it. However, since I feel that this is the correct way of thinking
about critical clause trees and since the k = 3 case makes heavy use of these notions, I decided
to include it in this paper, for future reference.

3.3 Labeled trees and cuts

We will perform certain manipulations on critical clause trees. The resulting trees will not be
critical clause trees in any meaningful sense any more (for example, they sometimes become
infinite). Therefore, we introduce the more general notion of a labeled tree. We note that certain
labeled trees appear implicitly in [8]; however, our work is the first that explicitly defines and
uses them.

DEFINITION 3.6 (Labeled trees). We assume some countably infinite set L of labels with
V C L. A labeled tree is a rooted tree T, possibly infinite, in which
1. each node u has a label varlabel(u) € L;
2. no label appears twice on a down-path; that is, if u is a proper ancestor of v in T, then
varlabel(u) # varlabel(v);
3. each node is marked either as canonical or non-canonical; if u is non-canonical then so
are all of its children (and by induction all of its descendants);
4. each leaf of T is marked as either a safe leaf or an unsafe leaf.

A safe path in T is a path starting at the root that either ends at a safe leaf or is infinite. We write
Can(Ty) to denote the set of canonical nodes in Ty. Furthermore, all labeled trees appearing in
this paper are (k — 1)-ary: each node has at most k — 1 children.

A critical clause tree of height h becomes a labeled tree by simply marking leaves at depth h
as safe leaves and all other leaves (of smaller depth) as unsafe leaves and removing all clause
labels.

From now on, instead of viewing i as a permutation of the variables V, we view it as a
placement i : L — [0, 1] on the countably infinite set of labels. If 77 is sampled from some contin-
uous distribution (for example the uniform distribution), then 7 is injective with probability 1;
its restriction to V defines a permutation, by sorting the variables from low-r to high-r.

DEFINITION 3.7 (Cut and Cut, and wCut,). Let T be a labeled tree, x the label of its root, and
r € [0,1]. The event Cut,(T) is an event in the probability space of all placements, defined as
follows: mark a non-root vertex u as dead if m(varlabel(u)) < r and alive otherwise; mark root
as alive. Then Cut,(T) is the event that every safe path in T contains at least one dead node.
Cut(T) is the event Cuty()(T), i.e., all nodes u with sr(varlabel(u)) < m(x) are marked dead.
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A labeled tree. The leaves with shaded circles are the safe leaves. Note that u is the
label of a safe leaf and an unsafe leaf. Also, there are safe leaves at different depths.
The latter situation will not arise in critical clause trees, but they are allowed under
our definition of labeled trees.

Below, we choose a placement 7 : L — [0, 1]:

Cutoe(T") happens: b and z are Cuto3(7) does mnot happen: wCutgs(7) does happen:
dead and block all downpaths there is an alive downpath to a the root is already dead
to a safe leaf. safe leaf

Figure 1. A labeled tree, a placement, and a cut, a non-cut and a weak cut.

We define wCut,(T) (“weak cut”) exactly as Cut,(T), only that we additionally mark the
root as dead if m(x) < r.

Note that there is no corresponding event wCut(T). Weak cuts only make sense with
respect to a particular r € [0, 1]. The following observation is simply Lemma 3.2, framed in the
new terminology:

OBSERVATION 3.8. Supposew > (k — 1)™, If Cut(Ty) happens then Forced(x, ) = 1.

To better understand the statement of the observation, recall that the definition of the
critical clause tree Ty depends on h, and the definition of Forced depends on w. The two
definitions Cut, and wCut, are intimately related:

OBSERVATION 3.9. First, it holds that
wCut,(T) = [m(root) < r Vv Cut,(T)]
Furthermore, if Ty, ..., T; are the subtrees of T rooted at the children of the root, then

Cut,(T) = [wCut,(Ty) A --- AwCut,(T7)]
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A particularly important example of a labeled tree is T,°,. This is simply an infinite
complete (k — 1)-ary tree: every node has k — 1 children, and there are no leaves. All nodes have
distinct labels. If k is understood, we simply write T*. If 77 is a uniformly random placement
then

[e] (&) k-
P = pr{wcut,(T°,)] = r v Pr[Cut,(T{,)]

where we definea Vv b:=a+b—abfora,b € [0,1]. It follows from the two equations above
that Q,gk) and P,(,k) satisfy the system of equations

Q = pk-1

P=rvo.
By substitution, it follows that Qﬁk) and Pﬁk) individually satisfy the following equalities, respec-
tively:

Q=(r+(1-nE?
p=rvpkt,

Note that P = 1 and Q = 1 are always solutions of these equations, but sometimes it is not the

“correct” solution. Indeed, it is a well-known result from the theory of Galton-Watson branching

processes that Qﬁk) and Pﬁk) are the smallest solutions of these equations.

PROPOSITION 3.10. Forr > X2 it holds that Q™ = P = 1. On the interval [0, 2], P is
k-1
K _ ke . K _ _
convex andr < P < k=1 .. Also on that interval, Q{ < (% - r) < erk-1,

For k = 3 we have explicit expression:

@ (&) ifr<1/2
® _

(4)
1 ifr >1/2
and
L ifr<1/2
P =t / (5)
1 ifr >1/2

Again, if k is understood, we will simply write Q, and P,. Recall the number sk as defined in (2)
and observe that

sk = Pr[cut(T& "M . (6)

Paturi, Pudlak, Saks, and Zane proved the following fact:
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LEMMA 3.11 ([8]). Let Ty be a critical clause tree of height h. Then Pr[Cut,(Ty)] > Qﬁk) —
Error(r, h) and Pr[Cut(Tyx) > sx — Error(h). Here, Error(r,h) and Error(h) are functions that
converge to 0 as h — oo.

We will give a full and overly formal proof of this lemma. It will be instructive to go through
the proof in full detail because it is a simplest application of our labeled-tree-machinery, on
which we will rely more heavily later on. Also, our proof is slightly different from the original
proofin [8].

PROOF OF LEMMA 3.11. Let Ty be the critical clause tree of height h for variable x. We
subject it to a sequence of transformation steps, each of which only reduces the probability
Pr[Cut,] and makes the tree look more and more like To(ok_l).

Step 1. Completing the tree. Add nodes to Ty to make it a complete (k — 1)-ary tree of
height h (i.e., while some v of depth less than h has fewer than k — 1 children, create a new
child). Give a fresh label from L to each newly created node (by fresh label we mean a label in
our infinite label space L that has never been used before) and mark all leaf as safe leaves (note
that all leaves have height h now). Call the resulting tree Ty. Every safe path in T} is still a safe
path in Ty, and therefore Pr[Cut,(Tp)] < Pr[Cut,(Ty)]. Note that Ty might not a critical clause
tree anymore (some non-leaves nodes do not have clause labels, some variable labels are not
variables at all but fresh labels).

Step 2. Making labels distinct. In a sequence of steps, we want to make sure that no label
appears twice in the tree. To achieve this, we create a sequence Ty, Ty, T2, . . . as follows:

PROPOSITION 3.12. LetT be a labeled tree and v a node therein. Let a’ be a fresh label, i.e., one
that does not appear in T. Define T,,_, to be the same as T but with varlabel(v) := a’ for some
fresh label a’ ¢ L(T). Then

Pr[Cut;(Ty—q)] < Pr[Cuty(T;)]

holds.

