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ABSTRACT. While the quantum query complexity of k-distinctness is known to be O(n%_%ﬁ)
for any constant k > 4 [Belovs, FOCS 2012], the best previous upper bound on the time complex-
ity was O(n'~1/%). We give a new upper bound of 5(n§_7112’<1_—1) on the time complexity, matching
the query complexity up to polylogarithmic factors. In order to achieve this upper bound, we
give a new technique for designing quantum walk search algorithms, which is an extension
of the electric network framework. We also show how to solve the welded trees problem in
O(n) queries and O(n?) time using this new technique, showing that the new quantum walk
framework can achieve exponential speedups.

1. Introduction

In the problem of element distinctness, the input is a list of n integers, and the output is a bit
indicating whether the integers are all distinct, or there exists a pair of integers that are the
same, called a collision. This problem has been studied as a fundamental problem in query
complexity, but also for its relationship to other more practical problems, such as sorting, or
collision finding, which is similar, but one generally assumes there are many collisions and one
wants to find one. In the worst case, element distinctness requires ©(n) classical queries [2].
The first quantum algorithm to improve on this was a O(n%/%) query algorithm [16], which
is a variation of an optimal quantum algorithm for collision finding [15], whose main technique
is amplitude amplification [14]. The algorithm of [16] could also be implemented time efficiently,
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in O(n3/%) steps, with a log factor overhead from storing large subsets of the input in a sorted
data structure. This was later improved to O(n%/?) queries, and O(n2/3) time by Ambainis [4],
which is optimal [1]. Ambainis’ algorithm has been modified to solve other problems in various
domains, from k-sum [20], to path finding in isogeny graphs [35, 24]. Moreover, this algorithm
was a critical step in our understanding of quantum query complexity, and quantum algorithms
in general, as the algorithm used a new technique that was later generalised by Szegedy into a
generic speedup for random walk search algorithms of a particular form [34].

For any constant integer k > 2, the problem k-distinctness is to decide if an input list of
integers contains k copies of the same integer. When k = 2, this is exactly element distinctness.
Ambainis [4] actually gave a quantum algorithm for k-distinctness for any k > 2, with query
complexity O(n'~1/k*+1)) and time complexity O(n'~1/(*1)) For k > 3, Belovs gave an improved
quantum query upper bound of O(ng/ 4_%ﬁ) [9], however, this upper bound was not construc-
tive. Belovs proved this upper bound by exhibiting a dual adversary solution, which can be
turned into a quantum algorithm that relies on controlled calls to a particular unitary. This
unitary can be implemented in one query, but actually implementing this algorithm requires
giving an efficient circuit for the unitary, which is not possible in general. This is analogous to
being given a classical table of values, but no efficient circuit description. While it seems reason-
able to guess that the time complexity of k-distinctness should not be significantly higher than
the query complexity — what could one possibly do aside from querying and sorting well-chosen
sets of inputs? — the problem of finding a matching time upper bound was open for ten years.

In the meantime, lower bounds of Q(n%‘zl_k) for k > 3[18] and Q(n%‘f_k) for k > 4 [33] were
exhibited. Progress was also made for the k = 3 case. Two simultaneous works, [10] and [22]
(published together as [12]), gave a O(n°/7) time upper bound for 3-distinctness. Ref. [10]
achieved this bound using a generalization of Szegedy’s quantum walk framework, called the
electric network framework. Ref. [22] used the MNRS quantum walk framework [32], and could
also be generalised to give a slight improvement on the time upper bound to O(n*~/¥) for any
k > 3[26].

In this work, we give an upper bound of O (n‘%_‘l1 zkl_—l) on the time complexity of k-distinctness,
matching the best known query upper bound up to polylogarithmic factors. We do this using
ideas from Belovs’ query upper bound in a new framework for quantum walk algorithms,
the multidimensional quantum walk framework, which is an extension of the electric network
framework - the most general of the quantum walk frameworks [7]. We give a high-level
overview of this extension in Section 1.1.

Quantum walk search frameworks, discussed more in Section 1.1, are important because
they allow one to design a quantum algorithm by first designing a classical random walk
algorithm of a particular form, which can be compiled into an often faster quantum algorithm.
While quantum walk frameworks make it extremely easy to design quantum algorithms, even
without an in-depth knowledge of quantum computing, as evidenced by their wide application
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across domains, the major drawback is that they can achieve at most a quadratic speedup over
the best classical algorithm. This is because a quantum walk search algorithm essentially takes a
classical random walk algorithm, and produces a quantum algorithm that is up to quadratically
better.

This drawback does not hold for the multidimensional quantum walk framework. We give
a quantum algorithm in our framework that solves the welded trees problem in O(n) queries
and O(n?) time, which is an exponential speedup over the classical lower bound of 2% [21].
While a poly(n) quantum algorithm based on continuous-time quantum walks was already
known, this proof-of-concept application shows that our framework is capable of exponential
speedups. We emphasise that unlike the quantum walk search frameworks mentioned here
that give generic speedups over classical random walk algorithms, continuous-time quantum
walks are not easily designed and analysed, and their applications have been limited (with some
exceptions based on converting quantum walk search algorithms into continuous-time quantum
walks, such as [6]). Our multidimensional quantum walk framework, as a generalization of the
electric network framework, is in principle similarly easy to apply, but with the potential for
significantly more dramatic speedups.

11 Quantum Walks

We give a brief overview of previous work on quantum walk search algorithms, with sufficient
detail to understand, at a high level, the improvements we make, before describing these
improvements at the end of this section.

The first quantum walk search framework is due to Szegedy [34], and is a generalization
of the technique used by Ambainis in his element distinctness algorithm [4]. The framework
can be described in analogy to a classical random walk algorithm that first samples an initial
vertex according to the stationary distribution sz of some random walk (equivalently, reversible
Markov process) P, and repeatedly takes a step of the random walk by sampling a neighbour
of the current vertex, checking each time if the current vertex belongs to some marked set M.
Let HT (P, M) be the hitting time, or the expected number of steps needed by a walker starting
from 7 to reach a vertex in M. If S is the cost of sampling from 7, U is the cost of sampling
a neighbour of any vertex, C is the cost of checking if a vertex is marked, and H is an upper
bound on HT (P, M) assuming M # (), then this classical algorithm finds a marked vertex with
bounded error in complexity:

O(S+H(U+ Q).

Szegedy showed that given such a P and M, if S is the cost of coherently’ sampling from r,
i.e. generating >, v/71(u)|u), and U is the cost of generating, for any u, the superposition over its
neighbours ), 4/Py,v|Vv), then there is a quantum algorithm that detects if M # () with bounded

1 Technically the classical S and U might be different from the quantum ones, but in practice they are often similar.
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error in complexity:

O(S+VH(U + Q)).

This result was extended to the case of finding a marked vertex, rather than just detecting a
marked vertex in [5]. This framework and subsequent related frameworks have been widely
applied, because this is a very simple way to design a quantum algorithm.

Belovs generalised this framework to the electric network framework, by allowing the
initial state to be |g) = )}, W |u) for any distribution g, analogous to starting a random walk
in some arbitrary initial distribution. Then if S is the cost to generate |g), there is a quantum
algorithm that detects a marked vertex with bounded error in complexity:

0(S¢ + VC(U + Q)),

where C is a quantity that may be the same, or much larger than the hitting time of the classical
random walk starting at o. For example, if o = 77, then C = H as above, but when o is supported
on a single vertex s, and M = {t}, C is the commute time from s to t [19], which is the expected
number of steps needed to get from s to ¢, and then back to s. If the hitting time from s to ¢ is
the same as the hitting time from ¢ to s, this is just twice that hitting time. However, in some
cases the hitting time from ¢t to s may be significantly larger than the hitting time from s to t.

A second incomparable quantum walk search framework that is similarly easy to apply
is the MNRS framework [32]. Loosely speaking, this is the quantum analogue of a classical
random walk that does not check if the current vertex is marked at every step, but rather, only
after sufficiently many steps have been taken so that the current vertex is independent of the
previously checked vertex. Ref. [7] extended the electric network framework to be able to find a
marked vertex, and also showed that the MNRS framework can be seen as a special case of the
resulting framework. Thus, the finding version of the electric network framework captures all
quantum walk search frameworks in one unified framework.

We now discuss, at a high level, how a quantum walk search algorithm works — particularly
in the electric network framework (but others are similar)2. We will suppose for simplicity
that o is supported on a single vertex s, and either M = ) or M = {t}. Fix a graph G, possibly
with weighted edges, such that s, t € V(G). It is simplest if we imagine that G is bipartite, so let
V(G) = V4 U Vg be a bipartition, with s € V4. Let G’ be the graph G with a single extra vertex
Vo, connected to s, and connected to t if and only if t € M. For u € V4, define star states:

WS (W) = > Wyt v),

veVgU{vg}:{u,v}€E(G’)

2 We discuss the classic construction of such algorithms, without modifications that were more recently made in [5]
and [7] to not only detect, but find.
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where w,, is the weight of the edge {u, v}. If we normalise this state, we get >, +/Puv|U, V),
where P is the transition matrix of the random walk on G’. For v € Vg, define:
WS (v)) = > VWaslt, V).
ueVa4U{ve}:{u,v}€E(G’)

Let
A = span{[YS (u)) : u € V4} and B :=span{|p (v)) : v € Vg}.
Then a quantum walk algorithm works by performing phase estimation of the unitary
Uag = (214 — I)(2Ilg - I)

on initial state |s, vy) to some sufficiently high precision — this precision determines the com-
plexity of the algorithm. Let us consider why this algorithm can distinguish M = 0 from
M = {t}.

First suppose M = {t}. Assume there is a path from s to t in G (otherwise a random
walk from s will never find t), which means there is a cycle in G’ containing the edge (v, ),
obtained by adding (¢, vp) and (vy, S) to the st-path in G. We can define a cycle state for a cycle

ui,...,uUqg = Uq as:
o €y ui) lu,v) if (u,v) € Vg x Vg orv =y
——— where |e,,) := _
= VWi —|v,u) if (u,v) € Vg X Vg4 or u = vy.

A cycle state is orthogonal to all star states: if the cycle goes through a vertex u, it is supported
on 2 of the edges adjacent to u: one contributing —1 because it goes into u, and the other +1
because it comes out of u. Thus, a cycle state is in the (+1)-eigenspace of Ugg. If there is a cycle
that uses the edge (vo, s), then it has non-zero overlap with the initial state |s, vy), and so the
initial state has non-zero overlap with the (+1)-eigenspace of U#g, and so the phase estimation
algorithm will have a non-zero probability of outputting a phase estimate of 0. The shorter the
cycle (i.e. the shorter the st-path) the greater this overlap is relative to the size of the cycle state.
We can make a similar argument if we take not just a single st-path in G, but a superposition of
paths called an st-flow. Then the energy of this flow (see Definition 2.2) controls the probability
of getting Ta phase estimate of 0. The minimum energy of a unit flow from s to t is called the
effective resistance between s and t, denoted R ((G).
On the other hand, suppose M = (. Then we claim that

s,vo) = > WY W)= > WE (V) € A+ B = (AN B

uevV g4 veVg
Since |s, vg) also only overlaps with the star state of s € V4, it is orthogonal to 8, and Thus, to

A N B. Combined, this means that our initial state has no overlap with the (+1)-eigenspace of
Uag, which is exactly (A N B) & (A+ N B1), so if we could do phase estimation with infinite
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precision, the probability we would measure a phase estimate of 0 would be 0. Our precision
is not infinite, but using a linear algebraic tool called the effective spectral gap lemma, we can
show that precision proportional to

quevﬂw*l(u»uz = ZeeG,We = W(G)

is sufficient.

Combining these two analyses for the M = {t} and M = ( case yield (in a non-obvious
way) that approximately VRW steps of the quantum walk is sufficient, if R is an upper bound
on Rs:(G) whenever M = {t}, and ‘W is an upper bound on W (G) whenever M = (). A nice
way to interpret this is that the quantity R :(G) W (G) is equal to the commute time from s to
t — the expected number of steps a random walker starting from s needs to reach t, and then
return to s. For a discussion of how to interpret this quantity in the case of more general o and
M, see [7].

The Multidimensional Quantum Walk Framework: We extend this algorithm in two ways:

Edge Composition To implement the unitary U4g, we perform a mapping that acts, for any
u € Vg, as |u,0) — |l/)§'(u)> (up to normalization), and a similar mapping for v € Vg.
Loosely speaking, what this usually means is that we have a labelling of the edges coming
out of u, and some way of computing (u,v) from (u, i), where v is the i-th neighbour of
u. If this computation costs T,; steps, then it takes O(max,; T,;) steps to implement Ug.
However, in case this cost varies significantly over different u, i, we can do much better. We
show how we can obtain a unitary with polylogarithmic cost, and essentially consider; in
the analysis of the resulting algorithm, a quantum walk on a modified graph in which an
edge {u, v}, where v is the i-th neighbour of u, is replaced by a path of length T, ;. A similar
thing was already known for learning graphs, when a transition could be implemented
with T, ; queries [11]. This is an extremely useful, if not particularly surprising, feature of
the framework, which we use in our application to k-distinctness.

Alternative Neighbourhoods The more interesting way we augment the electric network
framework is to allow the use of alternative neighbourhoods. In order to generate the
star state of a vertex u, which is a superposition of the edges coming out of u, one must, in
some sense, know the neighbours of u, as well as their relative weights. In certain settings,
the algorithm will know that the star state for u is one of a small set of easily preparable
states W, (u) = {|¢}((u)>, |¢i(u)), ...}, but computing precisely which one of these is the
correct state would be computationally expensive. In that case, we include all of W, (u)
when constructing the spaces A and 8. In the case when M = (), the analysis is the same -
by increasing A + B, we have only made the analysis easier. However, in the case M # 0, the
analysis has become more constrained. For the analysis of this case, we used a circulation,
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because it is orthogonal to all star states. However, now there are some extra states in A + B,
and we need to take extra care to find a circulation that is also orthogonal to these.

The alternative neighbourhoods technique is best understood through examples, of which we
shortly describe two. We first remark on the unifying idea from which both these techniques
follow.

If we let {|Y«(w)) }uev be any set of states, we can make a graph G on V by letting u and
v be adjacent if and only if (4 (u)|«(v)) # 0. Then, if this graph is bipartite, and we can
reflect around the span of each state individually, we can reflect around span{|¢«(u)) : u € V}.
Quantum walk search algorithms can be seen as a special case of this, where we additionally
exploit the structure of the graph to analyse the complexity of this procedure. One way of
viewing alternative neighbourhoods is that we extend this reasoning to the case where we
have spaces {span{W4(u)}}.cv, each of which we can efficiently reflect around, and G is now a
bipartite graph encoding the overlap of the spaces, hence the qualifier multidimensional.

Edge composition also exploits this picture. We can define a sequence of subspaces {‘P':’V}Ii’i
that only overlap for adjacent ¢, and such that the subroutine computing |v, j) from |u, i) can be
seen as moving through these spaces. Now the overlap graph of all these spaces will look like
G, except with each edge (u, v) replaced by a path of length T, ;. See Figure 5 and Figure 7 for
examples of such overlap graphs.

Before moving on to our examples, we comment that unlike the finding version of the
electric network framework [7], our extension does not allow one to find a marked vertex, but
only to detect if there is one or not. We leave extending our framework to finding as future

work.

1.2 Welded Trees

We motivate the alternative neighbourhoods modification by an application to the welded
trees problem [21]. In the welded trees problem, the input is an oracle Og for a graph G with
s,t € V(G) c {0,1}*". Each of s and t is the root of a full binary tree with 2" leaves, and we
connect these leaves with a pair of random matchings. This results in a graph in which all
vertices except s and t have degree 3, and s and t each have degree 2. Given a string u € {0, 1}*",
the oracle Og returns L if u ¢ V(G), which is true for all but at most a 272 fraction of strings,
and otherwise it returns a list of the 2 or 3 neighbours of u. We assume s = 0*", so we can
use s as our starting point, and the goal is to find ¢, which we can recognise since it is the only
other vertex with only 2 neighbours. The classical query complexity of this problem is 2% [21].
Intuitively that is because this problem is set up so that a classical algorithm has no option but
to do a random walk, starting from s, until it hits t. However, this takes 28(n) steps, because
wherever a walker is in the graph, the probability of moving towards the centre, where the

leaves of the two trees are connected, is twice the probability of moving away from the centre,
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towards s or t. So a walker quickly moves from s to the centre, but then it takes exponential
time to escape to t.

While we know there is a quantum algorithm that solves this problem in poly(n) queries?®
to Og [21], if we try to reproduce this result in the electric network framework, we will get an
exponential-time algorithm, essentially because the total weight of the graph is exponential.

Suppose we could add weights to the edges of G, so that at any vertex u, the probability of
moving towards the centre or away from the centre were the same: that is, if w is the weight
on the edge from u to its parent, then the other two edges should have weight w/2. This would
already be very helpful for a classical random walk, however, a bit of thought shows that this is
not possible to implement. By querying u, we learn the labels of its three neighbours, vy, vy, vs,
which are random 2n-bit strings, but we get no indication which is the parent. However, we
know that the correct star state in the weighted graph that we would like to be able to walk on
is proportional to one of the following:

1 1 1 1 1 1
Iu,V1>+§|u,Vz>+§|u,V3>, Iu,Vz>+§|u,V1>+5lu,V3>, or Iu,V3>+5lu,V1>+§|u,Vz>-

Thus, we add all three states (up to some minor modifications) to W, (u), which yields an
algorithm that can learn any bit of information about ¢ in O(n) queries. By composing this with
the Bernstein-Vazirani algorithm we can find ¢. For details, see Section 4.

We emphasise that our application to the welded trees problem does not use the edge
composition technique. It would be trivial to embed any known exponential speedup in our
framework by simply embedding the exponentially faster quantum algorithm in one of the
edges of the graph, but we are able to solve the welded trees problem using only the alternative
neighbourhoods idea.

1.3 3-Distinctness

We describe an attempt at a quantum walk algorithm for 3-distinctness, how it fails, and how
the Multidimensional Quantum Walk Framework comes to the rescue. While our result for
k = 3 is not new, our generalization to k > 3 is, and the case of k = 3 is already sufficient to
illustrate our techniques. Formally, the problem of 3-distinctness is: given a string x € [q]",
output a 1 if and only if there exist distinct as, ay, az € [n] such that x4, = X4, = X4,. We make the
standard simplifying assumptions (without loss of generality) that if such a 3-collision exists, it
is unique, and moreover, there is an equipartition [n] = A; U A, U Ag such that a; € Ay, a; € Ay

and az € As.

3 The best previous query complexity was 0(n'?) [8], although it is likely that continuous time quantum walks could
also be used to solve this problem in O(n) queries.
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R1,R; . Ry U{i1}, Ry . RiU{i1},R2U{ia} . RyU{i},RaU{ix}, 03
5 2 13
@ > »>@ >0
Vo 41 v, V3

Figure 1. A sample path from V, to V5 in our first attempt at a quantum walk for 3-distinctness. The
indices shown in blue can be seen to label the edges.

We now describe a graph that will be the basis for a quantum walk attempt. A vertex
VR, R, 1S described by a pair of sets Ry C A; and Ry C Aj. Vg, r, Stores these sets, as well as
input-dependent data consisting of the following:

— Queried values for all of Ry: D1(R) := {(i,x;) : i € R1}.
— Queried values for those elements of R, that have a match in R;:

Dy(R) := {(i1, 12, X;,) : 11 € R1,12 € Ry, Xi, = Xi, }.

By only keeping track of the values in R, that have a match in R;, we save the cost of initially
querying the full set R,. The vertices will be in 4 different classes, for some parameters r, and

ro with ry < ry:

Vo = {VRr,r, : |IR1| =11, |R2| =12}
Vi={Vrr, ! |R1| =11+ 1, |R2| =12}
Vo ={Vr,r, ! IR1| =11+ 1,|R2| =12 + 1}

Vs = {VRr,Ryis : |[R1| =11+ 1, |R2| =1y +1,i3 € As}.

The vertices vg, r,i, € V3 are just like the vertices in V;, except there is an additional index
i3 € A3 stored. We connect vertices in V, and Vp,4 in the obvious way: vg, r, € Vp is adjacent to
VRI,R, € Veyq if and only if Ry C R} and R, C R/, (exactly one of these inclusions is proper); and
VRr,.R, € V3 1s adjacent to vg, r,i, € V3 for any iz € As (see Figure 1).

We say a vertex vg, r,i; € V3 is marked if a; € Ry, az € Ry, and as = i3, where (ay, ag, as) is
the unique 3-collision. Thus, a quantum walk that decides if there is a marked vertex or not
decides 3-distinctness.

We imagine a quantum walk that starts in a uniform superposition over V,. To construct
this initial state, we first take a uniform superposition over all sets Ry of r; indices, and query
them. Next we take a uniform superposition over all sets R, of size ry, but rather than query
everything in R, we search for all indices in R that have a match in R;. This saves us the cost
of querying all r, elements of R,, which is important because we will set r, to be larger than the
total complexity we aim for (in this case, r, > n3/7), so we could not afford to spend so much
time. However, we do not only care about query complexity, but also the total time spent on
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non-query operations, so we also do not want to spend time writing down the set Ry, even if we

do not query it, which is the first problem with this approach:

Problem 1: Writing down R, would take too long.

The fix for Problem 1 is rather simple: we will not let R; be a uniform random set of size r;.
Instead, we will assume that A, is partitioned into m, blocks, each of size n/(3m;), and R,
will be made up of t; := 3mgyry/n of these blocks. This also means that when we move from
Vi to V,, we will add an entire block, rather than just a single index. The main implication of
this is that when we move from V; to V,, we will have to search the new block of indices that
we are adding to R, for any index that collides with R;. This means that transitions from V;
to V, have a non-trivial cost, n® for some small constant &, unlike all other transitions, which
have polylogarithmic cost. Naively we would incur a multiplicative factor of n® on the whole
algorithm, but we avoid this because the edge composition technique essentially allows us to
only incur the cost n® on the edges that actually incur this cost, and not on every edge in the
graph. Otherwise, our solution to Problem 1 is technical, but not deep, and so we gloss over
Problem 1 and its solution for the remainder of this high-level synopsis. This is the only place
we use the edge composition part of the framework in our applications, but we suspect it can
be used in much more interesting ways.

Moving on, in order to take a step from a vertex vg, r, € Vo to a vertex vg,u¢i,},r, € V1, we
need to select a uniform new index i; to add to R1, and then also update the data we store with
each vertex. That means we have to query i; and add (i, x;,) to D1(R), which is simple, and
can be done in O(log n) basic operations as long as we use a reasonable data structure to store
D1(R); and we also have to update D, (R) by finding anything in R, that collides with i;. Since
R, has not been queried, this latter update would require an expensive search, which we do
not have time for, so we want to avoid this. However, if we do not search R, for any i, such that
Xi, = Xi,, then whenever we add some {; that has a match in R, the data becomes incorrect, and
we have introduced what is referred to in [9] as a fault. This is a serious issue, because if i; is the
unique index in R4 such that there exists i € Ry with x;, = X;,, but this is not recorded in D, (R),
then i; is “remembered” as having been added after i;. That is, the resulting vertex does not
only depend on Ry U {i1 }, Ry, but on i; as well. For quantum interference to happen, it is crucial
that when we are at a vertex v, the state does not remember anything about how we got there.

Problem 2: When we add i; to R, without searching for a match in R,, we may introduce a fault.

Our handling of this is inspired by the solution to an analogous problem in the query upper
bound of [9]. We partition R; into three sets: R1({1}), R1({2}), and R;({1,2}); and R; into
two sets R1(1) and R4(2). Then Dy (R) will only store collisions (i, iz, X;;) such that x;, = x;, if
i1 € R1(S) and i € Ry(s) for some s € S. This is shown in Figure 2.



11 / 104 TheoretiCS Multidimensional Quantum Walks, with Application to k-Distinctness

Ri({1}) R:1({1,2}) R1({2})
’g 7> < <>\|\0§<>/> <>|<>/,<> & 0‘

’**&*\so/* >X<//>X<\<>\>1;\>k<>>k>k>l<
Ry(1) Ry(2)

Figure 2. The data we keep track of for a vertex vg, ¢,. ¢ represents a queried index. = represents an
index whose query value is not stored. We only store the query value of an index in R,(s) if it collides
with something in R1({s}) UR1({1,2}), shown here by a solid line. If i € R;(1) collides with some value in
R1({2}), shown here by a dashed line, we do not record that, and do not store x;,.

it it
. u {1} . u {1} v ”
11,2} yi{1.2}
{2} {2}
iz} piz}
Type 0 Type 1 Type 2

Figure 3. The possible neighbourhoods of u = vg, ¢,, € V&, depending on the type of vertex. v* € V; is
obtained from v by adding i; to R,(S). The backwards neighbour v = v, ¢, € Vp is always the same.

Now when we add i; to R1, we have three choices: we can add it to R1({1}), R1({2}), or
R1({1,2}). Importantly, at least one of these choices does not introduce a fault. To see this,
suppose there is some iy € R such that x;, = x;,. We claim there can be at most one such index,
because otherwise there would be a 3-collision in A; U Ay, and we are assuming the unique
3-collision has one part in As. This leads to three possibilities:

Type 1: i; € Ry(2), in which case, adding i; to R1({1}) does not introduce a fault.

Type 2: i; € Ry(1), in which case, adding i; to R1({2}) does not introduce a fault.

Type 0: There is no such iy, in which case, adding i; to R1({1}) or R1({2}) or R1({1, 2}) does not
introduce a fault.