This is how we construct the sequence Ty, T1, T, . . . : while some label (say a) appears more

than once in T;, say at nodes u and v, take a fresh label a’ and set T, := Ty— .

Proof of Proposition 3.12. This is the heart of the proof. Fix a partial assignment 7 : L \
{a,a’} — [0, 1]. We will show that Pr[Cut,(Ti;1) | 7] < Pr[Cut,.(T;) | 7]. Here, the conditioning
on 7 is a shorthand for conditioning on the event [77(l) = 7(l) Vl € L \ {a, a’}].

Note that both Cut,(T;) and Cut,(T;;1) are monotone Boolean functions in the atomic events
z;:=[n(l) < r]forl € L. On the probability space conditioned on 7, the event Cut,(T;;1) becomes
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a Boolean function f(z4, z¢’) in the Boolean variables z, := [r(a) < r] and zy = [n(a’) < r].
Since T; can be obtained from Ti,; by replacing a’ by a, we observe that conditioned on 7, the
event Cut,(T;) becomes the Boolean function f(zg4, z,). The proof of the claim now works by
going through all possibilities what the monotone Boolean function f could be.
1. If f(zg4, zw) is the constant 1 function, then Pr[Cut,(Ti41)|7] = 1 = Pr[Cut,(T;)|7]; similarly,
if f = 0 then both probabilities are 0.
2. If f(y,z) = y then [Cut,(Ti;+1)|7] = [(a) < r] = [Cut,(T;)|7], so both events are the same.
3. If f(y,z) = z then [Cut,(Ti41)|7] = [m(d’) < r] and [Cut,(T})|7] = [r(a) < r]; the events
are not the same, but both have probability r.
4. If f(y,z) = y A z then

Pr[Cut,(Tiz1)|7] = Pr[n(a) < r Am(d’) <r] =r? <r=Pr[n(a) < r] = Pr[Cut,(T})|7]

and the claimed inequality holds.
5. If f(y,z) =y V z then

Pr[Cut,(Ti41)|7] = Pr(m(a) <rva(ad) <r] =2r—r*>r =Pr[n(a) < r] = Pr[Cut,(T})|7]

and the claimed inequality does not hold. But here is the thing: this cannot happen!
Indeed, for [Cut,(Tis+1)|7] to become [7r(a) < r V m(a’) < r], the two nodes u and v would
have to be ancestors of each other, which by Observation 3.1 is impossible. To be more
precise, suppose [Cut,(Ti;1)|7] isindeed [7(a) < r VvV m(a’) <r]. Nowset w(a) =n(a’) =1
(and keep (1) = 7(1) for all other labels [) so the event does not happen. By definition
of Cut,, this means that there is a safe path p in T;;; r(varlabel(w)) > r for all nodes
w € p. If we change 7 to 7’ by setting 7/(a) = 0 then [7'(a) < r] holds® and thus Cut,
does happen; this means that the variable label a appears on the path p. By an analogous
argument, the label a’ appears on the path p, too. In T;, however, both those nodes have
label a, which contradicts Point 3 of Observation 3.1.4

Note that the claimed inequality holds in all possible cases. This completes the proof of Proposi-
tion 3.12. L 2

The sequence Ty, Ty, T, . . . terminates because each application of Proposition 3.12 intro-
duces a new label to the tree, and the number of labels will never exceed the number of nodes,
whichis1+ (k—1)+ (k—1)?+---+ (k—1)". Once it terminates, we obtain a tree T, in which all
labels are distinct and Pr{Cut,(Tx)] > Pr[Cut,(Ts)]. The event Cut,(Ts) can easily be phrased

3 Here we silently assume 0 < r. However, for the case r = 0 it is clear that none of the atomic events [7(l) < r] happen
and thus Cutq(T;+1) and Cuty(T;) are either both the empty event or both the whole probability space and thus happen
with equal probability.

4 Or rather it contradicts the definition of a labeled tree; the condition that no ancestors-descendant pair have the
same labels is baked into Definition 3.6, and the reader should convince themselves that our transformations within
this proof keep this property.
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in terms of T,,: for an integer t, let C; be the event (in the probability space of placements
L — [0,1]) that all paths p in T, starting at the root and having length ¢ contain a non-root
node u with m(varlabel(u)) < r. Note that T is, in a sense, isomorphic to the first h + 1 levels
of Tw,, and therefore Pr[Cut,(Ts)] = Pr[Cr].

For given 7, let T be the subtree of T,, obtained by deleting every non-root node u with
sr(varlabel(u)) < r, together will all ancestors. Note that T is a random variable over our
probability space of placements 7. Thus, C; is the event that T has no root-path of length ¢, and
Cut,(T) is the event that T has no infinite root-path. Note that in the latter case, T is indeed
finite and thus has a finite longest root-path, which in turn means

Cut(T.) = ] ¢
teN

The C; form an increasing sequence of events and thus, by the Monotone Convergence Theorem,
it holds that

Pr[Cut,(T»)] = Pr

ol

teN

Define Error(r,t) := Pr[Cut,(Tw)] — Pr[C;]. Then (7) states that lim;_,., Error(r,t) = 0. We
conclude that

= lim Pr[C;] . (7)

t—o0

Pr{Cut(Ty)] > Pr[Cut(Tp)] (by the transformation in Step 1)
> Pr[Cut(Ts)] (by the transformations in Step 2)
= Pr[Ch]
= Pr[Cut,;(T)] — Error(r,h).
This concludes the proof of the lemma. ]

The important part of the proof, in particular with regard to what comes below, is Proposi-
tion 3.12. In words, the fact that multiple labels can only make things better. Paturi, Pudlak,
Saks, and Zane [8] use the FKG inequality to prove this. Our proof above does not use the FKG
inequality. Indeed, from our proof technique one could extract a stand-alone proof of the FKG
inequality (at least for the special case of monotone Boolean function and all variables being
independent) that does not use top-down induction but works by replacing variables by fresh
copies, step by step, and showing that each step satisfies the desired inequality.

4. An Exponential Improvement

41 The highly irregular case

In our outline in Section 2.2 we mentioned that we will address two cases separately: the “highly
irregular case” and the “almost regular case”. The highly irregular case means that there is



18 /| 37 TheoretiCS D. Scheder

a set of Q(n) variables each of which appears as a negative literal in extraordinarily many
critical clauses. This is the case that we treat in this section. Recall that every variable x has one
canonical critical clause that looks like (X V y1 V... Yk_1).

DEFINITION 4.1 (Critical Clause Graph). The critical clause graph (CCG) is a directed graph
on vertex set V (the n variables) with (k — 1)n arcs defined as follows: for each x € V, let
(X V y1 V-V yk_1) be its canonical critical clause and add the arcs (x, y1), ..., (X, yx_1) to the
graph.

In the following figure, we show the beginning of a CNF formula with the canonical critical
clauses underlined and part of its critical clause graph.

(xVgVZ)A(xVaVo)A(yVaVZ)A(zVaVvVo)A...