We modify the graph so that we first move from vg, z, € Vo to Vg, g, i, € VJ by selecting a new
i1 € A1 \ Ry, and then move from vg, g, i, t0 Vg,u(i, )k, € V1 —here there are three possibilities
for Ry U {i1}, depending on to which of the three parts of R; we add i;. However, we will only
add iy to a part of Ry that does not introduce a fault. Thus, a vertex vg, g, in V; has one edge
leading back to Vp, and either one or three edges leading forward to V4, as shown in Figure 3.
On its own, this is not a solution, because for a given vg, g, i,, in order to determine its type,

we would have to search for an iy € R, such that x;, = x;,, which is precisely what we want to
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avoid. However, this is exactly the situation where the alternative neighbourhood technique
is useful. For all u € V, we will let W, (u) contain all three possibilities shown in Figure 3, of
which exactly one is the correct state. We are then able to carefully construct a flow that is
orthogonal to all three states, in our analysis. The idea is that all incoming flow from v must
leave along the edge (u, v{1) so that the result is a valid flow in case of Type 1. However, in
order to be a valid flow in case of Type 2, all incoming flow from v must leave along the edge
(u, vi%)). But now to ensure that we also have a valid flow in case of Type 0, we must have
negative flow on the edge (u, vi%?), or equivalently, flow from vi%2} to u. This is indicated by
the arrows on the edges in Figure 3. For details, see Section 5.2.

Model of Computation: Our k-distinctness algorithm works in the same model as previous
k-distinctness algorithms, which we try to make more explicit than has been done in previous
work. In addition to arbitrary 1- and 2-qubit gates, we assume quantum random access to a large
quantum memory (QRAM). This version of QRAM is fully quantum, whereas some previous
works have used “QRAM?” to refer to classical memory that can be read in superposition by a
quantum machine. We describe precisely what we mean by QRAM in Section 2.2.

1.4 Organization

The remainder of this article is organised as follows. In Section 2, we give preliminaries on
graph theory, quantum subroutines, quantum data structures, and probability theory, including
several non-standard definitions, which we encourage the experienced reader not to skip.
In Section 3, we present the Multidimensional Quantum Walk Framework, which is stated
as Theorem 3.10. In Section 4, we present our first application to the welded trees problem.
This section is mostly self-contained, explicitly constructing and analysing an algorithm rather
than referring to our new framework, which we feel gives an intuitive demonstration of the

framework. In Section 5, we present our new application to k-distinctness.

2. Preliminaries

2.1 Graph Theory

In this section, we define graph theoretic concepts and notation.

DEFINITION 2.1 (Network). A network is a weighted graph G with an (undirected) edge set
E(G), vertex set V(G), and some weight function w : E(G) — R,. Since edges are undirected,
we can equivalently describe the edges by some setTE)(G) such that for all {u, v} € E(G), exactly
one of (u,v) or (v, u) is inTS)(G). The choice of edge directions is arbitrary. Then we can view
the weights as a function w : 75>(G) — Rso, and for all (u,v) € 7;“), define wy,, = wy,. For
convenience, we will define wy, = 0 for every pair of vertices such that {u, v} ¢ E(G). The total
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weight of G is
W(G) = Zeeﬁ’(c)we'

For an implicit network G, and u € V(G), we will let I'(u) denote the neighbourhood of u:
I'(u):={veV(G):{uv} € EG)}.
We use the following notation for the out- and in-neighbourhoods of u € V(G):

T*Hu) = {veT(w) : (wv) € E(G))

N (1)
I'(u):={vel(u):(v,u) € E(G)},

DEFINITION 2.2 (Flow, Circulation). A flow on a network G is a real-valued function 9 :
?(G) — R, extended to edges in both directions by 6(u,v) = —0(v, u) for all (u,v) € f)(G). For
any flow 6 on G, and vertex u € V(G), we define 6(u) = X ,cr(,) 6(u, v) as the flow coming out
of u. If 6(u) = 0, we say flow is conserved at u. If flow is conserved at every vertex, we call 6 a
circulation. If 8(u) > 0, we call u a source, and if 8(u) < 0 we call u a sink. A flow with unique
source s and unique sink t is called an st-flow. The energy of 0 is

. 0(u,v)*
6(6) = Z(u,v)ef(c) Wy

Accessing G: In computations involving a (classical) random walk on a graph G, it is usually

assumed that for any u € V(G), it is possible to sample a neighbour v € I'(u) according to the

distribution
Wu,v

Pr[v] = " where wy, = Zv'er(u)wu"’"
u

It is standard to assume this is broken into two steps: (1) sampling some i € [d,], where
dy = |T'(u)| is the degree of u, and (2) computing the i-th neighbour of u. That is, we assume
that for each u € V(G), there is an efficiently computable function f;, : [dy] — V(G) such that
im( f,) = I'(u), and we call f,(i) the i-th neighbour of u. In the quantum case (see Definition 2.3
below), we assume that the sample (1) can be done coherently, and we use a reversible version of
the map (u, i) — f,(i). We will also find it convenient to suppose the indices i of the neighbours
of u come from some more general set L(u), which may equal [d,], or some other convenient
set, which we call the edge labels of u. It is possible to have |L(u)| > |T'(u)| = dy, meaning that
some elements of L(u) do not label an edge adjacent to u (these labels should be sampled with
probability 0). We assume we have a partition of L(u) into disjoint L*(u) and L~ (u) such that:

L*(uw) 2 {i € L) : (u fu(D) € E(G)} = {i € L(w) : fuli) € T*(w)}
L™(w) 2 {i e L(w) : (fu(),w) € E(G)} = {i € L(w) : fuli) € T"(w)}.

Note that for any (u,v) € 75>(G), with i = f;1(v) and j = f;1(u), any of (u,v), (v,u), (u,i), or
(v, j) fully specify the edge. Thus, it will be convenient to denote the weight of the edge using
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any of the alternatives:

Wy,v = Wyu = Wy,i = Wy,j.

For anyi € L(u), we set w,; = 0 if and only if {u, f,(i)} ¢ E(G).

DEFINITION 2.3 (Quantum Walk access to G). For each u € V(G),let L(u) = L™ (u) U L™ (u)
be some finite set of edge labels, and f,, : L(u) — V(G) a function such that I'(u) C im(f,). A
quantum algorithm has quantum walk access to G if it has access to the following subroutines:

— A subroutine that “samples” from L(u) by implementing a map Uy in cost A, that acts as:

Urlu, 0) o > Wil iy = > gl ) =2 [9§ (w)).

ieL*(u) ieL=(u)
— A subroutine that implements the transition map |u, i) +— |v, j) (possibly with some error)
where i = f;71(v) and j = f,;1(u), with costs {Ty; = Ty} W)€ (6
— Query access to the total vertex weights w,, = ZveI‘(u) Wy .

We call {T,.} the set of transition costs and A, the cost of generating the star states.

ecE (G)

DEFINITION 2.4 (Networks with lengths). If G is a network, and ¢ : 75)(6) — 7Z>1 a positive-
integer-valued function on the edges of G, we define G* to be the graph obtained from replacing
each edge (u,v) € ?(G) of G with a path from u to v of length ¢, ,, and giving each edge in the
path the weight w,,,,. We define:

We ee,

WHG) =W(GH =)

eef(G)
and for any flow 0 on G, we let 6¢ be the flow on G* obtained by assigning flow 6(u, v) to any
edge in the path from u to v, and define:

0(e)?

eeTS)(G) W, e

ELO) = &(0Y) = Z

2.2 Model of Computation and Quantum Subroutines

We will work in the (fully quantum) QRAM model, which we now describe. By QRAM, we mean
quantum memory, storing an arbitrary quantum state, to which we can apply random access
gates. By this, we mean we can implement, fori € [n], b € {0,1}, x € {0,1}", a random access
read:

READ : [()|b)[x) = [()|b & x;)|X),

or a random access write:

WRITE : [()[b)[x) = [D}D)|X1, ..., Xi—1, Xi @ b, Xisa, - .5 Xn),
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on any superposition. By applying READ - WRITE - READ, we can implement a controlled swap:

D 1D ® SWAPG (11D [x)) = [ X |X1, - X1, By Xt - Xe).

ie[n]
Aside from these operations, we count the number of elementary gates, by which we mean
arbitrary unitaries that act on O(1) qubits.
We will be interested in running different iterations of a subroutine on different branches
of a superposition, for which we use the concept of a quantum subroutine. We note that
Definition 2.5 is not the most general definition, but it is sufficient for our purposes.

DEFINITION 2.5 (Quantum Subroutine). A quantum subroutine is a sequence of unitaries
Uo,..., Ur,,.-1 on Hz = span{|z) : z € Z} for some finite set Z. For X,Y C Z, we say the
subroutine computes an injective function f : X — Y in times {Ty < Tmax}xex With errors
{€xtxex if:

1. The map ZISSX_l |t)(t| ® U; can be implemented in polylog(Tmax) complexity.
() = Urpa .. . Uo(I)||” < e

2. Forallx € X,
3. The maps x — Ty and y > Ts-1(,, can both be implemented in polylog(Tmax) complexity.
4

. There exists a decomposition Z = |J,cx <x such that x, f(x) € Zy, and for all t €
{0,..., Tmax — 1}, Us ... Ug|x) € span{|z) : z € Zyx}.

While not all of our assumptions are general, they are reasonable in our setting. Item 1
is standard in subroutines that will be run in superposition (see e.g. [3]), and is reasonable,
for example, in settings where the algorithm is sufficiently structured to compute U; from a
standard gate set on the fly, which we formalise in Lemma 2.6 below (see also the discussion in
[23, Section 2.2]).

Item 3 is not always necessary, but it is often true, and simplifies things considerably. It
means, in particular, that one can decide, based on the input, how many steps of the algorithm
should be applied, and then, based on the output, uncompute this information.

Item 4 is not a standard assumption, but it is also not unreasonable. For example, if
X =X"x{0}and f(x,0) = (x,g(x)) for some function g, the algorithm may simply use x as a
control, and so its state always encodes x, and therefore remains orthogonal for different x.

LEMMA 2.6. Call unitaries Uy, . .., Ur,,.—1 on H a uniform quantum algorithm if there exists £ =
polylog(Tmax), unitaries Wy, ..., Wy, andmaps g : {0, ..., Tmax— 1} — [€] and g’ : {0, ..., Tmax —
1} — 2llogdimH] o3ych that:
1. Foreach j € [£], W; can be implemented by polylog(Tmax) gates from some implicit gate set
(and therefore acts on m = polylog(Tmax) qubits).
2. g and g’ can be computed in polylog(Tmax) complexity.
3. Forallt € {0,...,Tmax—1}, Us = Wg(1) (g’ (t)), where W,(S) denotes W, applied to the qubits
specified by S.
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Then szgx_l |t){t| ® U; can be implemented in polylog(Tmax) gates.

PROOF. We describe how to implement ZI:SX_l |t)(t|®U;on |t)|z) for |z) € H. Append registers

|0)4]0)4- € span{|j,S) : j € {0,...,€},S € S}, where S is the set of subsets of [log dim H] of size
at most m. Compute g(t) and g’(¢t) to get: [t)|2)|0)4|0)ar > [t)|2)|g(t))alg’(t))a . Controlled on
g’ (t), we can swap the qubits acted on by U, into the first m positions. Then we can implement
Zle 1j){jl ® W; +10){0| ® I by decomposing it into a sequence of £ controlled operations:

l—[; (Ul ®w;+ (I -1 eI).

The result follows from noticing that each of these ¢ = polylog(Tnax) operations can be imple-
mented with polylog(Tnax) controlled gates. ]

LEMMA 2.7. Fix a constant integer ¢, and for j € [c], let S; be a quantum subroutine on
H; = span{|j)} ® H for some space H that takes time {Ty = Tj}xer with errors {€x = Gj}xexj-
Then there is a quantum algorithm that implements Z]C'=1 |j){jl ® Sj invariable times T; x = O(T;)

and errors € = €; for all x € X;.

PROOF. Pad each algorithm with identities so that they all have the same number, T35 =

maxXje[c] Tﬁ%x of unitaries. Then for t = {0, ..., CTnax — 1}, witht = qc +r forr € {0,...,c}, let
U =r)(rl@Uy” + I Ir)(r) ® 1. L

2.3 Quantum Data Structures

We will assume we have access to a data structure that can store a set of keyed items, S ¢ 7 XK,
for finite sets K and 7. For such a stored set S, we assume the following can be implemented in
polylog(|Z x K|) complexity:
1. For (i,k) € 7 X K, insert (i, k) into S.
For (i, k) € S, remove (i, k) from S.
For k € K, query the number of i € 7 such that (i, k) € S.
For k € K, return the smallest i such that (i, k) € S.
Generate a uniform superposition over all (i, k) € S.

A R

In addition, for quantum interference to take place, we assume the data structure is
coherent, meaning it depends only on S, and not on, for example, the order in which elements
were added. See [17, Section 3.1] for an example of such a data structure.

2.4 Probability Theory

Hypergeometric Distribution: In the hypergeometric distribution with parameters (N, K, d),
we draw d objects uniformly without replacement from a set of N objects, K of which are
marked, and consider the number of marked objects that are drawn. We will use the following:
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LEMMA 2.8 (Hypergeometric Tail Bounds [25]). Let Z be a hypergeometric random variable
with parameters (N, K, d), and u = KWd. Then for every B > 7u, Pr[Z > B] < e B. Furthermore,
for every e > 0,

Pr(|Z — u| > eu] < 2exp{-((1+e€)log(1+¢€)—e)u}.

We will make use of the second bound from Lemma 2.8 in the following form, when u = o(1):

COROLLARY 2.9. Let Z be a hypergeometric random variable with parameters (N, K, d), and
u =% ThenPr(Z > c] < 2e(c/p)~".

d-wise Independence It will be convenient to divide the input into blocks, which we will
argue are random. In order to avoid the ®(n) cost of sampling a uniform random permutation

to define these blocks, we use a d-wise independent family of permutations.

DEFINITION 2.10. Let {75 : [n] — [n]}secs for some finite seed set S. Ford € Nand 6 € (0, 1),
we say that 7, is a d-wise §-independent permutation (family) if for s chosen uniformly at

>/

random from S, for any distinct iy, ..., iz € [n] and distinct i, ..., i; € [n],

— 1 <
nn-1)...(n—-d+1)|

Pr{y(ia) = i, . .., To(ia) = 1] 5.

For d € polylog(n), and any § € (0,1), there exist families of d-wise §-independent
permutations with the following properties (see, for example, [28]):
— s can be sampled in O(d lognlog %) time and space.
— Foranys € S,i € [n], 75(i) can be computed in time poly(d log nlog %).
— Foranys € S, i’ € [n], 7;1(i’) can be computed in time poly(d log nlog %).4

We will design our algorithms assuming such a construction for § = 0, although this is not
known to exist. By taking & to be a sufficiently small inverse polynomial, our algorithm will not
notice the difference.

3. Framework

In this section, we present the Multidimensional Quantum Walk Framework, which defines a
quantum algorithm from a network, and certain subroutines. In Section 3.1, we describe the
type of algorithm that will be used to prove our main theorem. In Section 3.2, we state and
prove our main theorem, Theorem 3.10.

4 For example, in d-wise independent permutation families based on Feistel networks applied to d-wise independent
functions h, inverting 7, is as easy as computing h.
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3.1 Phase Estimation Algorithms

In this section, we formally define a particular kind of quantum algorithm that uses phase
estimation [30], and describe ingredients sufficient to analyse such an algorithm. All algorithms
in this paper are of this specific form.

DEFINITION 3.1 (Parameters of a Phase Estimation Algorithm). For an implicit input x €
{0,1}%, fix a finite-dimensional complex inner product space H, a unit vector |y) € H, and sets
of vectors ¥, w3 c H. We further assume that |i),) is orthogonal to every vector in W%, Let
I14 be the orthogonal projector onto A = span{¥"}, and similarly for IIg.

Then (H, |Yo), YA wB) defines a quantum algorithm as follows. Let
Uag = (2Il4 — I)(2g — I). 2)

Do phase estimation® of U#g on initial state |iy) to a certain precision, measure the phase
register, and output 1 if the measured phase is 0, and output 0 otherwise. Theorem 3.8 at the
end of this section describes what precision is sufficient, and when we can expect the output to
be 1 and when 0.

In practice, unitaries like U # g that are the product of two reflections are nice to work with
because if each of ¥ and W2 is a pairwise orthogonal set, implementing U#g can be reduced
to generating the states in ¥ and W% respectively, and a product of reflections has sufficient
structure to analyse the relevant eigenspaces, as will become clear throughout this section.

Negative Analysis: The first of the two cases we want to distinguish with a phase estimation
algorithm is the negative case, in which there exists a negative witness, defined as follows.

DEFINITION 3.2 (Negative Witness). A §-negative witness for (H, |o), ¥/, W?) is a pair of
vectors [wg), [wg) € H such that |¢g) = [wg) + |wg); and |w4) is mostly in the space A, and
|wg) is mostly in the space B, in the sense that ||(I — ILz)|w#)||* < § and ||(I - Ig)|wg)||* < 6.

For intuition, it is useful to think of the case when § = 0. There exists a 0-negative witness
precisely when |g) € A + B = (A+ N B+)=L. For the rest of this section, we write Ag for the
orthogonal projector onto the span of the e®-eigenspaces of Uzg with |8 < ©. The negative
analysis relies on the effective spectral gap lemma:

LEMMA 3.3 (Effective Spectral Gap Lemma [31]). Fix © € (0,n). If |V #) € A, then

I80(1 = Tis)pn) | < 5 I Wa)l

5 For what is meant precisely by “phase estimation”, refer to the proof of Theorem 3.8.
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LEMMA 3.4 (Negative Analysis). Fix § > 0 and © € (0, ). Suppose there exists a §-negative
witness, |wa), (wg), for (H, |o), 7, W?P). Then we have:

8090l < 5 W)l +2V5.
PROOF. We can apply the effective spectral gap lemma to I14|w4) € A, to get:
2 IMalwa) | = l1Ae (1 ~ M) Lawan) |

2 llwall = llde (I - TIg — (I - Ig)(I - 1)) (W)l

2

> ||Ae(I - IIg) lwa)|| — [|Ae (I —Ig)(I — ILa) [wa) | by the triangle ineq.
> [[Ao(I = 1Ig) ([Yo) — Wg) || = I(T — ILa) lwa) |l since [Yo) = [wa) + [wg).
> [[Ae (I —Tg)[Yo) || — A (I —1Ig)lwg) || - [[(I - ILa)lwa)l . by the triangle ineq.

Since |o) is orthogonal to B, and ||(I — ILz)|w#)|| < V& and similarly for B, the result follows.
|

Positive Analysis: We want to distinguish the case where there exists a negative witness (the
negative case) from the positive case, which is the case where there exists a positive witness,
defined as follows.

DEFINITION 3.5 (Positive Witness). A §-positive witness for (H, |), ¥/, w5) is a vector
|lw) € H such that (o|w) # 0 and |w) is almost orthogonal to all [) € ¥/ U W2 in the sense
that [|TLz|w)||* < 8 [[|[w)||* and [|TIg|w)[|* < & ||w)||*.8

Again, for intuition, we consider the case where § = 0. A 0-positive witness is exactly a
component of o) in (A + B)+, which exists precisely when |g) ¢ A + B. Thus, the case where
there exists a 0-positive witness is the complement of the case where there exists a 0-negative
witness, so it is theoretically possible to distinguish these two cases. When § > 0, the two cases
may or may not be distinct, depending on &, and the overlap between A and 8.

When |w) is a 0-positive witness, it is straightforward to see that

[(W[to)|
HwH I~

where Ay is the orthogonal projector onto the (+1)-eigenspace of U4g. For the case of § > 0, we

|1Ao[Wo) || =

need the following lemma, analogous to the effective spectral gap lemma.

6 We note that for technical reasons, positive witness error is defined multiplicatively (relative error), whereas negative
witness error was defined additively. We could also have defined negative witness error as relative error, but it would
have been relative to ||[|wx)||* for both ||(I - ILz)|lwx)||* (makes perfect sense) and ||(I - IIg)|wg)||* (confusing).
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LEMMA 3.6 (Effectively Zero Lemma). Fix § > 0 and © € (0,7). For |¢) € H such that
ITAlY)lI* < 8 1)1 and [ITg|Y) 1> < S|I1W)II%,

4725 Il

1T = M) [W)II* < o7

PROOF. Let {0;};e; C (-, 7] be the set of eigenphases of Uzg, and let I1; be the orthogonal
projector onto the e'¥i-eigenspace of Uzg, so we can write:

Uag = Zjejeiefl'[j. (3)
We have (see (2))

Uagl) = V) + 4llgllg|y) — 211 4| — 211g|Y), (4)

and using the triangle inequality, ||[IL4|¥)||* < &|l|¥)||* and ||Tg|¥)||* < &]l|)||%, we can
compute

[4T1AIlg|Y) — 2I1a|Y) — 2[g|Y)||* = [|12(214 — DIIglY) — 214 |Y)||°

(5)
< (12(2ILg — DIg|Y)|| + 12IA|Y)])* < 168 |[[)]|* .
Thus, by (4) and (5):
1Uaglp) — [)II* < 168 |||y |*
8 2
D1 =1 mip)|” < 16811917 by (3)
jeJ
. 20 2 . 0. ., 0;
sin? > Z Tz 1) ||” < 48 l1w)II? since |e'% — 1|* = 4sin? ?]
j€J:10;|>6
48 |1y |1?
17 - Aoy 2 < 22192
Sin 7
Then since sin® § > %%2 whenever 0 € (-, 77), the result follows. m

LEMMA 3.7 (Positive Analysis). Fix § > 0 and © € (0, ). Suppose there exists a §-positive
witness |w) for (H, |1h), ¥, W?8). Then

[(Yolw)| 2V
Ao [Yo) || > 1wl =
PROOF. We compute:
[(YolAe|w)| = [(Yo[w)| = [(Yol(I — Ae)|W)| by the triangle ineq.
> [($olw)| = lIlYo) I - 1T = Ae) W) by Cauchy-Schwarz
2V6m

> [(Polw)| — W)l

®
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where we used |||)g)]| = 1 and Lemma 3.6. Then:

Ag|w){w|Ag

[wielpo)l _ |Wolw)| = 2% W)l [¢polwd _ 2v8m _
lAolw)IP |

[AeW)ll W)l ~ lwll S

|1AelYo)|l =

] -

Phase Estimation Algorithm: By Lemma 3.7, if there exists a §-positive witness, which
happens precisely when there is some component of |i)) that is nearly orthogonal to A + B,
then |1h) overlaps the e®-eigenspaces of U4 for small 6, say with |8 < ©¢ for some small-ish
choice of ©¢. The precise overlap depends on the size of this component, and allows us to lower
bound the probability that phase estimation of U g on |(y) will result in a 0 in the phase register.
On the other hand, if |1¢) is actually in A + B, then Lemma 3.4 upper bounds the overlap of |¢)
with small phase spaces, where “small” is determined by the parameter ® > 0. This allows us
to upper bound the probability that phase estimation of U#g on |1)g), to precision 0, will result
in a 0 in the phase register. The key is then to choose the parameter ® small enough so that
there is a constant gap between the lower bound on the probability of a 0 phase in the positive
case, and the upper bound on the probability of a 0 phase in the negative case. This leads to the
following theorem.

THEOREM 3.8. Fix (H, (o), ¥/, W?) as in Definition 3.1. Suppose we can generate the state
|o) in cost S, and implement Ugg = (2114 — I)(2I1g — I) in cost A.
Let c; € [1,50] be some constant, and let C_ > 1 be a positive real number that may scale with

|x|. Let § and &' be positive real parameters such that

3 1
6 ——— d §<- .
~ (8¢y)3m8C_ an = 47ic,

Suppose we are guaranteed that exactly one of the following holds:

2
Positive Condition: There is a §-positive witness |w) (see Definition 3.5), s.t. % > é

Negative Condition: There is a §-negative witness |wz), |wg) (Definition 3.2), s.t. |||lwa)||* < C_.

Suppose we perform T = V8m*c,/C_ steps of phase estimation of Ug on initial state |(), and
output 1 if and only if the measured phase is 0, otherwise we output 0. Then

Positive Case: If the positive condition holds, the algorithm outputs 1 with probability > 22 >

TéCy
2.25
5072
Negative Case: If the negative condition holds, the algorithm outputs 1 with probability < =2

e, "

Thus, the algorithm distinguishes between these two cases with bounded error; in cost

O(S+\/EA).
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PROOF. Let {0;}c; C (-, 7] be the set of phases of Uz, and let I1; be the orthogonal projector

onto the e'%i-eigenspace of Uzg, so we can write:

— i0;
Uag = Zje]el I11;.

After making a superposition over ¢t from 0 to T — 1 in the phase register, and applying Ut
to the input register conditioned on the phase register, as one does in phase estimation [30], we
have the state:

Z—|t>U sltho) = ZZ =10 O 1go).

]e]tO

The phase estimation algorithm then proceeds by applying an inverse Fourier transform, Fl to
the first register, and then measuring the result, to obtain some t € {0,...,T — 1}. We choose
the output bit based on whether t = 0 or not. The probability of measuring O is:

2
T—-
= |(OIFf ®1 ZZ t>ei“’fnj|wo> Z—<t| ®1 ZZ = 16)€"“/11; o)
jeJ t= 0 0 jeJ t= 0
1 1 l@T
ZZe“efH,w =72 20 [z | Il + I8olwo) I ©
jeJ t=0 j€J:6;#0

T 10| + lAolwo) 12,

T? jef B0 sin®(0;/2)

1 Z sin*(T0;/2)

lt6| )1 elGT

since |Zt 0 € ,and |1 - €'? = 4sin” g for any 6 € R. We will analyse the positive and

negative cases one-by-one.

Positive Case: Assume the positive condition, which allows us to apply Lemma 3.7. In the
following, we will use the identities sin? 6 < 62 for all 6, and sin? 6 > 46% /> whenever |0| < 71/2.
Let ©g = ir/T. Continuing from (6), we can lower bound the probability of measuring a 0 in the
phase register by:

1 sin®(T9;/2)
D Y el 12117) R P
jer:0<T0,1<0, SI(8/2)
1 4(T0;/2)*|m? '
> D, | I 1wo) || + lAolwo) |12 since |T6,/2| < T®o/2 = 11/2

(6/2)*

J€J:0<|0|<0¢

> 51D ol + Iaolyo)?