Let us give a second example. If we take the simplest 3-CNF with a unique satisfying

assignment, namely

XYZAXYZAXYZAXYZAXYZAXYZAXYZ

(where we replace V by juxtaposition for compactness), we get the following critical clause

graph:

We see that the CCG might have anti-parallel edges (x, y), (y, x) but no self-loops. The latter
follows since (x V x V... ) always evaluates to 1, and we assume no clause of F has this form. In
the CCG, every vertex has out-degree k — 1, thus it has a total of (k — 1)n arcs, and the average
in-degree is k — 1, too.



19 / 37

TheoretiCS PPSZ is better than you think

DEFINITION 4.2. For x € V let indeg(x) denote the in-degree of x in the CCG. Foraset X C V
we define

indeg(X) := Z indeg(x) .

xeX

An arc (x, y) with x, y both in X counts towards indeg(X) as well.

For [ € N, we call a variable x l-heavy if indeg(x) > L. Let HEAvY(l) be the set of all [-heavy
variables. If [ is understood from the context, we might simply write HEAVY.

THEOREM 4.3. Forevery k € N, there is some |l = [(k) € N and real number HB(k) > 0 (with
HB standing for heavy-bonus) such that

PI‘[PPSZ succeeds] > 2—n+skn+HB(k)-indeg(HEAVY(l))—o(n) .

PROOF. We define a new distribution D on placements 77 : V — [0, 1], in which 77(x) for x €
HEAVY is slightly biased towards smaller values. For this, we fix some continuous differentiable
y : [0,1] — R{ such that y(0) = y(1) = 0 and let ¢ := y’ be its derivative. For sufficiently
small € > 0, it holds that 1 + e¢(r) > 0 for all r € [0, 1]. This implies that for(l +ep(x))dx =
r+ey(r) =: ®(r) is monotonically increasing, ®(0) = 0 and ®(1) = 1. Thus, ® it is the cumulative
distribution function of a distribution on [0, 1].

DEFINITION 4.4. Let D! be the distribution on [0, 1] with the cumulative probability distri-
bution function r + €y(r) and density function 1 + €¢(r).

In this proof, we will state all intermediate results in terms of a general function y satisfying
the above requirements. If we want to show some improvement for k-SAT, rather than concrete
numerical results, the precise shape of y does not matter. We might just as well define y(r) =
r(1-r) and run with it. In the following, we ask the reader to interpret y as the general function
described above; however, since we will be juggling several constants, which depend on k and
our choice of y, it will be advantageous sometimes to think of y as a very concrete function, not
depending on anything, for example like y(r) = r(1 — r). For this choice, we have ¢(r) =1 — 2r,
and D! is a distribution on [0,1] forall0 < e < 1.

Let D be the distribution on placements 77 : V' — [0, 1] that samples 77(x) € [0, 1] uniformly
for all x ¢ HEAvy and m(x) ~ D! for all x € HEAvY. For heavy x it holds that Pr[m(x) < r] =
r+ey(r) > r. By using the indicator notation [STATEMENT]| that gives 1 if STATEMENT holds and 0

otherwise, we can concisely write
PIb[]‘[(X) <r] =r+ [x € HEAvY]ey(r) .
T~

Loosely speaking, heavy variables x tend to come earlier in 7 ~ D than non-heavy ones.
Consequently, for heavy x, we expect Pr[Forced(x, ir)] to be smaller under D than under the
uniform distribution Upg ;. The following lemma bounds the magnitude of this “penalty”:
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LEMMA 4.5. If x € HEAvY then Pry._p[Forced(x, )] is at least
1
/ QM (1+ep(r)) dr - o(1) = sk — e - HP(K) - o(1)
0

for HP(k) = — /01 ,(,k)(p(r)dr, which depends only k and on y, but not on k’ nor on €. The acronym
HP stands for heavy-penalty.

Remark: the minus sign in the definition of HP might look surprising, but the integral
/01 Qﬁk)rp(r)dr is indeed at most 0, which can be proved by basic calculus or simply seen from
the context (but this proof is not necessary for the correctness of the lemma).

Proof. Under 7 ~ D, the values 77(y) are independent for all variables y. Let U denote the
uniform distribution on placements. Observe that we can define a coupling (7p, 71y) such that
np ~ Dand iy ~ U and np(y) < my(y) hold always and for all variables y. We could, for
example, achieve this by sampling u € [0, 1] uniformly at random, let t be the unique number
in [0, 1] for which t + ey(t) = u, and set ry(y) = u and mp(y) = t. Then my(y) is uniform over
[0,1] and 7rp(y) is distributed according to DZ. Furthermore, t < u holds.

Since Cut,(Tyx) depends monotonically on the atomic events [7(y) < r] and since [y < r]
implies [;rp < r], we conclude that ity € Cut,(Ty) also implies 77 € Cut,(Ty); in other words,

%r[CUtr(Tx)] 2 %r[CUtr(Tx)] . (8)
From the previous section, in particular Lemma 3.11, we know that

Il’]r[Cutr(TX)] > Qﬁk) — Error(r,h). 9)

The lemma now follows from setting r = 7(x) and taking expectation over 7(x), and using the
fact that 7(x) ~ D. That is, we compute

PDr[Cut(TX)] = rI~ED Iz)r[Cut(Tx)]]

1
= / lz)r[Cutr(TX)] (1+e¢p(r))dr (multiply by density and integrate)
0
1
> / lz]r[Cutr(TX)] (1+eo(r))dr (by (8))
; 1
> / ( ) _ Error(r, h)) (1+ep(r))dr (by (9))
0

= /1()51‘)(1+e¢)(r))dr—/1 Error(r,h)(1+e¢(r))dr .
0 0

Now since ¢(r) is bounded and Error(r, h) converges to 0 as h grows, for each fixed r, the
second integral in the above expression also converges to 0 as h grows, which explains the o(1)
term in the statement of the lemma. L 2
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If x ¢ HEAVY but has a heavy out-neighbor; i.e., if there is an arc (x, y) for some y € HEAVY,
we expect Pr[Forced(x, ir)] to be larger under D. Also, if there are several heavy out-neighbors,
we expect this “bonus” to be even larger. To formalize this intuition, we introduce some notation.

DEFINITION 4.6. Forx € VandY C V, we define e(x,Y) to be the number of arcs (x, y) with
y e Y. Forsets X,Y C V (not necessarily disjoint), we define e(X,Y) to be >, cx e(x,Y).

The next lemma formally states that the “bonus” for x ¢ HEAvVY is proportional to its
number of heavy out-neighbors:

LEMMA 4.7. If x ¢ HEAvVY then Pr,_p|[Forced(x, )] is at least
Sk + € HCB(k) e(x, HEAVY) — 0(1) (10)

where e(x, HEAVY) is the number of arcs (x, y) with y € HEAVY and

HCB(k) := /1 y(r) (P,(nk))k_2 (1 - Qﬁk)) dr.
0

The acronym HCB stands for heavy-child bonus. Note that HCB(k) only depends on y and k.

k-2

Furthermore, HCB(k) > 0 as long as y is positive somewhere in [0, ﬂ]’ which our concrete

choice r(1 —r) certainly is.

Proof. We first show the last part of the lemma, namely that HCB(k) > 0. It is well-known

from the theory of Galton-Watson branching processes that Qﬁk) <lforallr < % and thus

(Pﬁk))k_z (1 -~ Qﬁk)) > 0 on the interval |0, £2]. This means that HCB(k) > 0 for our choice
y(r) =r(1 —-r) (and basically for any other legal choice for y, provided that it is positive some-
where on the interval [0, %] ).

We now prove (10). Let yq, ..., yx—1 be the labels of the children of the root of T, and T;
be the subtree of Ty rooted at y;. Similar to Step 2 in the proof of Lemma 3.11, we can assume
that all nodes of T, have distinct variable labels. Formally, we need a more general version of
Proposition 3.12, one that deals with non-uniform distributions:

PROPOSITION 4.8. Let T be a labeled tree and v a node therein. Let a’ be a fresh label, i.e., one
that does not appear in T. Define T, to be the same as T but with varlabel(v) := a’ for some
fresh label a’. Furthermore, let D be a probability distribution on placements i : L(T) — [0, 1]
under which the variables {r(l) };c; are independent. Define a new distribution D’ by sampling
7t(l) ~ D for alllabels 1 € L(T) and additionally sampling tr(a’) from the same distribution as nt(a).
Then

Pr{Cuty(Tv-a)] < PrCuty(Ti)]

holds.
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The proof of this proposition is almost the same as of Proposition 3.12. For every variable
z ¢ {X, ¥1,..., Yk-1}, it holds that Prp[7(z) < r] > r. This means we can assume pessimisti-
cally® that 77(z) is uniform over [0, 1]. Since all labels are distinct, we have Prp[Cut,(Ty)] =
[T Pro[wCut,(T;)] and

PriwCuty(Ty,)] = Prn(y;) <r] v Br[Cuty(T;)]
= (r+ Ly: € Heavy]ey(r)) v Pr[Cut-(T})]
> (r+[yi € HEavy]ey(r)) V (Qr — 0(1))
=71+ [yi € HEAvY]ey(r) + (1 -7 — [yi € HEAVY]ey(r)) (Qr — 0(1))

=r+(1-r)Qr + [yi € HEAVY]ey(r)(1 - Qr) — o(1)
= Pr + [y; € HEAVY[|ey(r)(1 - Qr) —0(1) .

Therefore,

PriCuty(T)] = | | (Pr+ [y € HEaVY]ey(r)(1 - Qp) = o(1)
yiXx—Yy

> (P + ) [y € Heavyley(r)(P)**(1 - Qy) - o(1)
VX—=Yy

= Qr + e(x, HEAWY) ey () (Pr)%(1 - Qy) — 0(1) .

Since m(x) is uniform over [0, 1], we get Pr,.p[Cut(Ty)] by integrating the above expression
over [0, 1]. This yields (10) and concludes the proof of Lemma 4.7. L

We can prove Theorem 4.3 by summing over all variables:

Y.xev Prp[Forced(x,m)] — sk n

- (11)
> —HP(k)|HEAVY| + HCB(k) Z e(x, HEAVY) — o(n)
x¢HEAVY
> —HP(k)|HeEavY| + HCB(k)e(V \ HEAVY, HEAVY) — 0o(n) . (12)

Next, we show that e(V \ HEAVY, HEAVY) is large:

e(V \ HEavy, HEAVY) = e(V, HEAVY) — e(HEAVY, HEAVY)
= indeg(HEAVY) — e(HEAVY, HEAVY)
> indeg(HEAVY) — e(HEAVY, V)

= indeg(HEAVY) — k|HEAVY]|,

5 We will not go through a formal coupling argument from now on.
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where the last equality follows because every variable, in particular every x € HEAvy, has
e(x,V) = outdeg(x) = k — 1. Combining the two, we get

(12) = —HP(k)|HEAvVY| + HCB(k)e(V \ HEAVY, HEAVY) — 0(n)
> —HP(k)|HEAvVY| + HCB(k) (indeg(HEAVY) — k|HEAVY|) — 0(n)
= HCB(k) indeg(HeAvY) — (HP(k) + kHCB(k))|HEAVY| — 0(n)

HP(k) + KHCB(k)

> (HCB(k) - :

indeg(HEeAvY(l)) — o(n),

where the last inequality follows from the fact that indeg(Heavy) > [|HEAvVY|. We also
write HEAVY() in the last line to emphasize that its definition involves the number . We choose
[ = I(k) sufficiently large to make sure the expression in the parenthesis is some ¢ = c(k) > 0.
This shows that Ep[Forced ()] > sxn — o(n) + € c(k) indeg(HeAvy(l(k)). Using (3), we see that
our “gain” in the exponent of the success probability is at least®

log, Pr[PPSZ succeeds] + n — sxn > € c(k) indeg(Heavy) — KL(D||U) . (13)

Since all values 77(x) are independent under both D and U, the Kullback-Leibler divergence be-
comes additive, and KL(D||U) = KL(D£||U[0,1]) - |[HEAVY|, where U 1] is the uniform distribution
on [0,1].

PROPOSITION 4.9. Define ¥ := fol ¢*(r) dr. Then KL(D}||Ujo1]) < log,(e)€*¥ holds and
furthermore KL(D||U) < log,(e) e?W|HEAVY].

Proof. We abbreviate t := e¢(r). By definition of KL for continuous distributions, we have

1
In(2) KL(D!||Ujo.17) =/ (1+t)In(1+¢t)dr

0
1
S/ (1+¢t)tdr (sinceln(1+¢) <)
o 1
:/ tdr+/ t> dr
0 0
1 1
=/ e¢(r)dr+/ (ep(r))?dr. (putting back t = ed(r))
0 0

The first integral is 0 because /01 ¢(r)dr = y(1) = 0; the second is €% by definition of . L

Combining Proposition 4.9 and (13) gives

log, Pr[PPSZ succeeds] + n — sxn > € c(k) indeg(HEAvY(l(k)) — logz(e)€2‘P|HEAVY(l(k))|
log, (e)e*w

> lec(k) - 0

indeg(HeAvy(l(k))

6 ignoring the o(n) term for readability
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Since none of c(k), l(k), k, and ¥ depends on €, we can choose € sufficiently small to
ensure that the term in parentheses above some HB(k) > 0 and thus log, Pr[PPSZ succeeds] >
—n + sgn — o(n) + HB(k) - indeg(HEAvVY(Il(k)), which proves Theorem 4.3. u

Note that in theory we could hammer out how HB(k) depends on k. This would surely be
tedious because we encountered several integrals involving Qﬁk) and Pﬁk), for which we don’t
have a closed form. In its current form, the theorem gives us no explicit bounds on HB(k), other

than that it is positive.

4.2 Privileged variables—when Pr[Forced(x, m)] is already larger

There are some abnormal cases that will interfere with our analysis below. Luckily, all those
cases will imply that the variables involved already have a substantially higher probability of
being forced.

DEFINITION 4.10. A variable x is called privileged if (1) x has at least two critical clauses or it
has a critical clause tree T, such that (2) there is a variable y that appears simultaneously at
depth 1 and 2 or (3) Ty has fewer than (k — 1)? nodes at depth 2. Let PRIVILEGED be the set of all
privileged variables.