J€J:0<16;|<0¢

by Lemma 3.7

> 2 e o) > ('W"'W” M”)2
> 2 0

[lw) ] 6o
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2
4(1 2nT 1 ) Vs < 1

> — - <
m* \ey T (8c,)¥2miC (8cy)3/2mC-

41 2V8rteVCo
i\ Ve (8ey)¥AmiVCC

772

4

¢, m? ¢y 50m2

4 (3)2 1 2251 _ 2.25

Negative Case: Assume the negative condition, which allows us to apply Lemma 3.4. In
the following, we will use the identities sin @ < min{1, 8%} for all §, and sin%(6/2) > 6%/
whenever |6] < 7. Let ® = m%(c.C-)""/2. Continuing from (6), we can upper bound the

probability of measuring a 0 in the phase register by:

1 sin?(T6;/2) . 1 sin?(T6;/2) )
P=r5 D o Wl g D S [l + lAelo) P
jeyo<py <o SI(0;/2) jefiaise SIN°(6;/2)
1 (TGJ/Z)
<m > aprmlcm X Gl s il
J€J:0<|0;|<0 ]e]:|9j|>®
Vi 1 7
< 7 lelyo)l* + =5
% (@ 1
<% (S Iwal + 2V8 ) a5 by Lemma 3.4
2
Vi 1 V3 ? V3 1
< —|—=——=VC_+2 ——mtc,C. V& < and |||lwa)|l* < C_
; Hz — = vC—) T 7 e A lwal

(1+\/_) <2

8712 c,  T?c,

4712 C,

To complete the proof, it is easily verified that the described algorithm has the claimed cost. =

3.2 Multidimensional Quantum Walks

Our new framework extends the electric network framework, so for intuition, we first describe
this framework and sketch how it works, before stating our main theorem extending the electric

network framework in Section 3.2.2.

3.21 Sketch of the Electric Network Framework

We begin by sketching the electric network framework of Belovs [10], on which our new frame-
work is based. This explanation is for intuition, and the expert reader may skip it. Fix a network
G that can depend on an input x € {0, 1}", as in Definition 2.1. Let V, V\y € V(G) be disjoint sets,
o an initial distribution on Vy, and M C V\y a marked set. For simplicity, let us assume that G is

bipartite, which is always possible to ensure, for example, by replacing each edge with a path
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of length two.” Let (V4, Vg) be the bipartition, and assume for convenience that Vy C V4, and
Vm C Vg.

Then the electric network framework is a way of designing a quantum algorithm that
detects if M # () with bounded error. To explain how this algorithm works conceptually, we will
modify G by adding a vertex vy, which is connected to each vertex u € V; by an edge of weight
woo(u) for some parameter wy, and to each vertex in M by an edge of weight wy,. Call this new
graph G’. We assume the new edges are pointing into vy, so

V(G') =V(G) U{vg} andf)(G’) :75)(6) U{(u,vo) :ueVyuM}.

The Algorithm: We describe a phase estimation algorithm, of the form given in Section 3.1.
Let
ﬁ
H = span{|u,v) : (u,v) € E(G)}.

H
For any (u,v) € E (G’), H does not contain a vector |v, u), so we define:
v, u) == —|u, v).

It is conceptually convenient to think of negation as reversing the direction of an edge, but
note that this means that (u,v) and (v, u) are not labelling orthogonal states. For each u €
V(G) \ (Vo U M), we define a star state®:

|¢§/(u)> = Zvel‘(u)ku’vm’ V) = Zvel”f(u) VWu,v|u: V) — Zver—(u)ku’vw’ uy,

where the last expression shows how to express |lp§'(u)> in the standard basis of H, which only
includes (u,v) € f(G’). Recall that I'*(u) and I'"(u) are the out- and in-neighbourhoods of u,

defined in (1). Similarly, for u € V,, we define

Y5 W) = Do VFanlth V) + Voo ()], vo),
and foru € M,

5 (W) = 31 Vst V) + Vil vo),

which simply includes the new edges we add when going from G to G’. The star states are not
normalised, but if we normalise |l/)f' (u)), we get a quantum walk state: a state that, if measured,
would allow one to sample from the neighbours of u as in a random walk on G’.

We use an initial state based on the initial distribution o:

[$0) = ) ey YOI, Vo) = 0D Vo).

7 In fact, we essentially do this in the proof of our new framework, since we replace each edge with a sort of “algorithm
gadget”, which is analogous to a path, and always has even length.

8 To simplify things here, these are slightly different from the star states we use in Theorem 3.10 and Definition 3.9.
They are the same, up to sign, iff)(G) CcVaxVg.
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Finally, let
WA = {[Y§ (W) : u € Vg} and W2 = {|y§ (w)) : u € Vg}.

Since V4 and Vg are each independent sets, each set is a pairwise orthogonal set of states. Thus,
being able to generate these states? is sufficient to be able to reflect around A = span{¥”} and
B = span{¥?}, in order to implement:

Uag = (2114 — I)(21lg — I).

It can then be verified that (A + B)* is the span of all circulation states on G’:

C(u,v)
€)= Z(u,v)ef(c') VWi V),

where C is a circulation (see Definition 2.2). Thus, a 0-positive witness for a phase estimation
algorithm with these parameters (see Definition 3.5) is always a circulation.

Positive Case: Suppose that whenever M # (), there exists a flow 6 on G (see Definition 2.2)
with sources in V and sinks in M, and suppose 6(u) = a(u) for all u € V. Then we can extend 0
to a circulation, Cg, on G’ by sending all excess flow from M into vy, and then sending the flow
out from vy to Vy, distributed according to . The state corresponding to Cy will include a term

iuevy \/%lu, Vo) = ﬁ|¢0> — the part that distributes flow from vq to V according to a. Thus,
o(U)wp

|Cp) is a positive witness: a state in (A + B)+ that has non-zero overlap with |ig). In particular,

(o] Co) = ﬁ, and one can check that |||Co)||* ~ Wio + &(0), where &(0) is the energy of 9 (see

Definition 2.2). So in particular,

11Ca)II*

olCoy2 ~ 1 W)

Negative Case: On the other hand, whenever M = 0, if we add up all star states |1,bf(u)>
for u € V(G) = V4 U Vg (this does not include vy), for every edge (u,v) € 75)(6), we will get a
contribution of y/wy|u, v) from |l/)§'(u)>, and a contribution of \/wy|v, u) = —yWy|u, v) from
|1,bf (v)), which will add up to 0. However, the edges inTE)(G’) \75)(6), which are precisely the
edges fromu € Vy tovg (as M = @) will only appear in |lp§' (u)), which contributes \/W()T(u) lu, vo).
Thus, adding up all star states results in the vector /wo|ty), so if we let

1 / 1 /
Wa) = — ¥S$ (w) and [wg) = — WS (W)
then these form a 0-negative witness (see Definition 3.2), with

1 1 1
2 ’
w = — E N =—W(G) ~ —W(G).
”l ﬂ>” Wy eeE(G')We Wy ( ) Wy ( )

9 Note that vy ¢ V4 U Vg. This is important, because generating the star state for vo would require knowing precisely
which vertices of Vg are in M.
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Electric Network Framework: By applying Theorem 3.8, we can get the following. Let R be
an upper bound on ming &(6) where 6 runs over all flows from o to M, whenever M # (. Let
‘W be an upper bound on ‘W (G). Define:

1
c,=1+wgRand C. = —W,
Wo

and let wo = R™! so that ¢, = O(1). If S is the complexity of generating the state |o), and A is the

cost of generating the star states (which requires checking if a vertex is marked), then there is a
quantum algorithm that decides if M = () with bounded error in complexity

O(S ++/C_A) = O(S + VRWA).

3.2.2 The Multidimensional Quantum Walk Framework

We now state our extension of the electric network framework. In the electric network frame-
work, we assume we can generate all star states in some cost A, which implicitly assumes that
for any vertex u, we can compute the neighbours of u in time at most A. However, in some cases,
the actual transition cost from u to v, T, , may vary significantly for different u, and different
neighbours v of u. Our modified framework takes this variation into account, avoiding incurring
a factor of the maximum T,,,. Instead, the complexity will scale as if we replaced each edge
{u,v} in G by a path of length T, ,,.

The second modification we make to the electric network framework is to allow for
alternative neighbourhoods, which we now formally define.

DEFINITION 3.9 (Alternative Neighbourhoods). For a network G, as in Definition 2.1 and
Definition 2.3, a set of alternative neighbourhoods is a collection of states:

Y, = {P,(u) cspan{|u,i):i e L(w)}:ueV(G)}
such that for allu € V(G),
WEW) = > VWailw i) = > VWailu, i) € Pa(u).
ieL*(u) ieL™(u)

We view the states of W, (u) as different possibilities for [¢(u)), only one of which is “correct.”
Let dnmax = max{|L(u)| : u € V(G)}. We say we can generate W, in complexity A, for some
Ax = Q(log dnmax), if there is a map U, such that:

— for each u € V(G), there is an orthonormal basis ¥(u) = {@u,o)’ e |$u,au_1>} for the span

of W, (u), such that for all k € [ay], Ux|u, k) = |l,5u,k>, and
— U, can be implemented with complexity A,.

It may be possible to implement a set of alternative neighbourhoods ¥, for G faster than it
would be possible to generate the star states of G. This happens when, given u, it is expensive to
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determine the correct form of |¢f(u)>, but we do know that it is one of a set of easily generated
states, say [¢L (u)) or [¢2 (u)) (see the discussion in Section 1.1).

We now state the main result of this paper, from which the applications in Section 4 and
Section 5 follow.

THEOREM 3.10 (Multidimensional Quantum Walk Framework). Fix a family of networks
G that may depend on some implicit input x, with disjoint sets Vy, V\y C V(G) such that for any
vertex, checking if v € Vy (resp. if v € V\y) can be done in at most A, complexity. Let M C V), be the
marked set, and o an initial distribution on Vy. Let W, = {4 (u) : u € V(G)} be a set of alternative
neighbourhoods for G (see Definition 3.9). For allu € Vo U V), assume that W, (u) = { |1,bf(u))}. Fix
some positive real-valued W' and R, that may scale with |x|. Suppose the following conditions
hold.

Setup Subroutine: The state [g) = )y, W |u) can be generated in cost S, and furthermore,
for any u € Vy, a(u) can be computed in O(1) complexity.

Star State Generation Subroutine: We can generate ¥, in complexity Ax.

Transition Subroutine: There is a quantum subroutine (see Definition 2.5) that implements the
We

transition map of G (see Definition 2.3) with errors {€,,} ( and costs {Ty,} (

u,v)e_i(G) u,v)eTE)(G)'
make the following assumptions on the errors €., where E C E (G) is some (possibly unknown)
set of edges on which we allow the subroutine to fail:

WITRT
~ — 1
TS2 For all (u,v) € E, there is no non-trivial upper bound on €,,,, but W = Z We = 0 (—)

. 1
TS1 For all (u,v) € f)(G) \ E, €yv < € wheree =0 ( )

RT

eck
Checking Subroutine: There is an algorithm that checks, for any u € Vy, ifu € M, in cost A.™
Positive Condition: Interpreting T, as a length function onf(G), G' is the graph obtained by
replacing each edge (u, v) of G with a path of length T, (see Definition 2.4). If M # 0, then there
exists a flow 0 on G (see Definition 2.2) such that

P1 For all (u,v) € E, 0(u,v) = 0.
P2 Forallu e V(G) \ (Vo UM) and |Y«(u)) € Pi(u),

3 AD@WIY 5 00 AW @I _, 1
€L (1) VWi ieL~(w) VWi

10 This is without loss of generality. Suppose the checking cost is some higher value C > A,. Then we can simply put an
outgoing edge on each vertex u € V) that ends at a new vertex (u, b) that encodes whether u € M in the bit b. Such an
edge can be implemented with transition cost C.

11 Whenever [y, (w)) = [¢S(u)), this condition is simply saying that 6(u) = 0 (i.e. flow is conserved at u), but we require
that the condition also hold for all other states in W, (u) as well.
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P3 Dyev, O(u) = 1.72
P4 ¥,y LWWE g 13

o(u)

P5 &T(6) < R".

Negative Condition: If M = 0, then W (G') < W',

Then there is a quantum algorithm that decides if M = () or not with bounded error in complexity:
o (S + VRTWT (Ax + ponIog(TmaX))) :

In the remainder of this section, we prove Theorem 3.10 by describing (parameters of) a
phase estimation algorithm and analysing it using Theorem 3.8.

REMARK 3.11. For an edge (u,v) € E, we may without loss of generality assume that v ¢ V(G).
Suppose i = f;}(v). Then since we don’t actually implement the transition |u,i) — |v, j)
correctly anyway, we can assume that v = (u, i), which is distinct from all vertices in V(G), and
so we can consider it an almost isolated vertex with the single backwards neighbour u. We can
equivalently think of these as dangling edges, without an endpoint.

3.2.3 The Transition Subroutine

Recall from Definition 2.5 that a quantum subroutine is given by a sequence Uy, ..., Ut -1

Tmax—1 |1yt @ Uy in cost

polylog(Tmax). In our case, the subroutine computes the transition map (see Definition 2.3),

of unitaries on H = span{|z) : z € Z}, such that we can implement )}

lu, i) — |v, j), so we assume
{(u,i) :ueVv(G),ie L(u)} c Z.

Then by conditions TS1 and TS2 from Theorem 3.10, for any (u,v) € ?(G), withi = f;1(v) and
j = f;yY(u), we have
: N
|||V’ ]> - UTu,v—l e U0|u’ l>|| = eu,v; (7)

where €,, < e whenever (u,v) € 75>(G) \ E. Otherwise, we only have the trivial upper bound
€yy < 4.

We will assume that in O(1) time, we can check, for any z € Z, if z = (u,1) for some
u € V(G) andi € L(u), and further, whether i € L*(u) ori € L™(u). This is without loss of
generality, by the following construction. Assume that for all u € V(G), every label in L*(u) ends
with the symbol —, and every label in L™ (u) ends with the symbol «. Further assume that no

12 Intuitively, we want to think of the flow as coming in at Vy, and exiting at M. While we do not make it a strict requirement
that all sources are in v, and all sinks in M, this condition implies that we do not simply have all the flow coming in at
vertices in Vy and then leaving again through other vertices in v;.

13 Intuitively, 6 should be a g-M flow, meaning that for all u € Vg, 6(u) = a(u). We don’t make this a strict requirement, but
this condition means it should hold in some approximate sense.
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other z € Z ends with these symbols. Then it is sufficient to check a single constant-dimensional
register.

We will assume that T, is always even. This assumption incurs at most a small constant
slowdown. We will also assume that after exactly T, , steps, the algorithm sets an internal flag
register to 1, and we will let this 1-flag be part of the final state (v, j) by letting each i € L(u)
contain an extra bit set to 1. This also ensures that the state of the algorithm is never |v, j)
before T, steps have passed. This assumption is without loss of generality, because we can
simply let the algorithm use an internal timer in order to decide to set a flag after exactly Ty,
steps, and uncompute this timer using our ability to compute T, from the final correct state
v, 1)-

Recall from Definition 2.5 that foranyu € V(G),i € L(u) and t € {0,...,Tmax — 1},

Ue...Uglu,iy € span{|z) : z € Zy;}.

For convenience, we will let Z,,, = Zy;, where v = f,(i). For b € {0,1}, let ZLIZ,V C Zuy be
the subset of states in which the algorithm’s internal flag register is set to b. So by the above
discussion, we have (v, j) € Z,,

Vt < Tuy, Ur...Uolu,i) € Zp,, and ¥t > Ty, Ur...Uolu, i) € Zy,-

3.2.4 Parameters of the Phase Estimation Algorithm

Our phase estimation algorithm will work on the space:
H’' = span{|u,i)|0) : u € V(G),i € L™ (u) U {0}} & span{|v, j}|0) : ve V(G),j € L™(v)}
o P span{lz)ty:z e Z0, t e [Tuy—11}U{|2)|Tuy) 1 2 € Z},). (8)

(wv)eE (G)

We now define sets of states ¥ and ¥% in H'.

Star States: We slightly modify the star states to get states in H'. To all star states | (u)) €
Y, (u) (see Definition 3.9), we append a register |0), but for u € Vo U M, we make a further
modification. Conceptually, we modify the graph G, by adding a new vertex, v, to get a new
graph G’ (see Figure 4). The new vertex is connected to every u € Vy by an edge of weight woa(u),
for some wy to be assigned later; and it is connected to every u € M by an edge of weight wy,
for some wy, to be assigned later. So for u € Vy U M, we modify the star state W, (u) = {|lpf(u))}
by adding the extra register |0), but we also account for the additional edge to vo. We assume
that for all u € Vy U M, the edge to v is labelled by 0 ¢ L(u). With this intuition, we define, for
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Vo

Vo Vm Vo Vm

Figure 4. Example of a graph G with V,,Vy € V(G) and the induced graph G’ that is obtained from G by
adding a new vertex vo. This new vertex is connected to all vertices in Vy and only connected to those
vertices in Vy, which are marked (visualised by the red vertices).

ueVp:

B @)I0) = Y. VWl DI0) = > VWil 1)10) +yWwoo (w) [, 0)]0) ©)

ieL*(u) ieL™(w)
=[S (w))|0)
and for u € M:
W @)10) = > VWil )]0) = D Wy, i)|0) +yWwwlu, 0)]0). (10)
ieL*(u) ieL(u)
=[y$ w)l0)

Foru € V(G) \ (Vp U M), the neighbours and weights in G’ are the same as G, so we let
1¥S (w)) = [$$(u)), which we know is in W, (u) (possibly among other states). We let:

W= | 1ee@pIo): pe@) e Ty | {1 w)ioy).

UEV (G)\(VoUM) UeVoUM (11)
=¥, (u) =W, (u)
Algorithm States: For each u € V(G) and i € L*(u), define a state
W™y = |u, )|0) — Uplu, i)[1). (12)

These represent a transition from an outgoing edge to the first step of the algorithm implement-
ing that edge transition. For each (u,v) € E)(G), andt € [Ty, — 1], define states:

Y= {|yf) = |2)|t) — Uslz)|t +1) 1z € Zp,} - (13)

These represent steps of the edge transition subroutine. For each v € V(G) and j € L™ (v), with
u = f,(j), define a state:
W) = v, ) Tuw) = v, H0). (14)
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v, (v)

] 1w

u,v w,v
IIJTu,v IPTw,v

. .
. .
. .

Figure 5. A graph showing the overlap of various sets of states, for an example graph G. With the
exception of the spaces ¥/, (u) (which we will replace with orthonormal bases in Section 3.2.5), each
node represents an orthonormal set. There is an edge between two nodes if and only if the sets contain
overlapping vectors.

These represent exiting the algorithm to an edge going into vertex v. Letting ¥/, be as in (11),
define

— =1:
WveE 6) 534

Tuu-1 (15)

w8 = (Y :ueV(G),ie LYW} U {Y):veV(G),je L (v)}u U U gy,

=1 t=1:
(Wv)€E(G) ¢ even

The reason we have divided the states in this way between ¥#' and W2 is so that if we replace
each W, (u) with an orthonormal basis, all states in P (or ¥¥P) are pairwise orthogonal. We
leave it up to the reader to verify that this is the case (it is implicitly proven in Section 3.2.5),
but we note that this fact relies on the assumption that T, is always even. This ensures that for
even t, (t + 1|T,y) = 0, so (Y7 |l/)‘f;j> = 0. Figure 5 shows a graph of the overlap between various
sets of states, and we can observe that the sets in ¥/ and the sets in ¥® form a bipartition of
this overlap graph into independent sets.
Finally, we define the initial state of the algorithm:

o) :=10)[0)|0) = Z Vo(u)|u, 0)[0). (16)

uevVy
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3.2.5 Implementing the Unitary

Let A = span{¥"} and B = span{¥?} (see (15)), and let 15 and I15 be the orthogonal projectors
onto A and 8. In this section we will prove:

LEMMA 3.12. The unitary Ugg = (2I14 — I)(2I1g — I) on H' can be implemented in complexity
O (Ax + polylog(Tmax))-

This essentially follows'# from the fact that we can efficiently generate orthonormal bases for
each of 7 and W2, since:
— By the Star State Generation Subroutine condition of Theorem 3.10, we can generate an
orthonormal basis for | J,cy ) P« (u). Since we can also efficiently check if a vertex is in
Vo or M, we can generate orthonormal bases for ¥, = ey ) P (1) (see Claim 3.13).
— Generating the states |[¢?) = |z)|t) — U¢|z)|t + 1) for odd t can be done using ', [t){t| ® U;
(see Claim 3.14). The same is true for even t (Claim 3.15), also including the states |lpli,i> =
|, )|0) — Uolu, 1)[1).
— Generating the states |¢‘<’;j) = |v, j)(|Tuv) — 10)) can be done efficiently because we can
compute Ty, from (v, j) (see Claim 3.16).

There is nothing conceptually new in this proof, and the reader may skip ahead to Section 3.2.6
with no loss of understanding.

CLAIM 3.13. Let Ry = 2l — I, where I, is the orthogonal projector onto span{¥’, }. Then R
can be implemented in complexity O(Ax + 108 Trax)-

PROOF. By the Star State Generation Subroutine condition of Theorem 3.10, we can generate
Y, in cost A,, which means (see Definition 3.9) that for each u € V(G), there is an orthonormal
basis ¥(u) = {|Eu,1>’ s @u,au)} for span{W4(u)}, and a unitary U, with complexity A,, such
thatforallu e V(G) and k € {0,...,a, — 1}, Ux|u, k) = @u’k). Then forallu € V(G) \ (Vo U V),
@/(u) = {|Eu,1)|0), ey @u’au)lO)} is an orthonormal basis for W' (u) (see (11)). For u € V U Vyy,
we have ¥/ _(u) = {|l/)§'(u)) |0)}, so @’(u) is just the single normalization of this state.

We will first define a unitary U, that acts, foru € V(G), k € {0,...,a, — 1}, as U, |u, k)|0) =
@;’k). We define U, by its implementation. To begin we will append a qutrit register, |0)4 (this
will be uncomputed, so that the action described is indeed unitary), and set it to |1) if u € Vj,
and |2), if u € M. We are assuming we can check if u € Vy or u € M in at most A, complexity.
We proceed in three cases, controlled on the value of the ancilla.

First, controlled on |0)4, we apply Uy, in cost A,, to get:

I, K)10)]0)4 > [1,61010)a = [1,1)10).a-

14 For a simple example of how reflecting around a set of states reduces to generating the set, see Claim 3.16.
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Next, controlled on |1)4, we implement, on the last register, a single qubit rotation that acts as

Wy Woo ()
10y = \/wu +woo(u) b+ \/wu +Woo(u) 0).

This requires that we can query w, and o(u) (wy is a parameter of the algorithm). Controlled

on |1) in the last register (and also still |1)4 in the third), we apply U, to get (wWhen u € Vy we
only care about the behaviour for k = 0):

G
|u,o>|o>|1>AH(\/ W W) [ woow) |u,o>|o>)|1>A.

Wy +Woa(U)  +/wy Wy + Woo (U)
Above we have used the fact that when u € V,,

YE) _ W)
lwSanl = v

To complete the map for the case u € Vj, note that |¢§(u)> is supported on |u, i) fori # 0, so we

|$u,0> =

can uncompute the second register to get:
S ())[0) + Ywoo(w)|u, 0)[0) [$§ (w))|0)
Va=t—=—""r
VW + Woo (1) g ()

Finally, controlled on |2) 4, we do something very similar, but now the single qubit map we

[1)a.

use is

w w
0) > [ —2 1) + _ "M

|0).
This is possible given query access to w, (wy is a parameter of the algorithm).
Since all states still have |u) in the first register, controlled on u, we can uncompute the

ancilla. Thus, we can implement U, in complexity O(A,), and U, maps the subspace
L, =span{|u, k)|0) :u e V(G),k € {0,...,a, — 1}}

of H' to the span{¥’, }. Thus (2II,—1) = U, (21 ¢, -1 )U,’,f, so we complete the proof by describing
how to implement 2I1 ., — I. Initialise two ancillary flag qubits, |0)r,|0)r,. For a computational
basis state |z)|t), if t # O, flip F; to |1)f,. This check costs 1og Tmax. If t = 0, we can assume
that z has the form (u, k), and interpret k as an integer. If k < a,, which can be checked in
O(log dmax) = O(Ax), flip F, to |1)F,. Reflect conditioned on either of the flags being set to 1, and
then uncompute both flags. u

CLAIM 3.14. Let Roqq = 2Modq — I, where Ilyqq is the orthogonal projector onto span{¥;"’ :
(u,v) € f(G),t € {1,...,Tyv—1} odd}. Then Ry4q can be implemented in complexity polylog(Tmax)-

PROOF. We first describe the implementation of a unitary U,qq such that:

VW V) € E(G),z € Z0,,t € [Tuy — 1] 0dd, Uoagl2)]t) = %mm - %Utmlt i1y = %w;»
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We begin by decrementing the |t) register, which costs log Tr,ax. Next we apply an X gate, followed
by a Hadamard gate, to the last qubit of |t — 1). If t is odd, t — 1 is even and the last qubit is
10) 5 (]0) = [1))/V2, so we get:

2)]6) = [2)]t = 1) - (12)]t = 1) = [2)]1) /V2.

Then controlled on the last qubit of |t) being |1) (i.e. on odd parity of t) apply ergx_l |t){(t] ®
U;, which can be done in cost polylog(Tmax) by assumption, to get: (|z)|t — 1) — Us|z)[t)) /V2.
Complete the operation by incrementing the |t) register. Thus, U,qq maps the subspace:

— : 0 _
Lodd = @(M,V)E?(G)spanﬂzﬂt) rzeZy,ted{l,...,Tyy— 1}, odd}

of H’ to the support of Ilo4q, and so Rodd = Uodd (2117, — I)Ugdd. We complete the proof by
describing how to implement 2II,_,, — I. For |z)|t), we can check if t is odd in O(1), and if not,
set an ancillary flag F;. Next, we will ensure that z € zg,v for some (u,v) € f(G), which also
ensures that t < T,,, by the structure of H’, and if not, set a flag F,. Reflect if either F; or F is
set, and then uncompute both of them. u

CLAIM 3.15. Let Reyen = 2Ileven — I, where Ileyen 1S the orthogonal projector onto the span of

U P U {4 s u e V(G),i € L (u)}.