LEMMA 4.11. There is some value PRIV > 0, depending only on k, such that Pr[Forced(x, )] >
Sx + PRIV — 0(1) for all privileged variables x, where o(1) converges to 0 as w grows.

We prove the lemma in Appendix A. The proof is somewhat technical, partially overlaps
with proofs also found in Hansen et al. [3], but is conceptually rather straightforward.

4.3 The almost regular case

Theorem 4.3 already gives us an exponential improvement over the old analysis of PPSZ provided
that indeg(HEeAvY) is large (linear in n). In this section, we will come up with a corresponding
bound that works well if indeg(HEAvY) is small. The final bound will then follow from a meet-
in-the-middle argument.

LEMMA 4.12. There is a collection G of canonical critical clauses such that no two clauses in G

share a variable and |G| > "‘mdeggfmw(’)),

PROOF. Set C to be the set of all canonical critical clauses. We have |C| = n because there is
exactly one critical clause for each variable. Greedily pick a clause C € C, add it to G, and delete
from C all clauses C’ that share a variable with C (this obviously includes C itself). Repeat this
step for as long as possible.

How many clauses does each step remove from C? Let x3, ..., xx denote the variables

of C. For sure we remove the canonical critical clauses of x, ..., xx. Additionally, we remove,
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for each 1 < i < k, all canonical critical clauses containing x;. This removes at most a total of
k + X xevar(c) indeg(x) clauses. Thus, the total number of canonical critical clauses removed in
this process is at most

Z k + Z indeg(x)

CeG xevar(C)
s|G|k+Z Z (1-1) +Z Z indeg(x)
CeG xevar(C) CeG xevar(C)
x¢HEeAvyY(l) xeHEeavy(l)

<|Glk + |G|k(l - 1) + indeg(HEAVY(]l)) = |G|kl + indeg(HEAVY(])) .

The process ends C becomes empty. Since |C| = n in the beginning, it removes exactly n clauses,
and therefore |G|kl + indeg(HEAvVY(l)) > n. Solving for |G| proves the lemma. n

We take a set G of canonical critical clauses as guaranteed by the lemma. We form a
collection M’ of disjoint pairs of variables by selecting, for each C € G, two negative literals
¥,z € C and adding {y, z} to M’.7 Call x a parent of {y, z} if the canonical critical clause of x
contains the literals y and z. Note that this name makes sense since in the canonical critical
clause tree Ty of x, the root has two children with labels y and z, respectively. Every {y,z} € M’
has at least one parent. We form a final collection M C M’ of pairs by removing each pair {y, z}
with parent x from M’ if at least one of x, y, z is in PRIVILEGED. Each privileged variable x is
“responsible” for the removal of at most two elements from M’: one if the canonical clause of x
happens to be in G; one if there is some x” with {x, x"} € M’. Therefore,

n — indeg(HEAVY)
kk’
We denote the set of all parents x of some {y, z} € M by PARENTM.

M| >

— 2 |PRIVILEGED| . (14)

THEOREM 4.13. For every ¢ > 0 and k > 3 there is some ¢’ > 0 such that if |M| > cn then
Pr[PPSZ succeeds] > 27 "+Skn+c'n—o(1),

From here, the proof of Theorem 1.5 is simple. Let ¢; be a small constant, depending
on k. If |indeg(HEAVY)| > cin then we can apply Theorem 4.3. If |PRIVILEGED| > ¢in we can
apply Lemma 4.11. Otherwise, (14) implies that |[M| > c,n for some c; depending on c¢; and k,
and ¢, > 0if ¢; is small enough. We can now apply Theorem 4.13 and are done. This proves

Theorem 1.5. It remains to prove Theorem 4.13.

The remainder of this section contains the proof of Theorem 4.13. At first reading of what
follows, it might even be helpful to think of PRIVILEGED as being empty.

7 For k = 3, the clause C contains exactly two negative literals; for larger k, we select two literals arbitrarily.
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4.4 Using disjoint pairs to define a distribution

We choose some p < 1=,

to be determined later. Define y : [0,1] — R} by

b(r) = rip-r) ifr<p (1)

0 ifr > p.
Let ¢ := y’ and extend this via ¢(p) := —p. Observe that @gmin := minycpo1) ¢(r) = —p. We fix
some € > 0. Let DV'" be the distribution on [0, 1] x [0, 1] whose density at (r, s) is 1 + e (r)p(s).
This really is a density, provided that 1 + e¢(r)¢(s) > 0 for all r and s. Let D be the distribution
on placements that samples (77(y),n(z)) ~ DV for each {y, z} € M and samples 7(x) € [0, 1]

uniformly for each remaining variable. All samplings are done independently. We define
6 =68(r) = €|pmin|y(r) = epy(r) (16)
LEMMA 4.14. Letr € [0,1]. Then
%r[Cut(TX) | 1(x) =r] > Qr — DAMAGE(r) + BENEFIT(T') - 1xcpagrents — 0(1) ,
where

DAMAGE(T) = (k —1)(1 - r)PX25Q.. (17)
BENEFIT(r) := ey*(r)(1 - Q,)?PX3. (18)

and the o(1) converges to 0 as h grows.

PROOF. The proof works by constructing an easy-to-analyze tree and distribution that serve as
a pessimistic estimate for Cut,(Ty). First, we make a simple but important observation about M
and the labels in Ty:

OBSERVATION 4.15. Let u be a node of depth 1 in Ty and y = varlabel(u). Then {x, y} ¢ M.

PROOF. Suppose {x, y} € M, for the sake of contradiction, and let a be one of their parents.
So T, contains two nodes X, Y at depth 1 with labels x and y, respectively. What is the clause
label Cx of node X in T,? First, if it is Cy, the canonical critical clause of x, then X has a child
with label y, since y € Cy. This means that y appears in T, at level 1 and 2, so a is privileged.
Second, if it is not C, but is some critical clause, it must be a critical clause for x or a, meaning
that x or a has at least two critical clauses, so at least one of them is privileged. Third, if Cyx is
not a critical clause, then Cx has at most k — 2 negative literals and X has at most k — 2 children,
meaning T, has fewer than (k — 1)? nodes at level 2. In either case, at least one of a and x is
privileged, meaning we would have eliminated {x, y} from M. This is a contradiction. u

This observation has two important consequences:
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OBSERVATION 4.16. Suppose x ¢ PARENTM and let y,, ..., yx—1 be the labels of the depth-1-
nodes in Ty. Then t(x), 7(y1), ..., T(Yk—1) are independent and uniform under D.

OBSERVATION 4.17. Suppose x € PARENTM is a parent of {y,z} € M. Let y,z,v1,...,Vk_3 be
the labels of the depth-1-nodes in Ty. Then n(x), ((y),n(z)),m(v1),...,m(Vk—3) are independent
under D, the pair (n1(y), (z)) has distribution D", and the other k — 2 variables are uniform
over [0,1].

The upshot is that we completely understand the distribution of 7(1) for the labels on the
level 0 and 1 of Ty. Starting from level 2 downwards, the distribution can become complicated,

SO we resort to a pessimistic estimate:

OBSERVATION 4.18. Letv be avariable and let T : V \ {v} — [0, 1] be a particular placement
of all other variables. Letr € [0,1]. Then Prp[n(v) <r|t] = r — 6, for § as defined in (16).

PROOF. If vis not contained in any pair of M, then Prp[n(v) < r|t] =r. If {v,w} € M then
Prp[r(v) <r|t] =Prppe[n(v) <r[m(w) =(W)] =7 +ey(r)@(t(w)) = T — €|Pmin|y (1). o

The two pessimistic distributions Dy and D;. Fixr € [0,1] and let T* be the complete
infinite (k — 1)-ary tree in which all labels are distinct. Since all the labels are distinct, we
take the liberty of writing 7(v) instead of r(varlabel(v)) for a node v in T*. We specify two
distributions Dy, and Dy; on placements L — [0, 1]. First, we set Pr[m(v) < r] :=r — § under
both D;; and Dy, for all nodes v of depth at least 2 in T*. Second, we let y1, ..., yx—1 be the nodes
of depth 1 in T* and sample all 77(y;) € [0, 1] uniformly and independently under D;;. Under
Dy, we sample 71( Vs, . . ., Yx_1) uniformly and independently but sample (77(y1), 7(y3)) ~ DV".
This does not fully specify a distribution on placements L — [0, 1] but it does specify the joint
distribution of the events [77(v) < r]. Since we are only interested in Pr[Cut,(Ty)], this is enough.
Note that we also do not need to specify a distribution for r(root).

LEMMA 4.19. If x ¢ PARENTM then Pr[Cut(Ty) | m(x) = r] > Prp_[Cuty(T*)] —o(1). If x €
PARENTM then Pr[Cut(T) | m(x) =r] > Prp,, [Cut,(T*)] — o(1).

The o(1)-term comes from the fact that Ty is a critical clause tree of height h, whereas T*
is an infinite tree.

PROOF. We mimic the proof of Lemma 3.11 by assigning each node at depth 2 or greater a
fresh label. We need a third version of Proposition 3.12:

PROPOSITION 4.20. LetT be a labeled tree and v a node therein. Let a’ be a fresh label, i.e.,
one that does not appear in T. Define T,y to be the same as T but with varlabel(v) := a’ for
some fresh label a’.
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Let D be a probability distribution on placements it : L(T) — [0, 1] satisfying the following
property: for every label | € L(T) and placement T : L(T) \ {l} — [0, 1], it holds that Prp[r(l) <
r | ] = r — 6. Define a new distribution D’ by sampling a placement i : L(T) — [0, 1] from D and
then, additionally, sampling rt(a’) such that Prp [(a’) < r] =r — 6. Then

Pr[Cuty(Ty-a)] < Pr[Cuty(T7)]

holds.

The proof of this proposition is almost the same as of Proposition 3.12. We apply it re-
peatedly, to each node of depth 2 or greater, noting that the distribution D always satisfies the
requirement Prp[7r(l) < r | 7] > r — &, by Observation 4.19. After this process, only the nodes
at level 0 and 1 retain their old labels (and thus their original joint distribution under 7). We
apply Observations 4.16 and 4.17 to conclude that we have indeed arrived at distributions Dy,
and Dy, respectively. u

PROPOSITION 4.21. With BENEFIT(r) = ey*(r)(1 — Qr)*P*3 as defined in (18), it holds that
Prp, [Cut.(T*)] > Prp_[Cuty(T*)] + BENEFIT(T). *

PROOF. Let Ty,...,Tx-1 be the subtrees of T* rooted at the nodes of depth 1. Let 7 : L\
{y1, y2} — [0,1] be a partial placement. Observe that the marginal distribution D’ of 7 is
the same under Dy and Dy;. We call 7 critical if Cut,(T;) and Cut,(T2) do not happen but
wCut,(T3), ..., wCut,(Tx-1) do happen. This can be determined by looking at 7 alone.

CLAIM 4.22. Iftisnot critical then Prp, [Cut,(T*) | 7] = Prp_[Cut,(T*) | 7].

PROOF. There are several reasons why 7 is not critical. First, if some of wCut,(T3), ...,
wCut,(Tx-1) does not happen then Cut,(7T) will not happen, whatever the values of 7(y,)
and 77(y,). Second, suppose both of Cut,(T;) and Cut,(T>) happen. Then wCut,(T;) happens for
alll <i < k-1 and Cut,(T*) happens for sure. Third, suppose exactly one of Cut,(T;) and
Cut,(T;) happens, say Cut,(T). This means that Cut,(T*°) happens if and only if 7(y;) < r. This
event has probability r under both D; and Dy. For Dy; this is immediate from the definition;
for Dy this follows from D’ having uniform marginals. ]

If 7 is critical then
Pr[Cut (T®) | 7] = Pr(m(y1) <r Am(yy) <r] =r?,
D Dj
Pr[Cut (T®) | 7] = Pr[m(y1) < r Am(ys) < 1] =1%+ey?(r) .
Dy Dy

To bound the probability that 7 is critical, note that Prp [Cut,(T;)] = Q,—s since each of the atomic
events [7(l) < r] that are relevant for Cut,(T;) happen with probability r — §. Furthermore,
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Qr-s < Q. Next, Prp [wCut,(T;)] > P,_s since each of the relevant atomic events happen with
probability at least r — & (the event at the root of T;, namely [77(y;) < r], happens with probability
exactly r, which is at least r — §). Therefore,

k-1

Pr[-Cut,(T;)] - Pr[-Cuty(T2)] - ]_[ Pr{wCut-(T})] > (1-Q,)*PL3,
i=3
and therefore
Pr[Cut,(T*)] = Pr[Cut,(T*)] + ey*(r) Pr[t is critical]
Dy Dy
> PriCut,(T*)] +ey*(r)(1 - Qr)°P. 5 .
i
This completes the proof of Proposition 4.21 ]

PROPOSITION 4.23. Let DAMAGE(r) := (k — 1)(1 — r)PX=25Q!. as defined in (17). Then it holds
that Prp_[Cut,(T)] > Qr — DAMAGE(T).

PROOF. Ifr > % then § = 0, DAMAGE = 0, and Pr{[m(v) < r] =r for every node v in T*. Both
sides of the inequality evaluate to 1.

Otherwise, let Ty, ..., Tx—1 be the subtrees of T rooted at the depth-1-nodes of T*. Since

Prp_[7(v) <r] =r— 6 for all nodes v of T of depth 2 or greater, it holds that Prp_[Cut,(T})] =

Qr_s for 1 < i < k — 1. Since Q, is convex on [0, £=2|, this is at least Q, — 5Q,.. Next,

Pr{wCut,(T)] =r v Pr[Cut,(T)] 2 TV (Qr - 5Q;)

=r+(1-r)(Q,—80.) =P, - (1-1)8Q.
. (1_ <1—r>6Q;)

P,
and
k-1
Pr(Cut,(T)] = | | PriwCut,(T;)]
M i1 D

L pet (1 _ (=180

> ph o

o piet 1 (k=D -1)8Q;
> P o

=Qr— (k=1)(1-1Pr28Q; .