(wv)€E (G)
te{1,...,Tyy—1}:t even

Then Reyen can be implemented in complexity polylog(Tmax)-

PROOF. We describe the implementation of a unitary Ueyen such that for all (u, v) € 75)(6) with
i=f;'(v)and j = f; (w):

Uevenltt, D10) = \irz (I, 1Y10) - Uolu, DI1)) = %Wg
1

45 (1910 - U+ 1) = %

We can implement such a mapping nearly identically to the proof of Claim 3.14, except the

Vz e Zg)v,t € [Tyy — 1] even, Ueyen|z)|t) = |¢f>

decrementing of t happens after the Hadamard is applied. Thus, Ueyen maps the subspace:

Leven = @ span{|u,i)|0)}&® @ span{|z)|t) : z € Zg,v,t €e{1,...,Tyy—1}, even}

ueV(G),ieL* (1) (wV)€E (G)

of H’ to the support of Ileyen, and SO Reven = Ueven (211 z,,., — I )Ugven. We complete the proof by
describing how to implement 2II,_ . — I. For |z)|t), we can check if t is even in O(1) steps, and
if not, set an ancillary flag F;. Next, we check if z € ZS’V by checking the subroutine’s internal
flag, which also ensures that t < T,,,, and if not, set an ancillary flag F,. Note that if ¢ = 0, z has
the form (u, i) for some i € L(u), by the structure of H’, and by the discussion in Section 3.2.3,
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we can check if i € L*(u) in O(1) time, and otherwise, set a flag Fs. Reflect if either F;, F, or F3
is set, and then uncompute all three flags. u

CLAIM 3.16. Let R_ = 2II_ — I, where II_ is the orthogonal projector onto the span of {|l,b‘f;j :
veV(G),je L (v)}. Then R_ can be implemented in complexity polylog(Tmax)-

PROOF. We describe the implementation of a unitary U. that acts, for all v € V(G) and
j e L (v),withu = f,(j), as:

1 1
V2 V2

First, append an ancilla |—) 4. Controlled on this ancilla, compute T, ,, from (v, j), which we can

Uc|v, j)10) = — ([v, j)10) = v, ) |Tuw)) = ——=[9¥).

do in polylog(Tmax) basic operations, by the assumptions of Definition 2.5, to get:

[v, /)[0)]=)a > [V, j) (10)]0)a = [Tup)[1)a) /V2.

Uncompute the ancilla by adding 1 into register A conditioned on the time register having a
value greater than 0. Thus, U_ maps the subspace

L =span{|v,j)|0) :veV(G),je L (v)}

of H’ to the support of II._,andsoR =U_ (2II;,_ —1I )Ul. We complete the proof by describing
how to implement 2II,_ — I. Append two ancillary qubits, |0)r, and |0)r,. For a computational
basis state |z)|t), if t # 0, which can be checked in O(log Trax) time, flip F; to get |1)f,. By the
discussion in Section 3.2.3, we can check if z has the form (v, j) for somev € V(G) and j € L™(v)
in O(1) time, and if not, flip F; to get |1)r,. Reflect the state if either flag is set to 1, and then
uncompute both flags. ]

PROOF OF LEMMA 3.12. We can see that II,II,qq = 0, since II, is supported on states with
0 in the last register, and Il,qq is the span of states with anodd ¢ € {1, ..., Ty, — 1} in the first
term, and anevent € {2,...,T,,} in the second term. Thus,

(2Ieven — 1) (2% — I) = —(2(ITeven + IIx) — I) = —(2I14 — I),

where the last equality is because the support of I1 4 is the direct sum of the supports of II, and
[Teven, by their definitions. By a similar argument, (2I1ogqq — I)(2I1_ — I) = (2Ilg — I), and Thus,
the result follows from Claim 3.13, Claim 3.15, Claim 3.14 and Claim 3.16. [}

3.2.6 Positive Analysis

Suppose there is a flow 0 on G satisfying conditions P1-P5 of Theorem 3.10. We will use it to
make a positive witness as follows. For each (u,v) € f)(G), withi = f71(v) and j = £, }(w),
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define:

0 . :
|Wu,v> = |u, i)

Vt {1: ey Tu,v}, |Wlt,l,v> = Ut—llwlfl,_\)l
Tuy

W) = ) Wi ) e + v, j)[0).
t=0

(17)

Then |w,,,) is a kind of history state [29] for the algorithm on input (u,i). We first show it is
almost orthogonal to all algorithm states, defined in (12), (13) and (14).

CLAIM 3.17. For all (u,v) ef(G), letting j = f, 1 (u):

1. Forallu’ € V(G) andi’ € L*(u), (v,b“_’;i'|wu,v> =0

2. Forall (W,v) € E(G),z€ Z%, andt € {1,...,Tyy — 1}, (¥%wyy) = 0

3. ForallVv' € V(G) and j' € L™ (u), |<1,b‘<i’]’|wu,\,)|2 < Sw,j),(v.j")€uv» Where 8y denotes the

Kronecker delta function.
PROOF. Item 1: Recalling that |¢“_/;i/) = |u/,i")|0) — Up|u/,i")|1), we have
W i) = W ¥ lwy,) — W (T lwyy,) = (W, Eus £) = (W, VU Uolu, i) = 0

Item 2: Recall that |¢7) = |z)|t) — U¢|z)|t + 1). This is always orthogonal to the last term of |wy),

since t > 0. We also note that if z € Z,y» for (v/, V') # (u, v), we have (y7|wy,) = 0, since |wy)

is only supported on z € Z,,,,. Thus, we can assume (u,v) = (v/,v’), and so t < T,,. Thus:
W lwuy) = (zlwh,) — U7 Wi = (z|wh,,) = (2|U] Urlwy,) = 0

Item 3: Recall that |l/)F] Y =V, ) Twy) — 1V, J)|0). Again, if (V', j') # (v, j), (V',j') € Zuv, SO
@ |wyy) = 0. So supposing (V, j’) = (v, j), we have:

i o Ty .0 . . o Ty
<¢‘<;—] |Wu,v> = <V’]|Wu,v> - <V:]|Wu,v> - <V’J|V’ ]> = <V’J|Wu,v -1,
since |W3)V> = |u, 1), so the middle term is 0. Then, using

Tuv

.
1w < v ) - wis

= eu,v,

by (7), we have |<¢‘ij/|wu,v>|2 < €yy- u

Next let O be a flow satisfying conditions P1-P5 of Theorem 3.10, which can only exist if
M # (. Then we define:

G(u v) 0(u)
wy= >, —e=lwuy) - ) ——— 010 - u, 0)[0), (18)
(u,V) e? (G) ueVy WOO—(u uEM
which we show is a positive witness, in the sense of Definition 3.5.
LEMMA 3.18. L = = T = [w)I =
18. Letwy = |V(G)|,wo =1/R', and c, = 7. Then = Cy.

[(wla)*
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PROOF. To analyse the positive witness, we compute (referring to (16)):

O(u)
= ) 0’ 0 = - = - 19
(o) ZV Vo (u)(u, 0,0w) ZV Vo(u) ol \/_ VRT (19)

by condition P3 of Theorem 3.10. Since this is non-zero, |w) is a positive witness, though it may

have some error. To continue, we compute:

2 0(u,v)’ 2, § 0w 5 0w
L S T L L ) o= B Jrroet (20)
(u,v)eTE)(G) ’ ueVy ueM

To upper bound the first term of (20), we have |||Wu,‘,>||2 = Ty + 2, so we have

Z Q(VL:’ V)z |||Wu,v>||2 = Z Q(VL: V) (Tuv 2) = 8T(9) + 28(9) < ZQT, (21)

(WV)EE (G) ’ wveEG

by condition P5 of Theorem 3.10, and using 2&(0) < ET(0), since each Ty, > 2.
To upper bound the second term of (20), we have

2 ow* _ 1, > oW+ (0@ = oW)” _ pper(y > (0@ —0W)) _yrt (59

wooa(u) = wy a(u) a(u)

ueVy ueVy ueVy

by condition P4 of Theorem 3.10. Finally, we can upper bound the last term of (20) as:

2

0(u)?
2, =@ )|Z 2, 0wv) S|V(G)|

ueM ueM \verl(u)

Z d, Z O(u,v): < EO) <&T(O) <R

ueM  vel(u)
(23)

Plug (21), (22) and (23) into (20) to get |||w)||*> < 7R", which, with (19), completes the proof. =

Next, we analyse the error of |w) as a positive witness, by upper bounding its overlap with
the various states in ¥ U @3, First, we have the following corollary to Claim 3.17.

COROLLARY 3.19. 1. Forallu e V(G),i € L*(u), (" |w) =
2. Forall (u,v) € E(G),z € Z0, andt € {1,...,Tyy -1}, <¢§|w> -
3. ForallveV(G)and j € L™ (v), letting u = f,(j), we have: |<1p‘<’;jlw>| < V)\/euv

Next we show that the states in ¥, are orthogonal to |w).
CLAIM 3.20. Forallu’ € V(G), and any | (u'))|0) € ¥, ('), (Y« (u'),0|lw) =

PROOF. Ifu’ ¢ V, U M, we have:
9(u v)

Wa(), 0wy = >

(u, v)eTE)(G)

o(u, v) o(u, ') o
; — P fie (v)>+u€;w) e YOI 1 ) =

(l/)*( w), 0l(lu, £ 1 (v)10) + v, £ (w))10))
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by condition P2 of Theorem 3.10, using 6(u, u’) = —6(u’, u), and the fact that |, (u)) is supported
on |u/,i) such thati € L(u).
If u' € M, the only state in ¥, (') is |¢* (u’))|0) (see (10)), so we have:

, 0w, v) , 0(u)
W), 0wy = (W), 0lwyy) — “(u),0lu,0,0
WS (W), 0w) (wé@mw (W), 0wy L;W\/_«p (), 0l 0, 0)
B o, v) O(u,u’) o(u)
_VEFZ(:U') V \/— ue;u) V \/— \/_\/_
= Z O(w ') — O(') =0
uelr'(u’)

Similarly, if u” € Vy,

' o(u’)
s (u’),0|w>:§ o(u',v) - § O(u, ) — ————+/woo (W) = § O(u,u') —0(u) =0.m
vel+(u) uel~(uw') \' Woo (W) " uel(uw)

We can combine these results in the following lemma:
LEMMA 3.21. When M # 0, |w) as defined in (18) is an €/2-positive witness (see Definition 3.5).

PROOF. Note that |w) is only defined when M # 0, as it is constructed with a flow from V; to
M. For |w) to be a positive witness, we require that (w|yy) # 0, which follows from (19). All
that remains is to show that ||[ILz|w)||* and ||IIg|w)||* are both at most £ [||w)||>. By Claim 3.17
and Claim 3.20, we have

[ jwy? |W>|2 o(v, fv(j))zefv(j),v/wv,fv(j)'

ITLalw)|I* = 0 and ||Tg|w)||* = 5

veV(G),jeL~(v) ”|¢ )” veV(G),jeL—(v)

Since 6(e) = 0 for all e € E (condition P1 of Theorem 3.10) and for all e € 7;“)(6) \E, eyy <€
(condition TS1 of Theorem 3.10), we can continue:
2

Mol <3 D) A < Sa00) < 670 @4

(WV)eE (G)\E
We have used the fact that the energy of the flow in G (see Definition 2.2), £(0), is at most the
energy of that flow extended to the graph G in which we replace the edges by paths of positive
lengths determined by T (see Definition 2.4). For the final step of the proof, we know due to (21)
that

0 , 2
ol Y, R w2 €70,

(WV)eE (G)

and therefore, it follows from (24) that ||TLg|w)||* < = lw) 1%, so [w) is an e/2-positive witness. m
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3.2.7 Negative Analysis

Let A = span{¥} and 8 = span{¥?} (see (15)). In this section, we will define a negative

witness, which is some |wg), |[wg) € H’, such that |¢g) = [wg) + |[wg) and |[wg) (resp. [wg)) is

almost in A (resp. B) (see Definition 3.2). We first define, for all (u, v) € 75)(6) withi = f;1(v),
wiy = > D (el ) e A

te[Tuu-1]:t odd ze Z0,

(25)
wigy) = 192 >+ DD el e 8,
€[Tyv—1] tevenze;ZO
where |w; ) is defined in (17).
LEMMA 3.22. Forall (u,v) € E(G) withi = f1(v), |W,”> + |Wuv> = |u,1)|0) — |WT“V I Tuv)-

PROOF. Below we use the fact that for t < Ty, |wa) e span{|z):z € ZL?,V} (see Section 3.2.3),
and that [w) ) = |u, i) (see (17)).

was) + lwi) = [+ > > (2wl ) gd)

Tuv_l]Z€2$v

Tyv—1 Tyv—1
=+ > > iz - > Y (2wl )Uilz)t+1)  see (13)
t=1 ZEZL(l),\) t=1 ZGZS’\;
Tyv—1 Tyv—1
= [+ > Wil = Y Tdwh e+ 1)
t=1 t=1
Tyv—1 Tyv—1
= [+ > il = > Wi+ 1) see (17)
t=1 t=1
= |, i)[0) — U, 1)1) + Wi, )1) — [wys ) Tuw) see (12)
= |, 1Y10) = [wys) [ Tun),
since |wy,,) = Uplu, i) (see (17)). n
Forv e V(G) and j € L™ (v), with u = f,(j), define
P27 = (W) Tuw) = v, j)10). (26)

We now define our negative witness:

wa) = = > WSO - = Y VWl € A

O uev(c) (wv)€E (G)
ws) = —F 2L VW (1w + 1)),
(uv)eE(G)

We first show that this is indeed a negative witness in Lemma 3.23 and then analyse its error
and complexity in Lemma 3.24.
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LEMMA 3.23. Let |¢pg) beas in (16). Thenif M = 0, |wg) + |[wg) = |Po).

PROOF. We have:

VWo (wa) +lws)) = Y. WS @0y~ > Viap (W) +ws) + 182 ). @)

uev(G) (wv)€E (G)

Letting i = f;1(v) and j = £, }(u), we have:

(WY + W2 + [9%7) = |u, i)]0) — [wy) | Tuw) + %)) by Lemma 3.22 o8
= |u, i)]0) — |v, j}|0) by (26).

Next we recall from (9) and (10) that for u € V(G) \ M = V(G) (since M = (), we have, letting
Suy, = 1iff u € Vy:

B @HI0) = Y Viailw )0) — Y Wl )10 + Euvy Voo ()1, 0)[0)

ieL*(u) JeL™ (w)
S @)= Y (Valu £ 1) = VWlv, £,1@) ) 10) + Y yiweo @, 0j0). P
uev(G) (u,v) uevy

€E(G)

Plugging (28) and (29) back into (27), we get:

VWo (lwa) + [wg)) = > woa(u)lu, 0)[0) = Viwgtho). m
uevy
LEMMA 3.24. Letwo = 1/R", and 8 = eRTW +4RTW. Then |wa), |wg) is a §'-negative witness
(see Definition 3.2), and
Ilwa)|l* < 2RTWT +1.

PROOF. By construction, |[wg) € A, and the only part of [wg) that is not made up of states in
W3 (which are in 8 = span{W?}) are the |i§.”/) parts. Since (I — IIg)|y.’) = 0 for all (v, j), we
have:

(I -Ig)lwg) = —% Z W (I - TIg) [PYY)

WO e () er-(v)

1 . .
=—— V(I =Tig) (|9 - [pZ))
\/VTO veV(G)Zj:eL‘(v) : ’

1
~ W D VW (L= Tg) (W) Tuw) = v, £ (W) Tup)) by (26) and (14).
0

(wv)€E (G)

Then by (17) and (7) we have:
2
Tuw _
iy = v £ @) | = e

Furthermore, the terms |Wlf“’,” — v, £,y Y(w)) € span{|z) : z € Z,,,} for different (u,v) € f(G)
are pairwise orthogonal. Let € be the upper bound on ¢,, for all (u,v) € 73)(6) \ E, from
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Theorem 3.10. Then:

I~ g)lws) | < — Wi €
0 Z u,v-u,v

(u, v)eE (G)
<R' Z Wy, v€ + 4 Z Wy | < RT (ew + 4@) ,
(uV)EE (G)\E (wv)ek

where we used wy = 1/R", and the trivial upper bound €,,, < 4 when (u, v) € E. To complete
the proof, we give an upper bound on |||w4)||*. We first note:

it = o Y ]+ Y wa
0 uev (o) (u,v)eTs’(G)

Then we can compute, for any u € V(G), letting 6,,v, = 1 iff u € V,

, 2
Hll/)* (u)>“ = Zvel“(u)wu’v + 6u,V0WOU(u)

and for any (u,v) € f)(G), since for all t < Ty, 3,70 [(z|W! )% = H|Wf¢,v>”2 =1,

W= S Y ket |||¢t>||_{

te{0,....Tuy—1}:t 0dd ze Z0,

Thus

|||Wﬂ>” <_ Z Z Wuv+_ZWOG(u)+_ Z Wuv u,v

ueV(G) vel(u) 0 uevy (u, v)eE (G)

_ 1
= WOW(G) +1+ WOW (G).

Note that ‘W (G) is always less than WT(G) (see Definition 2.4). We Thus, complete the proof
by substituting wo = 1/R" and using the Negative Condition of Theorem 3.10 that WT'(G) <
W, m

3.2.8 Conclusion of Proof of Theorem 3.10

We now give the proof of Theorem 3.10, by appealing to Theorem 3.8, using |() as defined
in (16), and $7 w5 as defined in (15). By the Setup Subroutine condition of Theorem 3.10,
we can generate |g) in cost S. It follows that we can generate |¢g) = |0)|0)|0) in cost S’ =
S + 10g Thax, since the last register is log Tyax qubits. By Lemma 3.12, we can implement U g in
cost Ay + polylog(Tmax)-

Weusec, =7,s01 < ¢, <50, as desired. We use

C =2R™WT+1, &= g and & = eRTW + ARTW.
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To apply Theorem 3.8, we require that § < which follows, for sufficiently large

1
(8cy)3m8C.?
|x|, from condition TS1 of Theorem 3.10:

6—E—o !
2 \RTwWT)®

We also require that § < 3 H}C+ = 5. The bound on € implies that eR™W = o(1), since

W < WT'. The bound W = o(1/R") from TS2 of Theorem 3.10 implies that 4RTW = o(1).
Together these ensure that & = 0o(1). We verify the remaining conditions of Theorem 3.8 as

follows.

Positive Condition: By Lemma 3.18 and Lemma 3.21, if M # 0, there is a §-positive witness |w)
2
h that [wlYo)|” >1_1
S e = e T
Negative Condition: By Lemma 3.24, if M = (), there is a §’-negative witness with |||w#) > < C..

Thus, the algorithm described in Theorem 3.8 distinguishes between the cases M # 0 and M = ()
with bounded error in complexity:

0] (S +10g Trax + \/E (Ax + ponIog(TmaX))) =0 (S + VRTWT (Ax + ponIog(TmaX)))

which completes the proof of Theorem 3.10.

4. Welded Trees

A straightforward application of our technique is to the welded trees problem of [21], illustrating
the power of the framework to achieve exponential speedups over classical algorithms. This ap-
plication also serves as a pedagogic demonstration of the alternative neighbourhoods technique,
as it does not make use of a non-trivial edge transition subroutine, and so the resulting algorithm
is in that sense rather simple. Although it would be possible to apply our framework without
looking “under the hood” at the underlying algorithm, to give intuition about the framework,
we instead describe and analyse the full algorithm explicitly, proving our upper bound without
appealing to Theorem 3.10.

The Welded Trees Problem: In the welded trees problem, the input is a graph G with 2"+ — 2
vertices from the set {0, 1}?", consisting of two full binary trees of depth n (the 2" leaves are at
edge-distance n from the root), which we will refer to as the left and right trees, with additional
edges connecting the leaves of one tree to another. Specifically, we assume there are two disjoint
perfect matchings from the leaves of the left tree to the leaves of the right tree. Every vertex of
this graph has degree 3 except for the roots of the two trees, which we denote by s and t. The

graph’s structure is shown in Figure 6.
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We are promised that s = 02" is the root of the left tree, but other than s, it is difficult to
even find a vertex in the graph, since less than a 272 fraction of strings in {0, 1}*" labels an
actual vertex. We assume we have access to an oracle Og that tells us the neighbours of any
vertex. That is, for any string o € {0, 1}?", we can query O¢(0) to learn either L, indicating it is
not a vertex label, or a list of three neighbours (or in case of s and ¢, only two neighbours).

The welded trees problem is: given such an oracle Og, output the label of t. We assume we
can identify t when we see it, for example by querying it to see that it only has two neighbours.
Classically, this problem requires 2%(™ queries [21], which is intuitively because the problem is
set up to ensure that the only thing a classical algorithm can do is a random walk on G, starting
from s. The hitting time from s to t is 2% because a walker is always twice as likely to move
towards the centre of the graph than away from it, and so a walker starting at s will quickly
end up in the centre of the graph, but then will be stuck there for a long time. On the other
hand a quantum algorithm can solve this problem in poly(n) time [21], with the best known
upper bound being O(n!*log n) queries [8]. We show how to solve this problem in our new
framework, with O(n) queries and O(n?) time. Specifically, in the remainder of this section we

show:

THEOREM 4.1. Let g : {0,1}*" — {0,1} be any function. Then there is a quantum algorithm
that, given an oracle Og for a welded trees graph G as above, decides if g(t) = 1 with bounded
error in O(n) queries to Og. If g can be computed in O(n) complexity, then the time complexity of
this algorithm is O(n?).

From this it immediately follows that we can solve the welded trees problem with 2n
applications of this algorithm, letting g(t) = t; — the i-th bitof t —fori = 1,...,2n. However,
we can also do slightly better by composing it with the Bernstein-Vazirani algorithm, which
recovers a string t in a single quantum query to an oracle that computes |z) — (-1)?!|z) for
any string z € {0, 1}*".

COROLLARY 4.2. There is a quantum algorithm that can solve the welded trees problem in
O(n) queries and O(n?) time.

PROOF. Forany z € {0,1}?", define g,(t) = z-t = 12:”1 z;t; mod 2. Clearly g, can be computed
in complexity O(n). To compute g,(t), we simply run the algorithm from Theorem 4.1. The
Bernstein-Vazirani algorithm [13] outputs ¢t using a single such query, and O(n) additional
gates. ]

Previous quantum algorithms for this problem are quantum walk algorithms in the sense
that they construct a Hamiltonian based on the structure of the graph and simulate it, but
this technique has not been replicated for many other problems, unlike quantum walk search



44 | 104 TheoretiCS S. Jeffery, S. Zur

algorithms described in Section 1.1"°. Our hope is that our new quantum walk search frame-
work bridges the gap between a general and easily applied technique (quantum walk search
algorithms) and exponential speedups.

G as a Weighted Network: Assume that n is even (this greatly simplifies notation, the proof

is equivalent for the case where n is odd). We partition V(G) into Vo UV U - - - U V41, Where

Vi is the set of vertices at distance k from s, so Vy = {s}, and V.1 = {t}. We first prove

Theorem 4.1 under the assumption that it is possible to check, for any vertex, whether it is in

Veven .= Vo UV U---UVy,, Or Vogq := V1 UV3 U --- U Vyue1. At the end of this section, we will

explain how to remove this assumption. Define M = {t} if g(t) = 1 and otherwise M = 0.
Fork € {1,...,2n+ 1}, define

Ey = {(u, V) € Vi1 X Vg : {u, V} € E(G)}

Exl 2k ifke{1,...,n+1} (30)
SO =
T ok ke (n+1,...,2n+1).

We define the set of directed edges as follows (see Definition 2.1):

H
EG= | ) {wvw:@vwebtu [J {wv):mu ek} (31)
ke{1,....2n+1}: ke{1,....2n+1}:
k mod 4€{0,1} k mod 4€{2,3}
Note that Ex C 75)(6) only holds when k mod 4 € {0,1}, so we do not always set the default
directions left to right. At the moment it is not clear why we set the directions this way, but one
thing this accomplishes is that the direction of edges switches at every layer of V4q. Figure 6
illustrates how the directions of the edges change layer by layer. We now assign weights to all

edges in G. We assign all edges in Ex the same weight, wy, defined:

2~ 21k/2] ifke{1,...,n}
Wi = (32)

272(n+2-Tk/21) ifk e {n+1,...,2n+1}.

It should be somewhat clear why this might be a useful weighting: we have increased the
probability of moving away from the centre. Finally, we add a vertex vy connected to s by an
edge of weight wy, and connected to t by an edge of weight wy, if and only if ¢t is marked, and
call this resulting graph G’. We remark that we do not need to account for vy explicitly if we just
want to appeal directly to Theorem 3.10, but we are going to explicitly construct an algorithm
for the sake of exemplification.

Theorem 3.10 assumes we label the outgoing edges from a vertex u by indices from some
set L(u), and then implement a map |u, i) — |v, j) foranyi € L(u) (see also Definition 2.3). Here,
since we assume we can simply query the set of the three neighbours of u, I'(u) = {v1, vy, v3},

15 Where similar frameworks have been developed in the setting of continuous quantum walks [6], they are also limited
to a quadratic speedup.
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Figure 6. The weights of the graph G’ (obtained from adding v, to G), and default edge directions.

in unit time, we can let L(u) = T'(u). In that case, the map |u,i) — |v,J) is actually just
lu, v) — |v, u), which can be accomplished by swapping the two registers. The decomposition of
L(u) into L*(u) = I'(u) and L™ (u) = I' (u) depends on the directions we assigned to the edges
coming out of u in (31).

Our algorithm will be based on phase estimation of a unitary acting on:

H =span{|u,v) :u e V(G),veTl(w}. (33)

Here we let I'(u) = '/ (u) refer to the neighbours of u in G’, meaning that I'(s) and I'(t) both
include vo. We emphasise that for all (u,v) € 75>(G), we have included both |u, v) and |v, u)
in H, as orthonormal vectors. This is different from the H defined in Section 3.2.1 (in which
lu, v) = —|v, u)), and instead we should think of |u, v) as analogous to |u,)|0) in (8): v takes the
place of the label i, and there is no |0) because there is no transition subroutine steps to count.
Alternatively, we can think of |u, v) and |v, u) as labelling distinct edges on a path of length two
connecting u and v: one adjacent to u, and the other adjacent to v (see also Figure 7).

Foranyu € V(G) and v € I'(u), let Ay, = 0if v € T*(u) (i.e. (w,v) € E')(G’) = f(G) U
{(s,v0), (t,v9)}) and Ay, = 1ifv € T™(u) (i.e. (v,u) € f(G’)). We can then define star states in
H as follows, for all u € V(G) with neighbours (in G’) I'(u) = {v1, vy, v3}:

|¢§(,(u)> = VWu,V1(_1)Au’V1|uJ V1> + VWu,Vz(_l)Au’v2|u’ V2> + qu,vg(_l)Au,\)glu, V3>' (34)
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We cannot efficiently generate these star states. For £ € {0,...,n—1} and v € Vyp,1 C Vyqq with
neighbours I'(v) = {uy, uy, us}, we have, referring to (31) and (32):

/ B (-1)¢1 2}+1 (lv,ur) + [v,ug) + |lv,uz)) if€€{0,...,n/2 -1}
¥ (V) = { (D" Em (v, wa) + v, ug) + v, uz)) if e {n/2,...,n}. 39

Even though we don’t know which layer v is in, and therefore we do not know the precise
scaling or direction of its edges, by querying the neighbours of v to learn the set {uy, uy, us}, we
know that:

WS (v)) € span{|v, u) + [v, u) + [v, us)}.

On the other hand, for £ € {1,...,n} and u € Vyp C Vegyen, though we can compute I'(u) =
{v1, V2, v3}, we do not know which neighbour is the parent — the unique neighbour of u that is
further from the centre of the graph than u. Let p(u) € {v4, v, v3} be the parent of u, and ¢;(u),
c2(u) the other two vertices in {vq, vy, vs3}. Then, referring to (31), (32) and (34), the star state of

u has the form:

(D% (lu, p(w)) — 31w, c1(u)) — 31w, c1(u))) if¢e{o,...,2}
(-1 e (lw, p(W) = Flu, cr (W) — 3w, er(w)y) ifee {3+1,...,n}.

Generating this state would require knowing which of {vy, vy, v3} is the parent, p(u), which is

WS (w) ={

not something that can be learned from simply querying the neighbours of u. However;, if we
were to weight everything uniformly, our quantum walk would, like a classical random walk,
suffer from the fact that the centre of the graph has exponential weight, and most time will be
spent there. Thus, we employ the alternative neighbourhoods technique. For u € Veyen \ {S}
with neighbours v; < v, < vs, define:

) ; 2 1 1
vj € (1.2,3), W (w) = /3 (|u, vj) = Vi) - S via) |, (36)

where the indices add modulo 3. Then we know that

P5 (W)
1S )

though we do not know which one.

€ {[px (W), Y5 W), [P3 (W)} =t T (w),

For s and ¢, suppose the neighbours are I'(s) = {vg, v1, v2} and I'(t) = {vg, Uy, uz} —meaning
that when we query s, we learn {vy, vo}, and when we query t we learn {uy, u,}, and then we
add to each neighbourhood the additional special vertex vy (although if ¢ is not marked, we set
the weight w;,, = 0). Then the star states are, respectively:

, 1 1
93 (5)) = VWals, vo) + Z1S:v1) + 2ls, v2)

, 1 1 (37
WS (8)) = Sg(e1 VWML, Vo) — z|t, up) — §|t, uz),
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Figure 7. A piece of the graph G (left) and the corresponding piece of the overlap graph of the spaces
span{W¥.(u)} and span{|¢,,)}. There is an edge between two nodes in the overlap graph if and only if
the sets contain overlapping states. Compare with Figure 5.

where 8¢(1),1 = 1if and only if t € M. To see that this follows from (34), note that (s, vo), (t,vo) €
75)(6’) by definition, and for i € {1, 2}, (s,v;) € E1,s0 (s,V;) € 75>(G) since1 =1 mod 4, and
(uj, t) € Eonsq, SO (Ui, t) € E)(G), since 2n+1 =1 mod 4 (we are assuming n is even), which is
why we have minus signs in front of the |t, u;) (see (31)). We can generate [ (s)) and [$§ (1)),
because we can recognise s and t. Thus, for all v € V,qq U {s} (the vertices with easy to generate
star states), we let W, (v) := {[pS (v))}.

Finally, we define states corresponding to the transitions |u, v) — |v, u):

_)
V(u,v) € E(G), |Yuv) = u,v) —|v,u). (38)
The star states and the transition states (38) will comprise all states of ¥ U W% as follows:

vi= () waw= | Wwyu [J e wiw), piw))

uev(G) UEVoqaU{s} UEVeven \{s} (39)
_)
w8 = {|Yu) : (,v) € E(G)).

Then ¥ is a pairwise orthogonal set, and if we replace each W (u) in ¥ with an orthonormal
basis for span{W,(u)} we get a pairwise orthogonal set. Figure 7 shows that the overlap graph
for the sets W, (u) for u € V(G) and {|yy,)} for (u,v) € 7;“)(6) is bipartite, and we have chosen
WA and W2 according to this bipartition.

Let Ugg = (2I14 — I)(2Ilg — I), where I14 and IIg are orthogonal projectors on A :=
span{¥”} and B := span{W?} respectively. In the remainder of this section, we will show that
we can solve the welded trees problem with bounded error by performing phase estimation of
Ua4g on initial state |g) = |s, Vo), as described in Theorem 3.8.

Implementing the Unitary: In order to implement U #5, we need to be able to generate an
orthonormal basis for each of ‘A and B, for which we use the following fact.
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CLAIM 4.3. Let w3 = e?™/3 be a third root of unity. For a vertex u € V(G) with neighbours
v1 < vy < vg, define for j € {0,1, 2}:

—~, 1 . 2
97 = = (o ved + gl va) + 0 vs))
Then these three vectors are an orthonormal set, and for u € Vgyen \ {S},

span{|pL (w)), Y2 (W), [¥3 (W)} = span{[Y (W), [P*(w))}.

Forv € Voqq \ {t},
¥ (v)) € span{[y°(w))}.

PROOF. Note that the states |$0(u)>, |$1(u)>, |$2(u)) form an orthonormal basis for the space
span{|u, v1), |u, v2), |u,v3)} — it is the Fourier basis. Thus, the first part of the statement is
simply proven by observing that for each j € {1, 2, 3}, |lpi(u)) € span{|u, v1), |u,va), |u,vs)}
and (gbi(u)@o(u)) = 0; and that span{|wi(u)>}?:1 has dimension greater than 1. The second
statement follows easily from (35). [ ]

LEMMA 4.4. The unitary Ugg = (2I14 — I)(2Ilg — I) can be implemented in O(1) queries to Og,
and O(n) elementary operations.

PROOF. Let
H' =span{|j)|u,v) : j € {0,1,2},u € V(G),v € T(u) U {L}},

so in particular |0) ® H c H’ (where H is as in (33)).

We first describe how to implement 2II4 — I. We describe a unitary U, on H’, and in
particular, its behaviour on states of the form |j)|u, L), where j = 0 whenever u € Vyqq U {5},
and j € {1,2} whenever u € Vgyen \ {s}. We begin by querying the neighbours of uin an ancillary
register, Q, initialised to |0) using Og:

171w, L310)0 = ) [, L)[v1, vz, V3)0

where ifu € {s, t}, vi < vy and v3 = L (which we can interpret as vy), and otherwise, since we
assume u € V(G), v1 < vy < vg are the neighbours of u. We initialise an ancilla qubit A, and
compute a trit |a), for a € {0, 1, 2} as follows, to determine what happens next. If v3 # L, then
a=0.Flseifu=0>"=s,weleta=1.Elseifvs = L butu # 0", sou = t, we let a = 2.

Controlled on |0)4, apply a Fourier transfrom Fs to |j) to get |/} = (|1) + wélZ) + w§j|3))/\/§.
Then, still conditioned on |0),4, swap the first and third registers, so now the first register
contains | L), and then perform | L) ~— |0) on the first register to get: [0)|u)|7)|0}|vy, Vo, V3)0[0)4.
Then, conditioned on the value in the |j) register, we can copy over the first, second or third
value in the |vy, vo, v3) register to get:

1

V3

0)]u) (1)1v1) + @d[2)1va) + 3 13)[v3) ) v, v, v3)ol0)a.
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This requires O(n) basic operations. We can uncompute the value [i) in |i)|v;) by referring to

the last register to learn v;’s position, and then we are left with: |0) |$j (u))[v1,v2,V3)0[0)4.
Next, we control on |1)4, meaning u = s. In that case, we assume that j = 0. Using v; and

vy in the last register, we can map | L) to a state proportional to y/wg|vo) + %|v1> + %|v2> to get

¥S (5))
mlvl’vz’ v3)ol1)a.

Lastly, we control on |2) 4, meaning u = t. We can compute g(t) in a separate register, and
using g(t), v1, and vz, map | L) to a state proportional to: §¢(s)1 VWwm|Vo) — %|v1> — %|v2) to get
WS (6))

) 2
[N

We can uncompute the ancilla A, since the registers containing u, and v, vy, v haven’t

V1, V2, V3)0]2) A

changed. Since the register containing u has not changed, we can uncompute the register
|v1, Vo, V3)0 using another call to Og. Then, removing ancillae, we have performed a map, U, that
acts, for j = 0whenu € VogqU {s} and j € {1,2} when u € Vgyen \ {s}, as: |j)|u, L) — |0>|$j(u)>,
where, using Claim 4.3, for all u € Vygq U {s},

span{|y°(u))} = span{[p¢ (u))} = span{ Wy (u)}

and for all u € Veyen \ {S}:

span{|9’ (W), [$*(w)} = span{[p} (W), [¥5 (W), Y3 ()} = span{ @, (w)}.
Thus, U, maps the subspace
L :=span{|0,u, L) :u € Voga U {s}}U{|L,u, L), |2,u, L) : U € Veyen \ {S}}

of H' to |0)®span{¥'} = A, and thus 21z —I = U, (2I1; — I) UI. We describe how to implement
211, — I. Initialise ancillary flag qubits |0)r, |0)r,|0)r,. For a computational basis state |j)|u, v) of
H’, by assumption (which is removed at the end of this section) we can efficiently check whether
U is in Vpgq or Veven, and we can check whether u = s = 02" in O(n) cost. If u € Vyqq U {s}, we
check if the first register is 0, and if not, flip F; to get |1)r,. If u € Veyen \ {S}, we check if the
first register is 1 or 2, and if not, flip F; to get |1)f,. If the last register is not L, flip F3 to get
|1)r,. Reflect if any flag is set, and then uncompute all flags. This can all be done in O(n) basic
operations.

Next, we describe how to implement 2I1g — I. We describe a unitary Us on H’, and in
particular, its behaviour on states of the form |1)|u, v) for {u, v} € E(G) with u < v. First, apply
a Hadamard gate to the first register, and then, controlled on its value, swap the second two
registers to get:

(10)w, vy = [1)|v, u)) / V2.
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We can uncompute the first register by adding in a bit indicating if the last two registers are in
sorted order, to get:

|o>i2 (Ju,v) — v, 1)) €

span{|0)|$u,)} if (,v) € E (G)
\/_

span{|0)|$y.)} if (v,u) € E (G).

Thus, Us maps
L’ :=span{|1)|u,v) : {u,v} € E(G),u < v}

to span{|0)|¢,v) @ (u,v) € f)(G)} ~ B,and so 2Ilg — I = Us (2I1 5 — 1) Ug. To implement
(2I1y, —I), it is enough to check that the first register is 1, and u and v are in sorted order (we
know {u,v} € E(G) by the structure of H’). This can be done in O(n) basic operations. u

Negative Analysis: For the negative analysis, it would be sufficient to upper bound the total
weight of G and appeal to Theorem 3.10, but we will instead explicitly construct a negative
witness (see Definition 3.2) in order to appeal to Theorem 3.8. That is, we show explicitly how to
express |Yg) = |, Vo) as the sum of something in A and something in B, when ¢ is not marked.
We let:

Z |1/)f(u)) and |wg) := _\/Lw_o Z \/Wu,v(_l)Au,v|¢u’v>. (40)

W) = —
VR
VW
O uev(6) (wv)eE (G)

Then we prove the following.

LEMMA 4.5. Suppose M = 0. Then |wg), |wg) form a 0-negative witness with |||wz)|*> =
O(n/wy).

PROOF. When M = 0 (that is, t ¢ M), the graph G’ is simply G with an additional vertex vy
connected to s by an edge from s to vy of weight wy. Let I'c(u) denote the neighbourhood of
u in G, and I':(u) the neighbourhood of u in G’, so, assuming M # 0, for allu € V(G) \ {s},
I'c(u) =T'g(u), and '/ (s) =Tg(s) U {vo}. Thus, referring to (40) and (34), we have:

VWolwa) = > D VWay(=1)™|u,v)

ueV(G) velgr (u)

= D VWD) + Vi, vo)

ueV(G) velig(u)

and referring to (38), we have:

VWwglwgy == > VWau (=)™ (Ju, v) — v, w))

(WV)EE (G)
== > > W DM vy - > > W=D v, u)
uevV(G) verg(u) VeV (G) uel;(v)

== > > W(-D)™uv),

ueV(G) velg(u)
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where we have used the fact that wy,,, = wy,;, and (-=1)% = —(=1)%x, Thus, we see that:

VWo (Iwa) + [wg)) = VWols, vo) = VWolio).

It is simple to check that |[w#) € span{¥#} and |wg) € span{¥?} (see (39)), so we see that these
states form a 0-negative witness.

We can analyse the complexity of this witness by computing an upper bound on |||w#)||*:

llwa)ll* = — Z W= — 3" |Exlw
0 ecE(0) Wo 15
1 o 12 Z”Z*:l 1
- zk 22n+1—k+1 — O(n/WO)
2[k/2 2n+4-21k/2
Wo 15 2”1 Wo S 22md=2fle/2]
using the fact that edges in Ex have weight wy defined in (32), and |Ex| in (30). u

Positive Analysis: In the case when t is marked, so M = {t} # 0, we exhibit a positive witness
(see Definition 3.5) |w) that is orthogonal to all states in ¥ U W5, and that has non-zero overlap
with |¢g) = |s, vo). If 0 is any st-flow on G (see Definition 2.2), as long as M = {t}, so there is an
edge from ¢ to vy, we can extend 0 to a circulation on G’ by sending the unit flow coming into t
out to vg, and then back into s. That is, define 6(t, vy) = 1, and 6(s, vo) = —1. Then if we define

) = s )+ 3 T ) + o)+ 2l ) (1)

(u,v)eE (G)

it turns out that this will always be orthogonal to all star states |lpf' (u)), as well as all transition
states |¢,,). However, there are additional states |¢i(u)> e W U w8 and in order to be
orthogonal to all of these, the flow must satisfy additional constraints. We will show that all
these constraints are satisfied by the natural choice of flow that, for each vertex, comes in from
the parent and then sends half to each child. That is, letting Ex for k € {1,...,2n+ 1} be as in
(30), and Eg = {(vg, )}, define:

Vke{l,...,2n+1}, (w,v) € Ex, 0(u,v) := ﬁ =27k, (42)

Then we first prove the following:
CLAIM 4.6. Letu € Veyen \ {S}, and let lwy) = (Ju){u| ® I)|w). Then |wy) x |{ﬁ°(u)).

PROOF. Since u ¢ {s, t}, we have:

O(u,v) o, u) Mo 0(u,v)
lwy) = —[u,v) + T (-1 —=|u,v).
ve;u) Wi u’o;(u) v;u) Wiy
using O(u,v) = —-0(v,u), Wy, = Wy, and Ay, = 0if v € I'"(u), and 1 otherwise. Recall that u

has three neighbours: a parent p(u) and two children c¢;(u) and c,(u). Since u € V,, for some
¢, the edges adjacent to u are (up to direction) in E9p and Eqp41. If €1is even, 2¢ = 0 mod 4
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and 2£+1 = 1 mod 4, so by (30), Apw)u = Ducyw) = Duc,wy = 0if € € {1,...,n/2} (ile. uis
in the left tree, so its parent is to its left) and = 1 otherwise. If £ is odd, 2¢ = 2 mod 4 and
2¢+1 =3 mod 4, s0 Ap)u = Ducy(w) = Duc,wy = 1if € € {1,...,n/2} and = 0 otherwise. Thus,

since (—1)%rw = —(=1)%wu, we always have:
O(u, p(u O(u, c1(u O(u, co(u
iy = & (2RI gy o 2 o gy 4 228D ).
Wu)p(u) Wu’ C1 (u) Wu’CZ (u)
Suppose £ € {1,...,n/2}, so uisin the left tree. Then (p(u), u) € Ez¢, so we have
1
O(u, p(u)) = -6(p(w),u) = _m =-2"*"and \/Wu,p(u) = Vway = 27122 = g7t
20

by (32), and for i € {1, 2}, (u, ¢c;j(u)) € Ezp+1, SO we have
1

|E2p41]

0(u, c;(u)) = =278 and \Wy e ) = VWWaeg = 27TEHD/21 = o7

also by (32). Thus:

2%
= 227" (Ju, p(w)) + [u, c1 (W) + |, c2())) .

-2¢ 2—(2€+1) 2—(2€+1)
|u’ p(u)> + 2_(€+1) |u’ Cl(“)) + m'u, CZ(u)>

lwy) =+ |-

On the other hand, if £ € {n/2 +1, ..., n}, so that u is in the right tree, we have (u, p(u)) € Ez¢:1,
so:

O(u,p(u)) = — 9—(2n+2-2£-1) g \/Wu,p(u) = \Wage1 = o= (n+2-[(2£+1)/21) _ 2—(n+1—£)’

|E2p+1]

and fori € {1, 2}, (ci(u),u) € Eqy, sO:

1
Q(U, Ci(U)) — —Q(Cl'(U), U) — _m — _2—(2n+2—2€) and \/Wu,ci(u) — \/WZE — 2—(n+2—|_%-|) — 2—(n+2—€).
2¢
Thus
—(2n+1-28) _9—(2n+2-2¢) _o—(2n+2-2¢)
(wy) =+ _WW’ p(w)) + WW, c1(u)) + WW, c2(u))

= 72" (Ju, p(w)) + |u, c1 (W) + u, c2(w))).
Thus, letting {v1, vo, v3} = {p(uw), c1(w), co(u)} withvy; < vy <vs,forany € € {1,...,n},ifu € Vy,,

we have: |wy) « |u, v1) + |u, va) + |u, vs). u

Then we have the following.

LEMMA 4.7. Let wy = Wy. Suppose M = {t}, and let |w) be as defined in (41) with respect to the
flow defined in (42). Then |w) is a 0-positive witness (see Definition 3.5) with:

1wl

Twlgoye ~ O Mor):
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PROOF. To show that |w) is a 0-positive witness, we must show that it is orthogonal to all
states in ¥ U W3, For (u,v) € 75)(6), it is clear from the definition of |w), and the definition of
|Wuy) = |u,v) —|v,u) (see (38)) that (w|y,,) = 0.

We next check that (w|w§' (u)) = 0 for all u € V(G), which follows from the fact that 6 is a
circulation on G’. First, suppose u € V(G) \ {s, t}:

widay= S 2V vt Y WD) see (34

AWy v
(wv)EE(G) Y verl'(u)
= > 0wV (DM@ vlw vy + > 0(v,u)(=1) (u, v, v)
vel'*(u) vel'~ (u)
= ) 0w+ Y (8w = ) 6wv),
vel+(u) vel'— (u) verl'(u)

where we used the fact that (-=1)%+ =1 when v € I'*(u) and (1) if v € T~ (u), and the fact that
O(v,u) = —0(u,v). This is 0 whenever 6 is a circulation (see Definition 2.2), so we now simply
check that 6, as defined, is a circulation (at least on vertices other than s and t). Suppose u € Vi
for some k € {1,...,n}. Then u has three neighbours: a parent p(u) € Vx_1, and two children
c1(u), co(u) € Viiq. We have

1 1 1
O(u,p(u)) =-0(p(u),u) =———, and O(u, cy(u)) = 0(u,cz2(u)) = = ,
(1, p(w) = =0(p(w), 1) = =y and O €1() = 0w (W) = T =
and thus
0(u, p(w)) + 0(u, c1(w)) + 6(u, c2(w)) = 0.
The case for k € {n+1,...,2n} is nearly identical. We still need to check orthogonality with

1¥S (s)) and [ (t)). Suppose t has children u; and u,. Then for i € {1,2}, (u;, t) € Ezps1, SO
since 2n+1 =1 mod 4 (we are assuming n is even), we have (u;, t) € f)(G) (see (31)). Thus,
referring to (37),

(ol () = (VI vo) = 3l ) ~ 316 )

~Ceoltvor = Y A (Gl + 0o () + 3l

VW
(u,v)eTE)(G) v
O(uq,t) 1 O(uy, t)1
=1- _<ts ul|t9ul> - _<ta u2|t9u2>
‘\,Wul’t 2 Wuz’t 2
_1_ YlEanall 1/IEnnall _ 1/2

VWt 2 AW 2 \p2mweT@nD)/2]) =0
by (32). This is also simply following from the fact that 6 is a circulation. A nearly identical
argument works for | (s)).
It Thus, only remains to show orthogonality of |w) with the states of ¥ that are not star
states of G’. The only such states are those in (36) (some of which are also star states of G’).
By Claim 4.3, it is sufficient to show orthogonality with the states |$j (u)), for j € {1,2} and
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U € Veven \ {s}. Then letting v; < vy < v3 be the neighbours of u, and appealing to Claim 4.6:
V3P, () = wal (Jit v1) + 0}l v2) + 03, vs)
ot ((val + (wval + (w,val) (I, v1) + @it va) + 03 1 va) ) o 1+ 0]+ 0 = 0.

Since we can also immediately see that: |[{(w|(g)|*> = 1/wo, |w) is a positive witness. To
complete the analysis of its complexity, we have, using Wy = Wy, and the fact that all edges in
Ex have the same weight, wi (see (32)), and flow, B

E B
2n+1
1 6(u, v)2
Iw)l2 = — +2 2,8
Wo Z—> Wy, Z |Ek|2
(u,v)€E(G)
2 n 1 1 2n+1 1 1 5
- W_O 2 ; ﬁm +2 kzl 22n+2-k 9-2(n+2-[k/2]) = W_O + O(n). ]
= =n+

REMARK 4.8. The reader may wonder why the weights change by a factor of 4 every two
layers, rather than by a factor of 2 every layer. If we set all the weights to 1, the positive witness
size is constant, while the negative witness size is exponential. If we change weights by a
factor of two at each layer, the negative witness size is constant, whereas the positive witness
size is exponential. With the setting of weights that we have chosen, both witness sizes are
linear in n (up to scaling by wg). This setting of weights and edge directions creates a perfect
duality between positive and negative witnesses. For vertices u € V,qq, we include the star
state, which is proportional to |$0(u)) (see Claim 4.3) in ¥, so the flow through u must be in
span{|¥!(w)), [¥2(u))}. Conversely, for vertices u € Veyen, We include span{|9t(w)), |[$2(w))} in
WA 50 the flow through u must be proportional to [°(u)).

Conclusion of Proof: We now apply Theorem 3.8 to conclude the proof of Theorem 4.1. By
Lemma 4.7, there is some constant c¢ such that setting wy = 1/(cn), whenever M = {t}, there

exists a positive witness |w) with

Tw) |

Tl = & =0

Then by Lemma 4.5, there is some
C- = 0(n/wo) = O(n*)

such that whenever M = 0, there exists a negative witness with |||w#)||*> < C_. Then since
the initial state can be prepared in S; = 0 queries and S = O(n) time, and by Lemma 4.4, the
unitary can be implemented in O(1) query to Og, and O(n) time, the phase estimation algorithm
distinguishes between the cases M = 0 and M = {t} in

o) (O + C_) =0(n) and O (n + \/an) = 0(n?)
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queries and time respectively.

Removing the Assumption that u € Ve,en can be Checked: We do not actually require an
extra assumption that the algorithm can efficiently check, for a vertex u, if it is in Veyen Or Vyggq.
Intuitively, this is because if a walker starts at u, she can always keep track of the parity of the
distance from u, by keeping track of a bit that is initially 0, and flips every time she takes a step.
More precisely, we can define a graph Gy as follows:

V(GO) = Veven X {0} U Voad X {1}
E(Go) = {{(w,0), (v, 1)} : {u, v} € E(G),u € Veven},

so that a walk on Gy is like a walk on G, except that there is a bit indicating which of the two
independent sets we are in, which we flip at every step. To find the neighbours of any vertex
(u, b), simply query Og and append b & 1 to each of the three returned strings. We let (s, 0) and
(t, 1), which are both in V(Gy), take the places of s and t.

5. k-Distincthess

Fix any constant k. Formally, k-distinctness is defined as follows. Given an input x € [q]",
for some q € poly(n), decide if there exist distinct a;,...,ax € [n] such that x4, = -+ = Xg,,
called a k-collision. A search version of this problem asks that the algorithm find a k-collision
if one exists. The search and decision versions are equivalent up to log factors, so we focus
on the decision version. The main result of this section is a quantum algorithm that solves
k-distinctness in 5(n‘§1_%2k1_—1) time complexity (see Theorem 5.16) for any k > 3, which is a new
result for k > 3. As a warm-up, we describe the k = 3 case of our algorithm in Section 5.2, before
giving the full algorithm in Section 5.3. First, we describe some assumptions on the structure of
the input in Section 5.1.