This completes the proof. ]
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From here on, we estimate for x ¢ PARENTM:

%r[Cut(Tx) |m(x) =r] = gé[Cutr(T“’)] —o0(1) (by Observation 4.19)
> Qr — DAMAGE(r) — 0(1) (by Proposition 4.23)
and for x € PARENTM:
I;r[Cut(Tx) | m(x) =r] > II;IE[Cutr(T‘X’)] -0(1) (by Observation 4.19)
> + EIE[Cutr(T“)] + BENEFIT(r) — 0(1) (by Proposition 4.21)
> Qr — DAMAGE(r) + BENEFIT(r) — o(1) . ( by Proposition 4.23)
This concludes the proof of Lemma 4.14. ]

We obtain a lower bound on Prp[Cut(Ty)] by integrating the bound in Lemma 4.14 over r:
Pr[Cut(Ty)] > sk — DAMAGE + BENEFIT - 1 cparentm — 0(1) , (19)

where DAMAGE = /01 DAMAGE(r) dr and BENEFIT = /01 BENEFIT(r) dr. To simplify the integration,
we will first give an upper bound on DAMAGE(r) and a lower bound on BENEFIT(r). Recall our
definition of y : [0,1] — R¥ in (15) as used in D}":

rip-r) ifr<p
y(r) =
0 ifr > p.

PROPOSITION 4.24. The following bounds hold:

DAMAGE < 0(ep*¥) (20)
BENEFIT > Q(ep**?), (21)

where the O hides factors depending solely on k and terms of order p® for a > 2 k + 1, and the Q
hides factors depending solely on k and terms of order p? for b > k + 2.

PROOF. We remind the reader of the definitions of DAMAGE and BENEFIT in (17) and (18):

DAMAGE(T) = (k — 1)(1 — r)PX28Q.,
BENEFIT(r) = €y*(r)(1 - Q,;)*P¥}

Both BENEFIT(r) and DAMAGE(r) vanish for r > p. Thus, we can replace /01 by /Op . We will
first bound BENEFIT(r). On the interval [0,p], y(r) = r(p-r),and 1 - Q; > 1 - Qp, and
P._s>r—-8=r(1-e€ep(p—-r)). Therefore,

BENEFIT(r) > er’(p —1)*(1 - Qp)*r* 3 (1 - ep(p - r))* 3

1
23 er’Y(p-r)?,
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for sufficiently small € and p (smaller than a value depending solely on k). Integrating this over
r € [0, p] shows (21).

Next, we bound DAMAGE(r) from above. It holds thatr < P, < i %r where the first
inequality follows immediately from P, = r V Q,, and the second follows from the fact that P,

is convex on [0 k2], Po = 0, and Py = 1. Third, we compute Q; = (PK1y = (k- 1)Pk2p; <

(k—1) (%) rk=2p’. To bound P/, observe again that P, < P; : where P)_, is the left derivative
k-1
since P, is not differentiable at r = % To determine the left derivative, recall that P = P,

satisfies the equation

p=pP14+ 1 -p-Yr

and therefore

For P — 1, the derivative of P +— r(P) converges to

s~y (compute the derivative of r(P)

and apply ’Hopital’s rule twice; then substitute P = 1). Thus, forr — ﬁ %, the derivative P,

k-2
converges to the inverse thereof, to Z(kk__zl). Thus, Q). < (k—-1) (%) rk zz(k 1) . Putting things
together and plugging in the definition of § in (16), we get

DAMAGE(T) = (k — 1)(1 — r)P¥25Q.,
k—1 k-2
<(k-1)(@-r) (k 2) r“Zepr(p—r)(k-1) (

=Cre(1-r)r*3p(p-r)

k-1\ rk_22(k—1)
k-2 k-2

for some constant Cx depending only on k. Integrating over r € [0, p] yields (20). u

Combining (19) with the bounds (20) and (21) and summing over all x € V, we obtain

Z Pr{Cut(Ty)] > sin - 0(ep®)n + Q(ep"*)|M| - o(n) . (22)

XxXev
Finally, to bound the success probability of PPSZ using the distribution D, we need to bound
KL(D||U) from above. By additivity of KL, we see that KL(D||U) = |[M| - KL(D?"||U"), where U"
denotes the uniform distribution on [0, 1] x [0, 1]. The density of D" atr,sis 1 + ep(r)¢(s),
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and therefore
1
KL(DI'P||U?) = ——
(D™ 11U7) @ Jiop
1
< -
N ln(Z) [0’1]2
1

h ].n(Z) [0,1]2

~ 2 1 ) 2
t0) (/o $ (r)dr)

e2p3
T 31n(2)

D. Scheder

(1+ep(r)¢(s)) In(1 +ep(r)¢(s)) ds dr
(1+ed(r)9(s))ep(r)d(s)) dsdr

e’ (r)¢*(s) dsdr

Thus, using (3), we conclude that the success probability of PPSZ is 27+Sk+8ain ywhere

gain > Q(ep"**)|M| - 0(e*p®)|M| - O(ep™)n..

Choosing € = p¥=3, this is Q(p?~1)|M| — O(p3~3)n. Note that 2k — 1 < 3k — 3 for k > 3. Thus, if
|M| > cn, we can choose a sufficiently small p, depending on k and c, ensuring that gain > ¢'n,

for some constant ¢’ depending on ¢ and k. This concludes the proof of Theorem 4.13.
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A. Proofs from Section 3 and 4

LEMMA 4.11. (Restated) There is some value PRiv > 0, depending only on k, such that
Pr[Forced(x,m)] >

Sk + PRIV — o(1) for all privileged variables x, where o(1) converges to 0
as w grows.

PROOF. We show that there are constants ¢y, ¢, ¢c3 > 0, depending only on k, such that
Pr[Forced(x, )] > sk + ¢; — o(1) whenever x is privileged due to reason (i) in Definition 4.10.

The case of privileged variables of type (1), i.e., those having at least two critical clauses,
has already been addressed in the full versions of [3]. However, for the sake of completeness
we will also discuss this case. We will introduce some operations on labeled trees T that never
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Figure 2. Attaching additional descendants to v will not increase Pr[Cut,(T)].

increase Pr[Cut,(T)]. As a most simple example, suppose u is a node in T and not a safe leaf;
form T’ by adding a new child v to u. Then Pr[Cut,(T)] > Pr[Cut.(T")], regardless of the label
of v. This follows immediately from the definition of Cut,.

This operation allows us to reduce case (3) to case (2). Indeed, suppose Ty has fewer than
(k — 1)% nodes at depth 2. Let Y4, ..., Yx_1 be the children of the root of Ty, and let y1,..., yr_1
be their respective labels. By assumption, some child ¥; has at most k — 2 children. Create a
new node Z, attach it as an additional child to Y;, and give it label y;. The resulting tree T’ is a
labeled tree, every node has at most k — 1 children, and label y; occurs at depths 1 (at Y7) and at
depth 2 (at Z), so T’ is of type (2).