51 Assumptions on the Input

We assume that either there is no k-collision, or there is a unique k-collision, ay, ..., ax € [n].
This is justified by the following lemma, which follows from [4, Section 5].

LEMMA 5.1. Fix constants k > 2 and A € [1/2,1). Let A be an algorithm that decides k-
distinctness in bounded error with complexity O(n*) when there is at most one k-collision. Then
there is an algorithm A’ that decides k-distinctness (in the general case) in bounded error in
complexity O(n?).
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This fact has been exploited in nearly every quantum algorithm for k-distinctness. Another
standard trick is to assume that [n] is partitioned as:

[n]=A1U---UAk

such that the unique k-collision (ay,..., ax), (if it exists) is in A X --- X Ax. Towards fixing
Problem 1 from Section 1.3, we further partition each of A,,..., Ax—1 as

A=AV u.ualm

for some m,. We will choose these partitions as follows. Fix a d-wise independent permutation
T:[n] — [n],ford = logzk_1 (n) that is both efficiently computable, and efficiently invertible
(see Definition 2.10 and the discussion below). For ¢ € [k], define:

Ap={t(i):ie{(L-1)n/k+1,...,¢n/k}}

and for j € [my], define:
AD =L@y riele—Dnjk+(G-1)——+1,..., (£ = Dn/k+ j——t 1 43)
¢ kmg kmg
Then we will make use of the following facts:

LEMMA 5.2. 1. Foranyi € [n], we can check to which A(gj) it belongs in polylog(n) complex-
ity.
2. For any £ € [k], we can generate a uniform superposition over A,, and for any j € [m,], we
can generate a uniform superposition over AY ), in polylog(n) complexity.
3. Prla; € Ay,...,ax € Ax] = Q(1).

PROOF. Since d € polylog(n), we can assume (see discussion below Definition 2.10) that both
7and 77! can be computed in polylog(n) complexity. Then for Item 1, it is enough to compute

7 1(i).
For Item 2, we describe how to perform a superposition over {7(i) : i € {¢,...,r}} for any
integers ¢ < r. First generate the uniform superposition over the set {¢,...,r}, and compute 7

in a new register, to get (up to normalization) };}_, [i)|7(i)). Then uncompute the first register
by computing 77! of the second register and adding it (bitwise, mod 2) into the first.

Finally, Item 3 follows from the d-wise independence of 7, since d > k. u

For any disjoint subsets of [n], Sy, ..., Sy, define:
K(S1,...,80) ={(i1,...,1p) €S X XSp:Xj, = =X, }. (44)
Then without loss of generality, we can assume that for each Aj.g), K(Ay,..., A j_1,A§.€)) -

O( |A§.€) |), because we can simply pad the input with ©(n) extra (k — 1)-collisions, evenly spread
across the blocks.
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5.2 Warm-up: 3-Distincthess Algorithm

In this section, we prove the following upper bound on the time complexity of 3-distinctness.

THEOREM 5.3. There is a quantum algorithm that decides 3-distinctness with bounded error in
0(n®'7) complexity.

This upper bound is not new, having been proven in [12], but its proof in our new framework
is a useful warm-up for Section 5.3, where we generalise the algorithm to all constants k > 3.
Throughout this section, O will surpress polylogarithmic factors in n.

Our algorithm will roughly follow the one described in Section 1.3, but with the modi-
fications, also briefly mentioned in Section 1.3, needed to circumvent the problems with the
approach, for which we need our new Mutltidimensional Quantum Walk Framework, Theo-
rem 3.10. We start by setting up these modifications, before formally defining the graph that
will be the basis for our quantum walk algorithm, and then performing the necessary analysis
to apply Theorem 3.10.

Recall from Section 1.3 that the basic idea of our quantum walk algorithm is to walk on
sets R = (R1,R,) where Ry C A1 and R, C A,.

Towards Fixing Problem 1: The first problem identified in Section 1.3 is that |R,| is larger
than the total time we would like our algorithm to spend, meaning we do not want to spend
|R,| steps sampling and writing down the set R,. To this end, we have partitioned A, into equal
sized blocks:

A=A U ual™,

(see Section 5.1 for details of how this partition is chosen). We redefine R, as follows: whenever
we want to choose a subset of A,, we do so by selecting R, C [m3], which encodes the subset of
Ay

We choose mj so that |A§j)| = S—r’}lz is large enough so that for a random set R; of size ry, the
expected size of K(R1, Agj )) is constant, so we set m, = O(ry). Finally, we choose t; = |R;| so that
IRy| = tzs—,’,’12 is the desired size of R, (denoted r, in [9]) and for consistency also define t; = r;.
We will find that the optimal parameter settings are t; = n°/7 and t, = n*/7 (so my = ©(n®/")).

Towards Fixing Problem 2: In order to solve the second problem discussed in Section 1.3,
following a similar construction in [9], each of R and R, will be a tuple of disjoint sets, as follows.
We have R = (R1({1}),R1({2}),R1({1,2})) where R1({1}), R1({2}), and Ry ({1, 2}) are disjoint
subsets of A, of size t1; and Ry = (R2(1), R2(2)), where R,(1) and R,(2) are disjoint subsets of
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[m] of size t; (note that this alters |R1| and |R;| by a constant factor), meaning for s € {1, 2},
Ry(s) := U Ag)
JER3(s)
are disjoint subsets of A, of size tzg—r’r‘lz. We also use R; and R, to denote the union of sets in the
tuple, so for example, j € R, means j € Ry(1) U Ry(2). For a vertex labelled by R = (R4, R,), we

maintain data with the following components. We query everything in R4, so for S € 2{1:2} \ 0,

we define:

D1(R1(S)) == {(i1, x;)) 1 i1 € R1(S)}
D1(R) := (D1(R1({1})), D1(R1({2})), D1(R1({1, 2})))
and for s € {1, 2} define
Dy(R2(s)|R1) = U {(i1, iz, Xi,) : iz € Ry(8),11 € R1(S), Xy, = X3, }
SC{1,2}:s€S (45)
Dy(R) = (D2(R2(1)|R1), D2(R2(2)|R1)).

Finally we let
D(R) := (D1(R), D2(R)).

So to summarise, we query everything in R;, but we only query those things in R, that have a

collision in Ry, and even then, not in every case: if iy € R,(s), we only query it if it has a collision

with R1({s}) or R1({1, 2}) (see Figure 2). This partially solves Problem 2, because it ensures that

if we choose to add a new index i; to R1, we have three choices of where to add it, and either all

of those choices are fine (they don’t introduce a fault in D,(R)), or exactly one of them is fine.
For a finite set S, and positive integers r and ¢, we will use the notation

S S
(r(é’)) a (r, . ..,r) (46)
N
£ times

to denote the set of all ¢-tuples of disjoint subsets of S, each of size r. Finally, we define:

S + ? S
(r(t’)) = U ((r(l”—l),r+ 1, r(e-e')))’ 47)

=1
to be the set of all ¢-tuples of disjoint sets of S such that exactly one of the sets has sizer + 1,
and all others have size r. We let u(S) denote the smallest element of S.

5.21 The Graph G

We now define G, by defining disjoint vertex sets Vo, V, V1, V2, V3 whose union will make up
V(G), as well as the edges between adjacent sets.
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Vo: We first define
. . . A1 [mZ]
Vo := { Vg, r, = (0,R1,R3, D(R1,R2)) : (R1,Rz) € NGTRe ¢(2) (18)
1 2

on which the initial distribution will be uniform: a(vg1 Rz) = ﬁ We implicitly store all sets
including Ry, R; and D(R1, R;) in a data structure with the properties described in Section 2.3.
This will only be important when we analyse the time complexity of the setup and transition

subroutines.

Vo and E; c Vo x V;: Next, each vertex in V; will be labeled by a vertex in Vp, along with an
index i; ¢ R, that we have decided to add to one of R1({1}), R1({1,2}) or R1({2}). We have not
yet decided to which of the three sets it will be added, nor added it.

VJ = { gl,Rz,h = ((O, +),R1,R2,D(R1,R2), l1) . VJ(F)h,Rz € Vo, 11 € Aq \Rl} ,

so |[Vy | = [Vol(n/3 — 3ty). (49)

There is an edge between v} € V, and V}(!)?,il € V§ for any i1 € Ay \ Ry, and for any V?e,il e Vy,
vg € Vp is its unique in-neighbour, so we define edge label sets (see Definition 2.3)

L*(v}) := A1\ Ry and L™(vy;) :={<1},

and let f‘;é(il) =V} ,-and f; () = v}. Here we have added the superscript + (respectively -)
R,il

to denote the restriction of fvg to L+(vg) (respectively L‘(vg il))' By writing f‘:g (iy) and fvg (),
’ R R,ig

we emphasise that the index i is an element of L+(vg) and the index « is an element of .~ (vg il)'

We stick to this notation convention for the rest of the section.

We let E be the set of all edges,
E} = {(vg, V?e,il) VY e Vo, ip € Ay \R1},
and set w, = w] = 1 for all e € E]. This together with (49) implies that
I3l = Vg1 = Vol (n/3 - 3t1). (50)

Note that we break the move from V; to V1, where we add some i; to one of the sets R ({1}),
R1({2}) or R1({1, 2}), into two steps: First we select an index i; to add — that’s the step we have
just described, from Vy to V. Next, we choose one of the three sets and add i; there — that’s the
step we are about to describe, from VJ to V1. The reason we do this in two steps is that we will
use the alternative neighbourhoods trick to ensure we can efficiently implement the second
step, only adding i; to a set where it won’t cause a fault, despite not being able to efficiently
decide which sets these are. It is useful to have this somewhat more complicated-to-implement
part of the walk isolated, in vertices of constant degree, as the vertices of VJ will be. Note that in
defining the graph, as we are currently doing, this complication does not appear, except that the



60 / 104 TheoretiCS S. Jeffery, S. Zur

reader may notice that it looks difficult to implement a step of the walk from V; - it is indeed
more complicated, requiring the use of alternative neighbourhoods later. Let us continue with
the description of the graph.

V,and E; C Va’ X V4: Continuing, vertices in V; represent having added an additional index to
R4, so we define:

ot , Ar\"  ([m2]
Vl(s) = VRLRZ = (1’ R1,R27D(R1’ RZ)) . (Rl) RZ) € t(3) X t(z) ’ |R1(S)| =t + 1 ’
1 2

vy = U Vi(S)
Se2{1.2h\ {0}
n/3 m n/3—3t n/3 m n-—9t
so |Vi| =3 / 2| _gn/3=3ul 2] = Vol (51)
t1 +1,¢t1,t1) \tg, b t1+1 t1, t1,t1 /) \to, to t1+1

0
R,i

to which part of R; it should be added. A transition to a vertex in V; consists of choosing an
S € 21121\ {0} and adding i; to R1(S), so

For a vertex v € VJ we have chosen an index i; to add to Ry, but we have not yet decided

L*(vy,) =210\ {0},

and f‘é)il (S) = V%w where R’ is obtained from R by inserting i; into R;(S). Note that not all of
these labels represent edges with non-zero weight, as we want to ensure that adding i; to R;(S)
does not introduce a fault, meaning that adding i; to R1(S) should not require that any collision
involving i; be added to D,(R).

Viewing transitions in E; from the other direction, a vertex v}e, € V1(S) is connected to
a vertex V??,il € V; if we can obtain R from R’ by removing i; from R/ (S), and if doing so does
not require an update to D, (R’), meaning there do not existany s € Sand i, € E/Z(S) such that

Xi; = Xi,. So for any v}, € V4(S), we let

L™(vh) :={iy e R(S) : As € S, iy € Ry(s) s.t. Xy, = X3, }
= {ll € R’1(S) . 3512 s.t. (ily iZ: Xil) € DZ(R,)}J

(52)

and fv‘1 (iy) = vg,\ Gy It is currently not clear how to define E1, the set of (non-zero weight)
R’ ’

edges between V; and Vi, because |V] - |L+(vg,l.1)| > V1] - L7 (v},)], so in particular, we cannot

assign nonzero weights wy; toallu € V;, i € L*(u), because that would make E; larger than

we have labels L™ for. We will instead assign non-zero weights w,, ; to those edges where v € V;

and j € L™(v). That is, define:

Ey = {(fv%,(iﬂ,wle') - (Vg'\{il},il’vfl?’) Ve € Vi € L_(Vll?')}

0
R,y

S € 21121\ {0} with w, g = 0 — namely those with f;1(u) ¢ L™(v) for v = f,(S). To investigate

and give weight w, = w; = 1to all e € E;. This means that foru =v;,. € V(;’ , there are some
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which S this applies to, we introduce for all vg i € Vg
T(Vy;) = {s€{1,2} : 3ip € Ry(s) s.t. X;, = X, } , (53)

soJ (V?z,il) consists of those s € {1, 2} where a fault occurs if i; is added to R,(S) such thats € S.
Note that since we assume the unique 3-collision has a part in As, i; can have at most one
colliding element in R,, and so it cannot be in both R,(1) and R,(2), which are disjoint. Thus,
I (Vge,za) c {1,2} —-soitis 0, {1}, or {2} (this heavy-handed notation is overkill here, but we are
warming up for k-distinctness, where it is necessary). We now have the following:

LEMMA 5.4. Let R° be obtained from R by inserting i, into R1(S). Then

RS<—i1

0
o () B 1 €270 ).

wi=1 ifSNI(vy,)=0

So for all vy, € Vg, and § € L*(vy ), oS T { 0 else

PROOF. Let E’ be the right-hand side of the identity in the theorem statement, so we want
to show E; = E/. Fix any V??,il € ViandS € g L2 (V) \ {0}, and let R” = RS, Then since
SN I (vgy) =0, by definition of 7 (vg;,) there does not existany s € Sand iy € R’Z(s) such that
Xi, = Xi,- Hence, L™ (v},), which implies E; C Ej.

For the other direction, fix any v}e, e V1(S)and iy € L‘(v}z,). Since i; € R{(S), we have
vg,\ (i).a € Vo and (R {i1})5<" = R’. Since by definition of L™ (v},) there does not exist s € S and

Iy € F’z(s) such that x;, = x;,, we immediately have SN 7 (Vg/\(3,},;;) = 0. This implies E; C E]. =

From (49) we now have:
|E1] < 3|Vg| = 3|Vo|(n/3 - 3t1). (54)

V, and E, c V; x V,: Vertices v}? € V1(S) represent having added an additional index i; to
R1(S), so |R1(S)| = t; + 1. A vertex "zzel,R'z € V, is adjacent to v}, if R/, is obtained from R, by
adding j,» ¢ R, to R,(s) for some choice of s € {1, 2}. We will not let this choice of s be arbitrary
though and instead, in order to simplify things in the more complicated k-distinctness setting,

we require that j; be added to R, (u(S)), where u(S) denotes the minimum element of S.

Vz(S) :

2 Ay ¥ [mZ] *
{VR =(2,R,D(R)) : R € (t(s)) X ( (2 ) IR1(S)] =t + 1, [Ra(u(S)] = t2 + 1},
1 2

U 72(S).

Se2i12h\ {0}

Vs

This means that

n/3 )( mo ):Sn/S—Stl( n/3 )mz—th(mz): (nmz

Ol—=|Vl||. (55)
t1+1,t1,t1/)\t2+ 1,8 t1+1 t1,t1,t1] top+1 \ty, b

Vol =3
V5| ( ve
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We move from vll2 eVjto vlzz, € V; by selecting some j, € [m3] \ R, to add to R; and from vlze, to
V3 by selecting some j, to remove from R, so for v € V41(S) and v4, € V5(S), we let

L*(v}) = [mz] \ Ry and L™(v}) := Ry(u(S)).

The sets L+(v112) and L‘(v}e) (defined in (52)) should be disjoint, but this does not appear to be
the case. To ensure this, we implicitly append a label < to every label in L™ (u) for any u, and —

to every label in L*(u). We let f;};Q (j2) = v; when v} € V1(S), and fo (o) = Vllel,R’Z\{jz}'
1

u(S)=jz
R, Ry.R)

Accordingly we define E,(S) to be the set of all such edges:

Ey:= U {(VE, v; 1) 1 Vg € Vi(S), jo € [ma] \ R}
se2(12)\ {0} v

1 2 g2 :
- U {(VRl,R’z\{jz}’VRl,R;) VR, ry € V2(S), J2 € Rz(y(S))} _
Se2{L2}\ {0}

We set w, = wy = \/n/m; for all e € E,, and observe, using (51), that:

(my — 2t2)(n — 9ty)

Eol = (my — 2t9)|V4| =
|E2| = (my 2) VAl —

|Vol. (56)
The Final Stage: Vs and E3: The last stage is very simple, as every vertex in V3 represents
having added an additional index to each of Ry, R, and chosen some i3 € As:

V3 = {VZLRZJB = (3,R1,R2,D(R1,R2), lg) . vlzh,Rz € Vz, i3 € Ag}.

There is an edge between v; € V; and v} ;, € Vs for any i3 € A3, and for any vy i € Vs, V3 is its

unique (in-)neighbour, so we define
L*(vp) == Azand L(vy, ) = L™ (v, ) = {<},

and let f‘;%(llg) =v3_,and fo ()= vi. We let E5 be the set of all such edges,

R,i3’
"3 R,ig

2 .3 .2 :
E; = {(VR, vR,ig) :Vp € Vo, 13 € Ag} s

and set w, = w3 = 1 for all e € E3. Then using (55) we observe

2

n n’m,

|E3| = =|V3] =0( |Vo|)- (57)
3 t1ty

The Graph G: The full graph G is defined by:

V(G) :V()UVJUV1UV2UV3
andf})(G) ={(uw,v) :ueV(G),i € L"(u),wy; # 0} =E{ UE; UE; UEj,

where the sets L*(u) are summarised in Table 1, and the condition under which w,; = 0 can be
found in Lemma 5.4. Non-zero edge weights are summarised in Table 2.
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u jeL (w fu (1) e L*(w) fa (D)
vy € Vo 0 i€ A1\ Ry vg,il
vg’il A — Vo | S e2tli {0} v}lesH.1
Vg €VI(S) | i1 € R1(S) 1 dg (i) =0 | vy v | J2 € [M2] \ Rz | V2,5,
VEEVy(S) | jo € Ry(u(S)) Ve | 3 € A3 VRis

Vzge,ig eVs — V3 0

Table 1. A summary of the vertex sets and the labels of edges coming into and out of each vertex.
Foreshadowing Section 5.3, we here define d;’(i1) to be 0 if and only if there is no i; € ses R2(s) such
that x;, = x;,. Here RF() 12 js obtained from R by inserting j, into R, (u(S)), where u(S) is the minimum
element of S. We remark that L= (v) and L*(u) should always be disjoint. To ensure that this holds, we
implicitly append a « label to all of L=(u) and a — label to all of L*(u).

Edge set Weights Complexity
EfcVoxVy| wi=1 TH=0(1)
EicVixVi| wy=1 T1=0(1)
E),CcVixVy |wy = \/I’l/mz Ty = 5(\/1’1/"’12)
Es C V3 X Vs ws =1 T3 = 0(1)

Table 2. A summary of the weights and complexities (see Section 5.2.3) of each edge set.

The Marked Set and Checking Cost: In the notation of Theorem 3.10, we let Vy = V3, and
we will define a subset M C V3 as follows. If (aq, az, as) € A1 X Ay X As is the unique 3-collision
(see Section 5.1), we let

M = {Vf’el,Rz,ig € V3:35 € 28\ {0}, st ay € Ri(S), az € Ry (u(S)), a3 = is}, (58)

and otherwise M = (. Recall that vzl Rois = (3,R1,Ry, D(R1,R5), i3), where D(Rq, Ry) includes

Dy(R), defined in (45), storing all pairs (i, iz, X;,) such that x;, = x;, and 35S € 2{% ands € S
with iy € R1(S) and iy € R,(s). Thus, we can decide if stel Roiis € V3 is marked by querying i3 to
obtain x;, and looking it up (see Section 2.3) in D, (R) to see if we find some (iy, iz, X;,), in which

case, it must be that a; = iy, a; = i; and as = is. Thus, the checking cost is at most

C =0(logn). (59)
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5.2.2 The Star States and their Generation

We define a set of alternative neighbourhoods for G (see Definition 3.9). For allu € V(G) \ V,
we define ¥, (u) = {|¢$ (u))}, which by Table 1 is equal to the following: foru =v9 , €V,

R1,R;
WSy = > WV, g in); (60)
i1€A1\R1
for u=vy o € Vi(S),
|¢§(u)> = - Z VW1|V}121’R2’ —, ll> + Z VW2|V1131,R2’ —, ]2)9 (61)
ileRl(S): jZE[mZ] \RZ

Ay, (i1,12,Xi;) €D (R)

foru=vj p €V2(S),'
WSy == > VWalVh g, ied + Y VWalVE g, o, is); (62)
J2€R2(u(S)) iz€A3
and finally for u = Vzl,Rz,is € Vs,
WS (W) = ~VWalv3 i) (63)
From Table 1, as well as the description of w from Lemma 5.4, we can see that for u =
Vai € V5,

WS = —wglw oy + > Nl Sy,

S1C{1,2}\7 (u):81#0
To generate this state, one would have to compute 7 (u) (see (53)), which would require finding

any iz € Ry such that x;, = x;,, which is too expensive. Hence, we simply add all three options,
for possibilities 7 (u) € {0, {1}, {2}} (see also Figure 3), to W, (u):

W () = {900) 1= Wil )+ VWalu, (11) + Vet {1, 23) + VWil (2}),
98 (W) 1= Jwhlu, <) + VWl {2}), (69)
92 @) = Wl <) + Wl (1))} 3 1S (w)).

Note that it is important that each state in Uuevg ¥, (u) (and therefore each |$ (u))) have at least
one outgoing (i.e. forward) edge. Otherwise, it would be impossible to satisfy P2 of Theorem 3.10
(or equivalently, Item 2 of Lemma 5.14). This is satisfied because 7 (u) is always a proper subset
of {1,2}.

We now describe how to generate the states in | ey () P (w) in 0(1) = polylog(n) com-
plexity (see Definition 3.9). We will make use of the following lemma.

16 Here we explicitly include the — and « parts of each element of L*(u) and L™ (u), which are normally left implict, in
order to stress that the first and second sum are orthogonal.
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LEMMA 5.5. Let V' C V(G) \ Vo U Vjy be such that there exists some constant c such that for all
ueV’,L(u) C{0,1}¢. Suppose forallu e V’,

Pu(u) = {[)]¢e) : € € [d']}

for some constant d’, and states |¢,) € span{|j) : j € {0,1}¢}. Then for some d < d’, there is an
orthonormal basis ¥ (u) = {|$u,1>’ e, @u,d)} for span{W¥4(u)}, for each u € V', and a map U,
that can be implemented in cost O(1) such that for allu € V' and ¢ € [d], U, |u, £) = @u’g).

PROOF. First note that by the assumptions we are making, d := dim span{¥,(u)} forallu € V’,
and d is a constant. Fix any orthonormal basis {@1), ey |$d)} for span{|¢,) : £ € [d’]}, which s
independent of u. Since the basis lives in a constant-dimensional subspace, the map: C4 : |€) —
|$€) acts on a constant number of qubits, and so can be implemented in O(1) elementary gates.
We complete the proof by letting U, = I ® Cy, and observe that: U, |u, £) = |u>|$g) =: @u,e)- u

LEMMA 5.6. The states W, = {Wx(u) }uev(c) can be generated in 0(1) complexity.

PROOF. The description of a vertex u € V(G) begins with a label indicating to which of
Vo, VJ , V1, Vy, V3 it belongs. Thus, we can define subroutines Uy, Uy 4+, Uy, Uz, Us that generate the
star states in each vertex set respectively, and then U, = Z%zo |€) (€| ®Ug+10,+)(0, +| ® Up 4+ will
generate the star states in the sense of Definition 3.9.

We begin with Uy. For v € Vo, we have W, (v)) = {|$$(v%))}, where [p$(v3)) is as in (60).
Thus, implementing the map Uy : [v3)[0) —oc [§(v9)) is as simple as generating a uniform
superposition over A1, and then using O(log n) rounds of amplitude amplification to get inverse
polynomially close to the uniform superposition over A; \ R;.

For Uy ., since all V?e,il € V; have the same star states, modulo V?z,il itself, with constant-sized
label set L = {{1}, {2}, {1, 2}, <}, we can apply Lemma 5.5, to get a Uy , that costs O(1).

We continue with U;. For v} € V;, we have W, (vy) = {|Y§(v3))}, where [¢§(vz)) is as in
(61). Thus, to implement the map U; : |u)|0) +—oc |1,b§(u)), we first compute (referring to Table 2
for the weights):

14,0) o ) (—yWa] ) + VW] =) 0) = [u) (=] ) + (n/m) /4 =) [o),

which can be implemented by a O(1)-qubit rotation. Then conditioned on «, generate a uniform
superposition over i; € R1, and then use O(logn) rounds of amplitude amplification to get
inverse polynomially close to a superposition over i; € Rq such thatthereisno (iy, iz, X;,) € D2(R).
We have used the fact that our data structure supports taking a uniform superposition (see
Section 2.3). Finally, conditioned on —, generate a uniform superposition over j, € [mz] \ R».

The implementation of U, is similar, but instead (see (62)) we perform a single qubit
rotation to get —y/wz| <) + v/w3| —) in the last register, and then conditioned on the value of
this register, we either generate a uniform superposition over R, (u(S)) or As.
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Finally, referring to (63), we see that the implementation of Us; is trivial. We Thus, conclude
that U, can be implemented in O(1) = polylog(n) complexity. |

5.2.3 The Transition Subroutines

In this section we show how to implement the transition map |u, i)—|v, j) for (u,v) € T—?)(G)
with i = f;1(v) and j = f,(u) (see Definition 2.3). We do this by exhibiting uniform (in the
sense of Lemma 2.6) subroutines S7, S1, Sy, S3 that implement the transition map for (u, v)
in EJ, E1, E,, E3 respectively (defined in Section 5.2.1) whose union makes up 75)(6). In Corol-
lary 5.12, we will combine these to get a quantum subroutine (Definition 2.5) for the full

transition map.