Next, we (almost) reduce case (1) to case (2). Suppose x has two critical clauses, C =
(XVY1,...,Vkp)and D = (xVZq,...,Zk_1). Notethatk < [{y1,..., Yk-1,Z1, -+ > Zk-1}| < 2(k-1).
Suppose for the moment that it is less than 2(k — 1), i.e, some variable y; also appears in D.
Without loss of generality, y; = z;. Also, the two clauses are distinct, so let us assume that yx_4
does not appear in D. We will construct a (non-canonical) critical clause tree T, for x that is
of type (2). Use C as clause label for the root. Note that this creates k — 1 nodes Yy, ..., Yx—1 at
depth 1 with labels y1, ..., yx—1. The assignment label of Yx_; is af yx—1 + 0], which violates D;
here we use the fact that D does not contain yx_;. Thus, we can use D as clause label of node
Yx-1, which in turn creates k — 1 nodes at depth 2, one of which has label z,. Now recall that
y1 = z7 by assumption, so this label occurs once at depth 1 and somewhere at depth 2, and T} is
of type (2).

Summarizing, we are left with privileged variables of type (2) and those with two critical
clauses C, D that share no variable besides x. Let us deal with type (2) first. We start with a
proposition stating that assigning “fresh labels” to a node of T cannot increase Pr[Cut,(T)].
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This can be seen as an alternative proof of Lemma 7 in [8] that bypasses the FKG inequality for

monotone Boolean functions (in fact, implicitly reproves it).

PROPOSITION A.1. Let T be a labeled tree and suppose the values {r(l) };c;, are independent.
Let u be a node in T with label z. Form a new tree T’ by assigning u a fresh label z' and making
71(z’) follow the same distribution as n1(z), but independent of everything else. Then Pr[Cut(T)] >
Pr[Cut(T’)]

PROOF. We show that Pr[Cut,(T)] > Pr[Cut,(T’)] forallr € [0,1]. Lett: L\{z,z'} — [0,1] be
a placement of all labels except z and z’. In fact, we claim that Pr[Cut,(T) | 7] > Pr[Cut.(T’) | 7]
holds for all 7. Under the partial placement 7, the event Cut,(T’) becomes some monotone
Boolean function f(b, b’) in the Boolean variables b := [7(z) < r] and b’ := [n(z) < '], and
Cut,(T) becomes f (b, b). This holds since T can be obtained from 7’ by merging the labels z
and z’. Now under our distribution on placements, 77(z) and 77(z") follow the same distribution
and therefore Pr[b = 1] = Pr[b’ = 1]. This means that Pr[f(b,b") = 1] = Pr[f(b,b) = 1] unless f
depends on both variables; the only monotone functions depending on both b and b’ are b A b’
and b Vv b'. If f(b,b’) = b A b’ then Pr[Cut,.(T’) | ] = Pr[b A b’] < Pr[b] = Pr[Cut,(T)] and our
claim holds. Finally, f(b,b’) = b V b’ cannot hold: the set of nodes in T’ with label z or z’ form
an antichain, by Point 2 of Definition 3.6. ]

Now let T be a labeled tree to which (2) applies, i.e., some variable y appears at depth 1
and 2 in Ty. Let Y1, Y, be those two nodes with label y. We apply the proposition to all nodes
except Y7 and Y;. Second, we add new children to nodes of depth less than h until all such nodes
have exactly k — 1 children, and all the (k — 1)" nodes at depth h are safe leaves. Call this tree T.
From the proposition and the discussion above, it follows that Pr[Cut,(Ty)] > Pr[Cut,(T)]. In a
last step, give a fresh label y; to Y7 and y, to Y, and call the resulting tree T’. In T/, all nodes
have distinct labels, and we know what Pr[Cut,(T’)] is: it is Qﬁk_l) —0(1).2 We also know that
Pr[Cut,(T)] > Pr[Cut,(T’)] by the above proposition. Now, however, we have to take a closer
look at the proof of the proposition since we want to show that Pr[Cut,.(T)] is significantly

larger than Pr[Cut,(T")].

8 We will write Q, instead of Q,(.k’” from now on since k is understood.
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The tree T’: all labels are distinct.

In T/, we denote the node with label w, by Wy; that with label z, by Z;, and so on. Since T’
and T has the same node set, we use this notation for the nodes in T, too. Furthermore, for a
node u, we denote the subtree of T (or T’) rooted at node u by T;, (or T,). As in the proof of the
proposition, we fix some partial placement 7 : L \ {y1, y2, Y} — [0, 1]. As we have seen in the
proof, Pr[Cut,(T) | 7] = Pr[Cut,(T”) |7] holds for every such 7. Call 7 good if the following holds:
(D) m(wy) > 1; (2) 1(22),...,71(ZKk-1), T(W3), ..., T(Wk_1) < 1; (3) =Cut,(Ty,) and —Cut,(Ty,). The
events described in (1-3) are independent; those in (1) and (2) happen with probability exactly
(1 — r)r?k=>, Those in (3) happen with probability at least (1 — Q,)2.

Under a good 7, the Cut,(T’) becomes [71(y1) < r A m(y,) < r] and has probability r?, and
Cut,(T) becomes [77(y) < r], which has probability r. Therefore,

Pr[Cut,(T)] — Pr[Cut,(T")] > Pr[ris good] - (r — r?)
> (1-rr¥* 1 -Q)*(r—-r) = (1-n*r**1-0,)*.

Putting everything together and integrating over r, we conclude that

1
Pr[Cut(Ty)] > sx — o(1) + / (1-r)2r¥ta1 -0,)%dr.
0
It is clear that the integral is some positive constant depending solely on k.
We are left with the case that x has two critical clauses C = (x V y1,..., Vx-1) and D =

(XV Zz1,...,Zx-1),and y; # zj forall 1 < i,j < k — 1. Itis clear that x is forced if all y; come
before x or all z; come before x. Therefore,

Pr[Forced(x, ) | m(x) =r] > r* !+ rk=! — Pr[all y; and all z; come before x]

On the other hand, by focusing solely on the canonical critical clause tree of x, we can apply
Lemma 3.11 and conclude that

Pr[Forced(x, ) | m(x) =r] > Q, —0(1),
(we write Q, instead of Qﬁk) since k is understood), and therefore

1
Pr[Forced(x,n) = 1] > / max (27! — r?~2.0,) dr — o(1)
0

1
=sx—o0(1)+ / max (O, 2 k=1 _p2k=2 _ Qr) dar.
0

It remains to show that the latter term is positive for a substantial range of r € [0,1]. We
claim that if r is sufficiently small, Q, is only a tiny factor larger than r*~. Indeed, From
Proposition 3.10, we know that Q, < er®™ !, thus P, = rvQ, = r+(1-r)er’! = r(1+e(1-r)rk=?)
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: k-1 k-1 -
and in turn Q, = PX"1 < (r+erk )™ = k-1 (14 erk2)" < pkleek-Dr"™ We check that

e?-Dr'* < 1 5forallk > 3 and r < 1/16. Therefore,

1 1/16
/ max (0, 2kl _p2ke2 _ Qr) dr < / (2 rk=1 _32k-2 _ 15 rk—l) dr
0 0

and the latter is some positive constant ¢; depending only on k. This concludes the proof of

Lemma 4.11. [ |
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