LEMMA 5.7. There is a uniform subroutine S; such that for all (u,v) € E{ withi = f1(v) and
j=ft(w, S maps |u, i) to |v, j) with error 0 in complexity Ty, = T} = 5(1).

PROOF. For (v, v} i) € Ej, S§ should implement the map:

V3, i1) > [V, )

= |(0,R,D(R)),i1) — |((0,+),R, D(R), 1), <).

Itis easy to see that this can be done in polylog(n) complexity (and is therefore trivially uniform):
we just need to do some accounting to move i; from the edge label register to the vertex register,
and update the first register |0) — [(0,+)). u

LEMMA 5.8. There is a uniform subroutine S such that for all (u,v) € E; withi = f;1(v) and
j = £ (u), Sy maps |u, i) to |v, j) with error 0 in complexity T, = T; = O(1).

, €V (S), 81 should implement the map:

Rl’RZ’il,

0 1 1
PROOF. For (v vR;,Rz) € E{, where VR'l,R

0 1 .
|VR1,R2,i1’ S> = |VR1,R2’ ll>

= |((09 +)!R1:R2,D(R1!R2):i1):s> = |(1:R/1;R2:D(R’1:R2))’i1>'

To implement this transition, we need only insert i; into R1(S), query i; to obtain x;, and update
the data by inserting (ij, X;,) into the D, (R) part of D(R1,R2) = (D1(R), D2(R)) (see Section 2.3).
Note that we do not attempt to update the D, (R) part of the data by searching R, for collisions

with i;. If there is some s € S and iy € Ry(s) such that Xi, = Xi,, then by definition of Ej,

0
R1,Ry,iy’°

size t; + 1, account for the moving of i; from the vertex register to the edge label register, and

V}QE’RZ) ¢ Eq. To finish, we uncompute S by checking which of the three parts of R, has

map |(0,+)) to |1) in the first register. The total cost is polylog(n). u
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We now move on to Sy, which is somewhat more complicated. For (vj_}21 Ry’ vlz_\,1 z) € Ea,
b o

where v}2 € V1(S), and R, (u(S)) = R2(u(S)) U {j2} for some j, € [my] \ Rz, S, should act as:

1 : 2 :
|VR1’R2’ ]2> = |VR1’R’21 ]2>

= |(1’R1’RZ’D(R1’R2)): ]2> = |(2’R15R,2,D(R1’R,2)): ]2>

(65)

The complexity of this map, which we will implement with some error, depends on |K(R1, Ang))l
(see (44)), the number of collisions to be found between R, and the block Ag 2), which is implicitly
being added to R, by adding j, to R,. Lemma 5.9 below describes how to implement this
transition map as long as there are fewer than ¢35 log n collisions to be found for some constant
Cmax- FOr the case when |K (R4, Ang) )| = Cmax log n, we will let the algorithm fail (so there is no
bound on the error for such transitions). That is, we let:

~

E:= {(v;, vﬁ,) € Ez : |K(R1, AU?)| > cpaxlogn, where {j,} = R} \ Rz} : (66)

LEMMA 5.9. Fix any constant k. There is a uniform subroutine S, that implements the transition
map that maps |u, i) to |v, j) for all (u,v) € E; \ E, with error O(n™®), in complexity T, = Tz =

O(\/n/my).

PROOF. To implement the map in (65), we need to insert j, into R, (u(S)) to obtain R/, update

D, (R) to reflect this insertion, and increment the first register. All of these take polylog(n)

complexity, except for updating D, (R). To update D, (R), we need to search Agm —the new block

we’re adding to R; — to find anything that collides with R;. Since the number of such collisions is

less than cpax log n, we can do this using quantum search, which is uniform, with error O(n™)
. : : 2 : (J2)| _

for any desired constant k in complexity O(/n/mylog” n), since |A,”*’| = y/n/ms. u

LEMMA 5.10. For any constant K, there exists a choice of constant cymax Sufficiently large such
that |E| < n™%|E;,|.

PROOF. By Lemma 2.8 (or as a special case of Lemma 5.21), for every j, € [my], if R; is uni-
formly random from (;?3‘1) ), there exists a constant cmax such that Pr[| K (Ry, AEJZ)) | > cmaxlogn] <
1

n~X. It follows that the proportion of edges in E, that are in E is at most n¥, u

LEMMA 5.11. There is a subroutine Ss such that for all (u,v) € Ezwithi = f;1(v) and j = f,(u),
Ss maps |u, i) to |v, j) with error 0 in complexity T, = O(1).

PROOF. The proofis identical to that of Lemma 5.7. ]

In order to apply Theorem 3.10, we need to implement the full transition map as a quantum
subroutine in the sense of Definition 2.5.

COROLLARY 5.12. Let k be any constant. There is a quantum subroutine (in the sense of
g ~
Definition 2.5) that implements the full transition map with errors €, < n"* foralle € E(G) \ E,

and times T, = 5(1)for alle € 75)(G) \Ey,and T, =Ty = 5(\/n/mz)for alle € E,.
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PROOF. We combine Lemma 5.7, Lemma 5.8, Lemma 5.9 and Lemma 5.11 using Lemma 2.7. =

5.2.4 Initial State and Setup Cost

The initial state is defined to be the uniform superposition over V;:

1
o) = > ——=I[vR,p)-

VO EVO V |VO|

R{,Ry

LEMMA 5.13. The state |a) can be generated with error n™* for any constant k in complexity

525(t1+t2‘/miz).
[m2]

PROOF. We start by taking a uniform superposition over all Ry € (t?gl)) and R; € ( B ) stored
in data structures as described in Section 2.3, and querying everything in R; to get D;(R), which
altogether costs O(t; + t;). Next for each s € {1, 2}, we search for all elements of R, (s) that
collide with an element of R1({s}) or R;({1,2}). However, we do not want to spend too long
on this step, so we stop if we find ct; collisions, for some constant c. If we do this before all
collisions are found, that part of the state is not correct, but we argue that this only impacts a
very small part of the state. The cost of this search is (up to log factors) +/t2|Rz| = tzm.
For a uniform R; and fixed R,, the expected value of Z = |%X(R1,R»)|, the number of

R,|t tam-t
u=0(| 2'1)=0( = )=0(tz>,

since my = O(ty). Let ¢’ be a constant such that u < c’ty, and choose ¢ = 7¢’. Since Z is a

collisions, is

hypergeometric random variable, we have, by Lemma 2.8, Pr[Z > ct,] < e~ = o(n™¥) for any
K, since t; is polynomial in n. Thus, the state we generate is n~*-close to |g). u

5.2.5 Positive Analysis

For the positive analysis, we must exhibit a flow (see Definition 2.2) from V, to M whenever
M # 0.

LEMMA 5.14. There exists some R" = O(|Vy|™") such that the following holds. Whenever there is
a unique 3-collision (ai, az, az) € Ay X Ay X As, there exists a flow 0 on G that satisfies conditions
P1-P5 of Theorem 3.10. Specifically:

1. Foralle € E, 6(e) = 0.

2. Forallu e V(G) \ (Vo UV3) and |Yx(u)) € Wi (w),

Z O(w, fi (D) (Yx(Wu, i) Z 0w f D)) xWw i) _
ieL*(u) m ieL=(w) m

3. Yuev, O(u) = 1.

0.
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4 Yuev, b@-o@I® 4

o(u)

5 &7(0) <R

PROOF. Recall that M is the set of vfm € V3 such that for some S C {1,2}, a; € R(S), a; €
R,(u(S)) and az = i3. Let j* € [my] be the unique block label such that a, € Agj*). Then
a, € Ry(u(S)) if and only if j* € Ry(u(S)). Assuming M # 0, we define a flow 6 on G with all its
sinks in M. It will have sources in both V; and M, but all other vertices will conserve flow. This
will imply Item 2 for all correct star states of G, |w§(u)), but we will have to take extra care to
ensure that Item 2 is satisfied for the additional states in Wy (u) : u € V.

To satisfy condition P5 of Theorem 3.10, we must upper bound E7(0) = E(0") (see Defini-
tion 2.4), which is the energy of the flow 0 extended to a graph G', in which each edge of G in E,
has been replaced by a path of length T, = 5(\/m), and all other edges have been replaced
by paths of length O(1) (see Corollary 5.12). We define 6 on E?, E;, E, and Es stage by stage, and
upper bound the contribution to ET(0) for each stage.

Rg, Item 3, and Item 4: Let M, be the set of v%sz € Vp such that a; ¢ Ry, j* ¢ Ry, and for cpax
as in Lemma 5.10, |X (R4, Agj *))| < Cmax log n (see (44)). This latter condition is because we will
later send flow down edges that add j* to R,, and we don’t want to have flow on edges in E.
For all vy € Mo, let (v}, vy, ) = |Mo|~*. For all other edges in E;, let 8(e) = 0. Note that we can
already see that (u) = |Mo|™* for all u € My, so we satisfy Item 3. By Lemma 5.10, we know

that the proportion of R; that are excluded because | % (R, Agj *))I > Cmax lognis o(1), so we can

conclude: V|
0 t1 to
—=1+o()1+0|=]|[1+0[=]|]=1+0(2). 67
i = (o (10 () o[22 = 1o 7
Since g(u) = ﬁ, we can conclude with Item 4 of the lemma statement:

O(u) — g 1 1\* (v ?

Y 10w - o) :|V0|2(———) =(—' o —1) = 0(1).

o oW Mol [Vol) — \IMol

Usingw{ =1and T, = O(1) foralle € E{ (see Table 2), the contribution of the edges in E] to the
energy of the flow can be computed as:

. 0(e)* ~ 1\ _~(1
Ro = ZTe W _O(Z |M0|2)_O(|M0|)’ (68)

ecE} ueMy

since each vertex in My has a unique outgoing edge with flow, and the flow is uniformly
distributed.

R, and Item 2: Let M be the set of v} ;, € Vg such that vy € Mo and i1 = ay, so [Mj| = [My|.
These are the only vertices in V that have flow coming in from Vo, and specifically, the incoming

flow from V; to a vertex in M is ﬁ
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The only way there could be a fault adding a; to Ry would be if a; € R,, but we have
ensured that that is not the case. Thus, for each u € Mg , 2 (u) = 0, so there are three edges going
into V4 (labelled by {1}, {2}, and {1, 2}, all disjoint from 7 (u)) to which we can assign flow.

Item 2 is satisfied for all |l,bf(u)) :u e V(G) \ (Vo UV3) by virtue of 6 conserving flow at
all vertices in V(G) \ (Vp U V3) (we have not finished defining 6, but it will be defined so that
this holds). However, for u € VI, ¥, (u) = {|¢£(u))} rc{1,2) (see (64)) contains more than just
|¢§(u)>. When u € V; \ M, there is no flow through u, so Item 2 is easily seen to be satisfied
for all states in Wy (u). For u € M7, [¢S(u)) = |¢2(u)>, so the additional constraints we need to
take additional care to satisfy are those for |¢;{f} (w)) with s € {1, 2}:

W W, i) W (W, iy

0w, f; (1)) - 0w, £, (J))
ieLZf(u) \/VTl jeLZ;u) \/W—O
{s} {s} -
= e S iy (e BT e Table
se2(12)\ {0} Vi Wo
VL Vg
= 0(w, ff ({3 - s})~— - 6(u, f; see (64)
VWi Ws

= 0(u, v3—g}) + O(u,V°),

where V0 = f;7 («) is the neighbour of u in Vo, and vz_g, = f; ({3 — s}) is the neighbour of u in
V1 with edge labelled by {3 — s} (see Figure 8). So for s’ € {1, 2}, we must have:

1

0=0(u,viy) +0(u,v % =0(u, Vis}) — |M E

since 6(u, V%) = -0(v°, u) = To satisfy this, we set:

IMI

1

9(11 V{l}) = 9(u V{z}) |M |

meaning that all the flow that comes into u along edge (v°, u) must leave u along edge (u, v1}),
but it must also all leave along edge (u, vz)). However, we have now assigned twice as much
outgoing flow as incoming flow, so the only way for flow to be conserved at u is to also have ol M |
flow coming into u along edge (vy1,2;, U), SO we set:

1

O(u, vi1,2y) = —m-

This is shown visually in Figure 8. Using w; = 1 and T; = O(1), we can compute the contribution
of edges in E to the energy of the flow as:

N L 5(IM+I)

ueMg Wi |M0|2

o r512) =0 i)
0O 0O 69
(|M0|2 My (69)
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Vi1} V{1}
{1} {1}
0 u 0 u 0 u
{2} {2}
V{2} V{2}
WS (w)) = |92 (w)) 1w () i (w)

Figure 8. The three star states in W, (u), for u € V. Edge labels from L(u) are shown in blue. Arrows in
edges indicate the direction of flow. We have chosen the flow so that flow is conserved at v in G, which
can be seen by the fact that flow comes in on two edges, and leaves by two edges in the figure for
|$S(u)); but flow is still conserved if we restrict to either of the other two neighbourhoods, which is
necessary to satisfy Item 2 of Lemma 5.14.

R, and Item 1: Let M;(S) be the set of v}e € V1(S) such that a; € R(S) and j* ¢ R, and let
M, = M;({1}) UM;({2}) U M1({1, 2}), so |[Mq| = 3|My|. These are exactly the vertices of V; that
have non-zero flow coming in from V7, and in particular, for vll2 € M(S), the amount of flow
coming in from V; is (—1)|S||Mi1|,

the set R, (u(S)) to obtain R’:

and we will send it along the edge (v}z, vlze,) € E, that adds j* to

1

3
0 (Vll?, Vlze,) = (_1)|S|+1_ = (—1)|S|+1m.

IMq|

All other edges of E; will have 6(e) = 0. Using wy = y/n/my and Ty = 5(\/n/m2), we can compute
the contribution of edges in E, to the energy &' of the flow:

T 9 ~( 1
Rz = —| M| =0 (—) : (70)
Wy | M| | Mo|
We also note that by ensuring that there is only flow on v}? € V; when K(R4, Agj *)) is not
too big, we have ensured that the flow on the edges in E is 0, satisfying Item 1.

R3: Finally, let M, (S) be the set of vlz.(, € V,(S) such that a; € R1(S) and j* € Ry(u(S)), and let
M, = M,({1}) U M,({2}) U M2({1, 2}). These are exactly the vertices of V;, that have non-zero
flow coming in from V3, in the amount of (—1)*1|M,(S)|!. We send this flow along the unique
edge from v into V5 that adds i3 = as:

1

2 03 y_ o qySkH_ L s (1
O ) = (2D = (10 ).

Usingws =1and Ts = 0(1), the total contribution of edges in E3 to the energy of the flow is:

Ts 1 (1
R = —|M->|O =0|——1. (7D
3=, Ml (|M2|2) (IMoI)
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Item 5: It remains only to upper bound the energy of the flow by adding up the 4 contributions
in (68) to (71), and applying |Vo| = (1 + 0(1))| M| from (67):

~( 1 ~( 1
ETO) <RF+R{+Ry+R :o(—)zo(—). n
(0) < Ro+RatRat Rs = O\ ] =9y

5.2.6 Negative Analysis

For the negative analysis, we need to upper bound the total weight of the graph, taking into
account the subroutine complexities, WT(G) (see Definition 2.4).

LEMMA 5.15. There exists ‘W' such that:

2 2
WI(G) < W' < 5((n+ ’:— + ’:—) |v1|) .
1 2

PROOF. Recall that WT(G) = W(G') is the total weight of the graph G', where we replace
each edge e of G, with weight w,, by a path of T, edges of weight w,, where T, is the complexity
of the edge transition e. Thus, WT'(G) = 2iecE(G) TeWe. By Corollary 5.12, for all e € 75>(G) \ Eq,
Te = 5(1), and w, = 1 (see Table 2). Thus, using (50), the total contribution to the weight from
the edges in Ej is:

Wi = WS ESTE = 0 (n|Vy]). (72)

Using (54), the total contribution from the edges in E; is:
Wi = wq|Eq|T1 = O (n|Vol). (73)

The edges e € E; have T, =T, = 5(\/n/m2), by Corollary 5.12, so using w, = y/n/my and (56),
the total contribution from the edges in E; is:

~ n 2(my—ty))(n-9t n — (n?
W, :=wy|E|T, =0 (\/ (mz = 12)( 1)|Vo|\/—) =0 (—|Vo|) : (74)
mo t1+1 my t1

Finally, using (57) and the fact that m, = ©(t;), the total contribution from the edges in Ej is:

_ nz
Wg = W3|E3|T3 =0 (t_|VO|) . (75)
2
Combining (72) to (75), we get total weight:
~ n®> n?
WT(G)=WJ+W1+W2+W3=O((n+t—+t—)|VO|). ]
1 2

5.2.7 Conclusion of Proof of Theorem 5.3

We can now conclude with the proof of Theorem 5.3, showing an upper bound of O(n%7) on
the bounded error quantum time complexity of 3-distinctness.
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PROOF OF THEOREM 5.3. We apply Theorem 3.10 to G (Section 5.2.1), M ((58)), o the uni-
form distribution on V; ((48)), and W, (Section 5.2.2), with
~ n> n? ~
WT =0 ((n+ —+ t—) |V0|) and R" = 0 (|VO|—1) .
1 2

Then we have ) )

WIRT =0 (n + Ly "—) = o(n).
t1 ty

We have shown the following:

Setup Subroutine: By Lemma 5.13, the state |o) can be generated in cost S = 0 (t1 +t \/mzz)
Star State Generation Subroutine: By Lemma 5.6, the star states ¥, can be generated in 5(1)
complexity.

Transition Subroutine: By Corollary 5.12, there is a quantum subroutine that implements the
transition map with errors €, , and costs T, such that

TS1 Forall (u,v) € f(G) \ E3, €y, = 0. For all (u,v) € E;\ E (see (66)), taking k > 2 in Lemma 5.9,
we have €,, = 0(n™®) = o(1/(RTWT)).
TS2 By Lemma 5.10, using w, = y/n/m; and xk > 2:

_ n _Zm —ty)(n—-9t
Zwe_w2|E|<‘/ n|Ey| = «2(m; t123-(1 Divel by (56)

ecE

=0 (\/ﬁn"(n%) =0(1/R").
since my = O(ty).

Checking Subroutine: By (59), for any u € Vy;, = V3, we can check if u € M in cost O(1).
Positive Condition: By Lemma 5.14, there exists a flow satisfying conditions P1-P5 of Theo-
rem 3.10, with 87() < R" = O (|Vo|™).

Negative Condition: By Lemma 5.15, WT(G) < WT =0 ((n + L+ ) |VO|)

Thus, by Theorem 3.10, there is a quantum algorithm that decides if M = () in bounded error in

complexity:

/ / n>
O(S+ RT‘W =0|t;+ty n+—+— _O t1+t2 +\/ +—+_)
ty A/ NN

Choosing the optimal values of ¢t; = n®/7 and t; = n*7, we get an upper bound of O(n®/7). Since
M # @ if x has a unique 3-collision, and M = 0 if x has no 3-collision, the algorithm distinguishes
these two cases. By Lemma 5.1, this is enough to solve 3-distinctness in general. u
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5.3 k-Distinctness Algorithm

In this section, we generalise the 3-distinctness algorithm from Section 5.2 to prove the following.

THEOREM 5.16. Let k be any constant. There is a quantum algorithm that decides k-distinctness
~( 3.1 1
with bounded error in O (n4 4 zkl) complexity.

Throughout this section, O will surpress polylogarithmic factors in n. We use the assumptions
on the input defined in Section 5.1, including partitioning [n] into A1 U --- U Ak, and each Ay,
for £ € {2,...,k — 1} into blocks Agl) U---uU Agme) of size kime Additionally, for the uniformity
of our notation in this section, we choose to also partition A; into blocks Agl) U---U Agml) of
size kLml By choosing m; = % = |A4], this becomes the trivial partition, where each block is of
size 1. A summary of the parameters of the algorithm appears in Table 3.

Tuples of Sets: Fix constants cy, ..., cx_1 and parameters ty, ..., ty_1 as in Table 3. The vertices
of our graph are labelled by setsR = (Ry,...,Rk-1), where each Ryisatupleofc;...cp—1(2—-1)
disjoint subsets of [m,] of size t,:

Ry = (Re(s1, -, Se-1, S‘g))sle[cl] ----- se-1€[ce-1],Spe2le]\ {0}
We define:
Ro(S1,. -+, Se-1,8¢) = U Afg”)-
Je€Rp(S1,..-,S0-1,S¢)
and

R = (Re(51,- -+, 80-1,50) g elcy),...i50-1€l o] Sec2lceN\ {0}

If weletry = |Ry| ~ tgmie for £ € [k — 1], we get the set sizes ry; from [9]. We will not use
these variables, but we note that the values we get for {T’g}lg;ll (from the values of {tg}’{;;ll) are
the same as those obtained in [9], as our algorithm can be seen as an algorithmic version of
the combinatorial construction used in [9]. Finally, we choose the number of blocks in each
Ay, my, so that my = O(t,—q) for each € € {2,...,k — 1}. This ensures that the expected size of
K (El, ...,Ro_1, Agj‘"’)) is constant. These values are summarised in Table 3.

Data: With any R defined as above, we keep track of some input-dependent data as follows.
First, we query everything in R+, so we define:

V81 € 2L\ {0}, D1 (R1(S1)) = {(i1,x1,) : i1 € R1(S1)}
D1(R) = (Dl(Rl(sl)))slez[q]\{@} .

Next, for £ € {2,...,k —1}, and (s1,...,5p-1,S¢) € [c1] X --- X [cp_1] x (2¢]\ {0}), we
only query some of the indices in R, and which ones we query depends on R, specifically on

(76)
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te{l,....k—1}tp | = ni igkg L= kg

te{2,....k—1}my | = O(ty_q1)

C1 =k-1

£e{2,...,k—2},cy | =0(1) large enough for Corollary 5.27

Ck-1| =1

£e{2,...,k—1}, pp | = polylog(n) large enough for Corollary 5.27.

Table 3. A summary of the (asymptotic) values of variables used in this section.

Ri,...,Rp_1:
De(Re(S1,.-.,8e-1,S¢)|R) := U {(i1, ..., ieXy)  Xi, = Xy, B¢ € Re(S1, ..., Se-1, Se),
Se-1C[co-1]:
Sg-1€S¢-1

(i].! ceey if—l: Xil) € Df—l (Rg_1(31, ceey 38—2,S€—1)|R)}- (77)

We will sometimes omit “|R” when the context is clear. We can group these together to get:

De(R) = (De(Re(S15 -5 $2-1:S0))) (5,,...501.80) e [er] .. [cor]x (2101\ (0}) - (78)

In addition to this data, we want to keep track of a number for each j, € R, that we call the
forward collision degree. Loosely speaking, for some i, € R, a forward collision is an element
(i1y+.->0lgs.--,1p,Xi;) € Dp(R), for some ¢ > ¢, and some iy,...,1p-1, ip41,. .., . This can only
exist if (i1,...,1p lg+1, Xi;) € Des1(R), so the forward collision degree of iy, &g_’(i,g), counts these.

Concretely, for £ € {1,...,k — 2} itis defined as:
dg (ip) = [{(i1, .., To—1,igs1) € R X+ X Rog X Rpyq @ (it ..., iy lps1, Xiy) € Dot (R)} . (79)

For consistency, we also define Ez;(ik_1> := 0 for ix_1 € Rx_1. Then we can define the forward

collision degree of j, € Ry forany ¢ € {1,...,k -1} as:

dg (o) = ) dy (ip). (80)

ip EAE,M)
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When our quantum walk removes some j, from R,, we will want to make sure that d;’(j¢) = 0,
because otherwise we will have to uncompute all forward collisions from the data, which could
be expensive. Thus, we also keep a database of forward collision degrees:

Vee{l,...,k =2}, C;7(R) := {(je, dx’ (Je)) : je € Re, dg’(je) > 0} (81)
To summarise, the data we keep track of at a vertex vy includes:

D(R) := (D1(R), ..., Dg1(R),C (R), ..., Ci? ,(R)). (82)

5.3.1 Intuition about the Combinatorial Structure

The way we partition each R, (by partitioning R,) precisely follows the combinatorial structure
of [9], but in this section, we try to give some intuition about why this is done. This section is not
technically necessary, and may be skipped without impacting correctness. We will be imprecise
for the sake of intuition; for precision see the remainder of this paper.

A vertex vp is labelled by a tuple of tuples of sets:

R=(Rq,...,Ri1)
= ((R1(Sl))slez[cl]\{®}’ ceey (Rk—l(sb ey Sk=25 Sk—l))sle[cl] ..... Sk—z€[Ck—z],Sk-1€2[ck—1]\{0}) .

Let tp = tpCiCy ... Cp_1(2° — 1) be the size of R, if each part Ry(sy, ..., Se_1,S¢) has size t,. The
set of such vertices where |Ry| = t, for all £ € {1,...,k — 1} is called Vy. Starting from such
a vertex in Vp, we may add an index to R; to get a vertex where now |Rq| = t; + 1 - call the
set of such vertices V;. Then we may add something to R, to get a vertex with |Ry| = t; + 1 -
call vertices of that form V,. We can continue until we get a vertex where |R;| = ty + 1 for all
£ e {1,...,k— 1}, the set of which is called Vj_;.

Let us give some more detail on the process of moving from V, to Vix_1. For any vertex
Vg = vg € Vp, we first choose an index j; to add to Ry (but don’t yet add it), to get a vertex Vg,jl
(we call the set of such vertices V). Next, we want to actually add j; to Ry to get a vertex in V7,
but before we can do that, we need to choose where in R; to add ji, so we first choose some
non-empty S; C [c1] and then add j; to R1(S1), completing the transition to V;. The new vertex
does not remember which j; was most recently added to R;(S7), but it remembers where it was
added (i.e. S1), because it has |R1(S1)| = t1 + 1.

Next, to move from v}e € V; to some vertex in V,, we again start by choosing the j, that
we will eventually add to R», to get an intermediate vertex vllq,j2 € V. Then we need to choose
some (S1,S2) and add j, to Ry(s1,S2). We will ensure that we choose s; € S; (we remember Sy,
because |R1(S1)| = t1 + 1), but we do this deterministically by taking the minimum element of
S1. The choice of S; however is random, which we discuss more below. The reason we choose
s1 € S7 is that in the analysis, we will construct a flow that goes along edges from Vj to V3 that
add the unique j; of the block containing a;; and then along edges that add the unique j, of
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the block containing ay, etc. We need s; € S; to ensure that (aj, a, xq,) € D2(R), so that this
flow eventually goes into the set of vertices in Vj_1 that not only contain ay, ..., ax-1, but have
noticed that they form a (k — 1)-collision.

We continue moving from V, to V,,, making some choice Sy,1, and adding a new index
to Rp41(S1,...,Sp,Sp1) (the sq,..., Sp are chosen deterministically), so that a vertex in Vy,4 has
associated sets Sy, ..., Sps1. In this way, the choices of sets made in moving from Vj to Vx_; give
rise to a kind of tree, of depth k, with the degree at level £ being s — 1. (The nodes of this
tree correspond to sets of vertices of the graph we’re walking on, and the edges of the tree
correspond to sets of edges in our graph).

But the choice of Sy,1 requires care, because if, in our quantum walk, we add j,.1 to a bad
choice of Rp,1(S1, ..., S¢, Se+1), we might find that we have introduced a fault, rendering our data
incorrect. It turns out that we can avoid faults precisely by making a choice of Sy, that avoids a
certainsetf =71 (vl"“;’jm) C [cps1] - this ensures that if we add an index to Rg41(S1, . .., S¢, Ses1)
that has a match in some part Ryp.2(S1, ..., Sp+1, Ses2), then Rp,2(S1, . . ., Ser1, Ses2) is exempt from
requiring matches with Rg,1(S1,. .., S¢, Ses1) to be queried (because Sgyq € Sei1).

Since we don’t know 7, we use alternative neighbourhoods for all the different possibilities
I C [cps1]. The resulting alternative neighbourhoods for vf;j

5]+

,areas follows: They all have a

4 _
R,j€+1) -

2l¢el\ @ such that Spyq N T = 0 — that is non-empty Sgyq C [ces1] \ 7.7 Below are just some of
the alternative neighbourhoods for cy. = 3, for the choices 7 =0, 7 = {1} and 7 = {3}. Dotted
lines indicate missing edges (or edges of weight 0).

backwards edge to vf;. The possible sets of forward edges are those labelled by Sp.q € L* (v

The reason we have done this in such an involved way is that we need to be able to design
a flow that is orthogonal to all of these stars. Later, we will see that such a flow exists. Up to
scaling by some positive real number, the flow is a sign that depends on the sizes of the sets
S1,...,Sps1 that have been chosen so far, as shown in the following figure:

17 It's possible that I = [cg44], but this is sufficiently unlikely that we can treat this case separately.
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e Cle/,
VR,je+1
(_1)|81|+---+|Sg|+€

2
Vre

By o

1\ ISt [+ |Sel+[S e |+£4+1 (L 1)ISeal+
(-1) (-1)

An edge labelled by the set Sy,1 has flow (—1)ISil++ISel+Seal+&+1 3150 indicated by the direction
of the edge. Up to scaling by (—1)IS11++Sel+€ the left-hand side is the same as the simplified
picture on the right-hand-side above.

Consider the inner product of this flow state and a star state for a set 7. The incoming flow
from vf; always contributes (—1) (because in the star it’s pointing out, and recall that switching
edge direction switches the sign). For every non-empty Spi1 C [Cps1] \ Z, the corresponding
edge contributes 1 if it has outgoing flow (direction of flow matches the star state), and (—1) if it
has incoming flow (direction of edge is opposite to star state). Then the inner product is:

-1+ Z (_1)|S€+1|+1 — 0,
Sene2lee N\ {0}
so flow is conserved with respect to all possible alternative neighbourhoods. This is precisely
what we need, and why we use this complex combinatorial structure.

5.3.2 The Graph: Vertex Sets

To define G, we begin by defining disjoint vertex sets Vo, Vy, (Ve)5=, (V;)k=Z, and Vi, whose

union makes up V(G). We will use the notation in (46) and (47) for tuples of disjoint sets

throughout this section. Table 4 summarises G.

Vo: We define

[me]
VO = {Vgl:---)Rkl = (0, R]_, e ey Rk_l, D(Rl, sy Rk_l)) . Rg S (t(Cr“Ce—](zcg—l)) . (83)
l

1
[Vol

sets including those making up Rq,...,Rx_1 and D(Ry,...,Rk_1) in a data structure with the

Our initial distribution is uniform on Vy: o(u) = for all u € V. We implicitly store all

properties described in Section 2.3. This will only be important when we analyse the time

complexity of the setup and transition subroutines.

Vy: At a vertex in Vj, we suppose we have chosen a new element j; to add to Ry, but not yet
added it. Thus, we label such a vertex by a tuple of sets R, and an index j; ¢ Rq:
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so |Vi| = [Vol [[m1] \ R1| = O (n|Vq)). (84)

Ve fore e {1,...,k—1}: Atavertexin V,, we suppose we have added a new element to each of
R4, ..., Ry, meaning that for each ¢ € [#], there is some (S1,...,Sp—_1,Sp) € [€1] X -+ - X [Cp—1] X
(2l¢el\ {0}) such that |[Ry (S1,...,Se—1,Se)| = tp + 1. However, we will not let the choices of
S1,...,Sp—1 for different €’ be arbitrary. Instead, we define the following sets of vertices, for
(S1,...,S;) € (2lal\ {0}) x - - x (2l¢\ {0}), where u(S) denotes the minimum element of a
set S:

Ve(St, -.» Se) = {Vﬁ = (&,R,D(R)) : V¥ € [£],Ry € ( [mel )

t(Cl---Ce—l(zce—l))
?
[me] )

t(cl...c{;_1(20t’—1))
?

Ve € {1,...,8), |Rp(u(S1),. .., u(Sp_1),Sp)| = to + 1}. 85)

Vo e {€+1,...,k—1},Rp € (

This is the set of vertices labelled by sets R where we have added elements to each of R4, ..., Ry,
not yet added elements to Ry.1,...,Rx_1, and for ¢’ € {1,..., £}, the choice of where the new
element was added to R, is determined by Sy, ..., S;. Then we can define:

V, = U Ve(S1,...,S0). (86)
(StysSPE(2I\ {0} 2121\ {0})

Using the fact that for all ¢’ € {2,...,k — 2}, myp = O(ty—1), we have:
tm Lt n
v o-1
Vel = O | |V, =0 ||V =0|—|Vl]. 87
Vel (l 0|£1:!L tg/) (l 0|1_[ e ) (t€| ol) (87)

v=1
vV, : fore e {1,...,k — 2}: Atavertexin V;, we suppose, as in V,, that we have already added

an element to each of the sets R4, ..., Ry, but now have also selected an element jp,; € [my41] to
add to Rp,q:

Vi (S1,...,80) = {Vf;,jm = ((£,+), R, D(R), jes1) : Vg € Ve(S1,.. ., S0), jes1 € [Mesa] \R€+1}

V;' = U V;(Sl,...,Sg),
(S1,--Se)e2lal\ {0} x--x(2[¢e1\{0})

so together with (87) and my, = O(t,), this implies

Vi | = Vel 1[meal \ Tea] = 0 (Vo)) . (88)

The Final Stage, V,: At a vertex in Vi, we have added a new element to each of R4, ..., Rx_1,
as in Vi_1, and also selected some ix € Ak, which we can view as a candidate for completing one
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0 0 1 1 k-1 k

V . V j. . V ) . V 7 7. . V V72 V " g

R ji — S iR g = RIS, jiea R ik e Jo
+ + + +

vw E V¢ E W E Vi K Ex:1 Vien Ex Vi

Figure 9. A path from V, to V4, with edge labels shown in blue. R’ is obtained from R by inserting j; into
R1(S1). R” is obtained from R’ by inserting j, into R,(u(S1),S2), and for some choice of Ss, ..., Sk_1,
inserting, for each ¢ € {3,...,k — 1}, some jp into Ry(u(S1),..., U (Se_1),Se).

u JjeL (u) fu () i€ L*(u) fi (D)
Vo € Vo 0 jr€lmi]\ Ry VR
vg,jl A — Vo S; e 2lal (o) v}leslﬂ.1
VE €Ve(S) | je € Re(fA(S)) 1 dy(jo) =0 Vﬁ,@je},ﬁ Jer1 € [Mes1] \ Resn Vﬁ,,j{,+1
vl‘;’jm eV — vh Sps1 € 2[€l\ {0} Vf;jﬂﬁjm
Vil € Vi1 (S) Ji-1 € Rk-1((S)) vgf,-k_l},jk_l ik € Ak VR
Vllg,ik € Vi — vkl )

Table 4. The sets labeling incoming (L) and outgoing (L*) edges of each vertex u € V(G), and the
neighbouring vertices at the end of every such edge. £ € {1,...,k -2}, S =(54,...,S¢), and for brevity we
use A(S) == (u(S1),...,u(Se-1),S¢), where p is the minimum. R>/ is obtained from R by inserting j; into
R1(S4), and for Vﬁ,je+1 € V;,,(S), R I is obtained from R by inserting jg1 into Re.q (f(S)). To ensure that
L~ (u) and L*(u) are always disjoint, we implicitly append a « label to all of L= (u) and a — label to all of
L*(u).

of the (k — 1)-collisions in Dx_1(R) to a k-collision:
Vi := {vg,; = (K, R,D(R),ix) : Vg " € Vi, ik € Ar.},
n’ ) (89)

SO |Vk| = |Vk-1| |Ax| = O (— Vo
k-1

5.3.3 The Graph: Edge Sets

We now define the sets of edges that make up 73>(G), as well as the edge label sets L(u) (see
Definition 2.3) for each u € V(G). These are also summarised in Table 4.

E} cVexV; fore e {0,...,k—2}: There is an edge between v} € V, and vf;’].m € V; for any
Jes1 € [Mes1] \ Reyq, S0 we define

L*(vg) = [Mpa] \ Rpsa and L™ (v, ) = {},



81/ 104 TheoretiCS Multidimensional Quantum Walks, with Application to k-Distinctness

and let f‘:,; (Jes1) = Vﬁ, i and f, (<) = vi. We let E} be the set of all such edges

Rjpi1
E} = {(Vf;, Vet Vk € Vo et € [Mpia] \R£+1}
and set we = w; = 1for all e € Ej. This together with (88) implies that

IE}| = |V;| =0 ((n|Vl). (90)

Faults: Fix £ € {1,...,k — 1}. As in the case of 3-distinctness, if we add a new block index j,
to certain parts of Ry, to get R’, such that d/ (j¢) > 0, this introduces a fault in the data, which
our quantum walk will want to avoid. The case for k > 3 is slightly more complicated, so we
examine exactly when a fault is introduced before describing the remaining edge sets.

Suppose v, ! € Vo_1(S],...,S;_,) (see (85)) and we add some j, to Rp(u(S5), ..., u(S;_,), Se),
for some S; C [cy]. For € € {2,...,k — 2}, this introduces a fault if the following conditions are
satisfied, by some i, € Aéj"), which is added to Fg(‘u(S’lk), o U(S,_1),Se), (We use [E] to denote
the logical value of an event &):

C(_(l',g, R,Sp) = [H(il, o lpo1) ERy X Ez X oo X Eg_l S.t.
(il’ ey ie—l; if: Xil) € DE(RE([’[(SI)’ ey [J(S;_1)9S€))]

C 7 (ig, R,Sy) := |dsp € Sy s.t. (91)

Jipe1 € U Rova (U(S)), -+, 11(Sh_1), Se, Seat) St Xipy = Xy, |-
Seme2lces1\ {0}

In words C* is the condition that i, forms a collision (iy,..., 1, X;;) that would be stored in
Dy(R), and C™ is the condition that i, collides with something in R,,; such that if C™ holds,
(i1,...,Le+1, X;;) would be stored in Dgyq(R). For £ = 1, C™ is also defined, and i; introduces a
fault whenever C™ is true. For £ = k — 1, C™ can never be true, so there is never a fault. We set
Ck-1 = 1 (see Table 3).

Then forany € € {1,...,k -2}, v5 ! € Vo_i(S;,...,S; ), i € Ag \ Re, and S, € 21\ {0},
condition C™ is false if and only if S, is disjoint from the following set:

T ip) :==1{spe[ce]:Tipsr € U Roe1(U(ST), ooy 11(S)_1)s S Sew1) St Xipy = Xip ¢ - (92)
Seve2lcer1l\ {0}

For £ = k — 1, we define 7 (v&™2,ix_1) := 0. When ¢ = 1 we can define, for Vo i € 4%
TV, = U T(vY,i1) (93)
i1€A§j1)
As long as we choose some S; that avoids this set, we will not introduce a fault. For £ > 1,
examining condition C* above, although it appears to depend on Sy, it does not. Referring to
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(77), we can rewrite C* as:
C™ (ip,R,S¢) © C™ (i, R) = [333—1 C [ce-1] st u(Sy 1) € Se-1,

3(i1, .. o5 le-1,Xiy) € Do (R (u(S7), ..., (Sy_5), Se-1)) S.t. Xi, = Xi, |-

Thus, for € € {2, ...,k — 2}, for any v"‘.lg eV

R »_1» we can define:

T(veh = U TEL ip). (94)

igeA?:c—(iy,R)

LEMMA 5.17. Forany £ € {1,...,k — 1}, fix vf;‘ji eV; (S;,...,S; ), and non-empty Sp C [cel,
and let R’ be obtained from R by inserting j, into Re(u(Sy), ..., 4(S;_1),Se). Then dg (jo) = 0 if
and only if S; N I(vf;‘ji = 0.

PROOF. For £ = k -1, d;/ (jk-1) = 0 and I(vg‘ji_l) = () always hold, by definition. For
te{l,...,k-2},

a;(ie) = |{(i1, .-, 1p Lp+1,Xi;) € Dpr1(R)}| see (79)
= Z {(i1,...,0e+1,Xi;) € D1 (R(S1, ..., S0, Ses1)) H see (78)

(81,.-sS¢,Sp41)€E
[c1]x-x[celx(2le+11\{0})

= Z Z 1{(i1, ..., 1041, X1,) : Tes1 € Rpy1(S1,- -+, 5S¢, Ser1),

(S150:-s82,Sp41)€ Sycleel:
[ealxexledx(2leea\(oy) seeSe  x; = Xy, (g, ..., Up, Xiy) € Dop(R)y(S1, ..., Se-1,5)))} see (77).
Suppose iy € Afgjg), meaning we have iy € Eg(y(S]‘), oo U(S;_1),Se). By (77), £-collisions of the
form (iy, ..., i, Xi;) can only occur in Dp(R(u(S7), ..., u(S,_;),Se)), soO we continue:

dg (ig) = Z [{(i1, - - -, Tpst, Xiy) © o1 € Resr (U(ST), - oo, t1(S_1), Se» Sex1),
[cot1] . . ’ * *
$2€Sp,Sesr€2lce411\ {0} Xipo, = Xip» (i1, ...,1p0Xy,) € De(Rg(H(SQ, ) --’H(Sg_1):s€))}|’

and thus al;’(ig) > 0 if and only if:

Jsp € So, S € 21411\ {0} s.t. Figyq € Rosa (u(S), ..., U(S,_1), Se, Ses1) St Xip,, = X, (95)
and 3(i1’ RS i{’—l, i€; Xil) S D@(R:E(H(ST)’ ) H(SZ—I)J S{’)) (96)

Suppose di,/ (je) > 0. By (80), this happens if and only if there exists i, € A(gj”’) such that
a;(ig) > 0, which holds if and only if (95) and (96) are true. We know (95) if and only if
C™(is, R, S¢) holds, if and only if S, N I (v5 %, i,) # 0. For (96), we make a distinction based on
the value of ¢.

In the case € = 1, (96) is just (i, x;) € D1(R7(S1)), which is true by (76), since we just added
J1 to R1(S1) to get R’(S;y). For the other direction, if S N 7 ("3,]'1) # (0, then by (93), Ji; € Agjl)
satisfying (96). This completes the £ = 1 case.
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Continuing with the case ¢ € {2,...,k — 2}, by (77), using the fact that R, | = Rp1, We
have (96) if and only if C™ (i, R). Thus, we have:

[de (o) > 0] & Fip € AV st [[Sen T (V5L ip) # 0] ACT (i R)].

=:C
If C holds, then by (94), 7 (v, i,) C I(vf;‘ji), and so, also by C, S; N I(vf;‘].};) # (. For the other
direction, if S, N T (vf;‘jlg) # 0, then by (94), Ji, € Agjg) satisfying both conditions of C. m

E, C Vg % V4: Recall that VJ is the set of vertices vg i in which we have chosen an index j; to add
to Rq, but not yet decided to which part of R, it should be added. A transition in E; represents
selecting some S; € 2[¢11\ {0} and then adding j; to R1(S1), so we have

L' (vg) =210\ {0},

and f‘:g)2 (S51) = Vi, where R’ is obtained from R by inserting j; into R;(S;). As in the case of
)

3-distinc1tness, not all of these labels represent edges with non-zero weight. To go from a vertex
vy € Vi(S]), we choose some j; to remove from R (S;), the part of R; that has had an index
added, to get some R such that vg € Vp (and Vg,jl € VJ ). However, we make sure to choose an j;
with no forward collisions —i.e. dz/ (j1) = 0 - so we let

L™ (vh) = (1 € Ry(S)) : di (ju) = 0},

and then set f (j1) = vg i where R = R’ j; is obtained from R’ by removing j;. Importantly,
R ’

1
R”

(81) (this is necessary in Section 5.3.4).

given vy, we can take a superposition over this set, because we store the set C;”(R) defined in
As in the case of 3-distinctness, it is not yet clear how to define E;, the set of (non-zero
weight) edges between V; and V3, because |V - |L+(v,9].1)| > |Vq] - |L‘(v11z,)|. We define it as
follows.
._ — iy ol ) — (4,0 1).,1 : ~ (1l
El - {(fvll?, (]1), VR/) - (VR/\{jl}:jl’ VR/) . VR/ € Vl, _]1 € L (VR/)}

and give weight wy = 1 to all edges in E;. Then we have the following.

LEMMA 5.18. Let RS'“/1 be obtained from R by inserting j, into R1(S1). Then

RS1</1

0

wy=1 ifS1n I(vg,h) =10

Soforallvg. eV andS; € LY(V0 ), wyo :{
i 0 S else

Rj1
PROOF. Let E] be the right-hand side of the identity in the theorem statement, so we want to
show E; = E}. Fix any v} ;, €V and non-empty S; C [c1] \ 7 (vg,j,), and let R’ = RS1“ 11, Then
since S1 N I (vgj;) = 0, by Lemma 5.17, dj,; (j1) = 0. This implies E C Ej.
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For the other direction, fix any v}, € Vi(S;) and j; € L™(vg,). Since j; € Ry(S}), we
have vR,\ () € VJ (that is, we have removed an index from the set that had size t; + 1) and
(R"\ {j1})S1</' = R’. Since dy (j1) = 0, by Lemma 5.17, §] N I(vR,\{ i

Eq| C Ell' |

) = 0. This implies

We remark that for any j; € [m4], d’(i1) is always at most k — 2. Otherwise, there are at
least k — 1 elements i, € R, C A, such that Xi, = Xi, (where iy is the unique element in Agjl)),
and together with i; these form a k-collision, which contradicts our assumption that the unique
k-collision isin Aq X - - - X Ax. Thus, if we set ¢; = k—1, we have for any V??,jl € Vg, I(v C [c1],
which will be important in Section 5.3.4.

Finally, it follows from (84), that

|Eq] <

L'} ;)| Vgl = 0 (nIVa)) ©7)

E;cV,  xV, for ¢ € {2,...,k — 1}: For E,, we generalise the construction of E;. Similar to

the deﬁmtlon E1, we define, for any ve 1 eV} ,andve, € V(S},...,S)):

-1
L*(vg 1) =20\ {0} and L™ (vg) = {je € Re(u(SY), -, 11(S;4), Se) = A’ (Jio) = O},

We set f*,_,(Se) = v, where if vi™' € Vp_q(S],...,S;_,), R’ is obtained from R by inserting ji
RJ€

into R, (u(S7), - . .,[J(S 1)>Se). We setf (]g) = vR,\{] Ve . Similar to E1, we define:

Ep:= {(fv%/ (jg),Vf;,) = (vf;,‘\1{j€},j€,v£,) Ve €V, € L_(vf;,)}, (98)
and give weight wy := y/n/my,_1 to all edges in E,. Then we have the following.
LEMMA 5.19. For any (Si,...,S,1) € (219 \ {0}) x - - - x (211 \ {0}), define:
Ee(S1,...,8e-1) = { (Vf; ]1,Vf;/) VR] eV, (S1,...,Se-1),
HS{J c z[ce]\f(vﬁ,_ji,) \ {@}, R = R(u(31),...,[,1(39_1),S£)<—j€}’

where R(SV-1(Se-1).S)Je js obtained from R by inserting jp into Re(u(S1), ..., t1(Se-1), S¢). Then

Ep= U Eo(S1,...,Se-1).
(S1,..Se-1) (2l {0} x--x (2[ce-11\{0})

PROOF. Fix Sy,...,S,.1 and suppose (v‘?‘.1 V) € E¢(S1,...,S¢-1). Then by Lemma 5.17, since

S¢ is chosen so that S, N I(vf;‘ji) = (]g) = 0, and Thus, j, € L™ (vg,), SO (v f;,) € E,.
For the other direction, suppose (ng_\l{jg} i VR’) € Ep,and let ST, ... ,Sj be such that Vf €

Ve(S7,...,S;). Then R’ is obtained from R" \ {j,} by adding j, to Re(u(S3), ..., u(S,_,),S;). Then

since j, € L~ (v /), g, (j¢) = 0,80 by Lemma 5.17, S, € Z[C"]\I(VRM \ {0}, and so (VR,\{J Vi f;,

Eg(s*,..., 3_1). |

,» V €
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While E, represents all edges between V;_l and V,, we now define two sets of edges E, C E,,
and EN’g disjoint from V, | x V,, that each solve a different technical issue. First, in Section 5.3.6,
we will see that the complexity of transitions in E, depends on the number of collisions between
the new block Agj’“’) being added, and (£ — 1)-collisions already stored in Dy,_1(R), so we will
only attempt to implement the transition subroutine correctly when this set is not too large. In
anticipation of this, we define:

o= {WELVE) € Eet KRy, ., Ret, AP 2 pe} C B, 99)

where p, € polylog(n), which will be part of E, the set of edges whose transitions we fail to
implement. Second, if any ve ! , € V,_, has no neighbour in V,, which happens exactly when
I(v R,jg) = [ce], then its correct star state would simply have one incoming edge from Vj,, which,
as discussed in Section 5.2.2, would make it impossible to define a flow satisfying all star state
constraints (P2 of Theorem 3.10). Unlike in the case of E1, there is no constant ¢, such that we
can assume I(vf 1) [ce] for all v€ 1 L€ V+ . That is because while each iy, € A, can have at
most k — 2 collisions in Ry,1, the total number of such collisions for all i; € A(j“’) may be linear
in |A(”)| Fortunately this happens for only a very small fraction of v’ ]1 €V, ,. Thus, we define
(choosing {1} arbitrarily):

o { vk A (D) 705D - e}, (100)

which is disjoint from E,. Note that for £ = k — 1, we always have 7 (vl’g‘ji_l) =@ and [ck-1] = [1],

so E;_, = 0. Since E/, will be part of E, we assume its endpoints f\jf;‘jl ({1}) are just otherwise
Je

isolated vertices that we do not consider a part of V(G) (see Remark 3.11). As with E,, we set all

edges in ENQ, to have weight w,. Thus, from this discussion as well as Lemma 5.19 we have, for

-1 + +(4,8—1
all Ve, € V,,and S; € L (vR’M ,

Wy =+/n/m, ifS;N _Z-(Vf;_]i) =0
Wyetg, = We = \n/mg iff("ﬁ_ji) = [c¢] and S, = {1} (101)
2Je ’

0 else.

We can see from (84), that

|E¢l + |E)| < Vi, =0nw)). (102)

L+(vR I

Ex C Vk_q1 X Vi: Finally, there is an edge between v 1 e Vi_; and v € Vi for any iy € Ag, SO
we define
L*(vg ™) = Agand L™ (Vg ) == {<},
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Edge Set (u,v) (u,1) (v, J) Wiy Tuy
Ef cVoxVy Vpvas) | %) | (Vg e) | wi=1 | Ti=0(1)
Ey CVixV (V?R,jl’ Vi) (V??,h’sl) (Vs J1) wy =1 Ty =0(1)
(B cVex VY2 | whvh, ) | (Whojen) | V), )| wi=1 | T;=0(1)
(Eec Vi x VI | (VL vE) | (VLS | (vhajo) | we= [ T =0 (2]
Ex CVi XVie | (VELVE) | (VL) | (Vi o) | we=1 | Te=0(1)

Table 5. For each edge in _E>(G), we can describe it in three ways: as a pair of vertices (u,v); as a vertex
u and forward label i = ;" (v); and as a vertex v and backward label j = f; ' (u) (see Definition 2.3). We
summarise these three descriptions for the edge sets that make up _E>(G) \ £, along with the edge
weights, and transitions costs (see Corollary 5.29). The edge labels i and j range across (sometimes
strict) subsets of L*(u) and L~ (u) (see Table 4). For example, for u € V¢, i =Sy € L*(u) = 2191\ {0}, (u, 1)
only represents an edge of_E>(G) when S; N7 (u) =0 (see Lemma 5.18 and (101)).

and let f‘%_l(ik) = Vzlg,ik’ and fv‘k () = v§‘1. We let Ex be the set of such edges:

Riix
. k-1 .k . q,k-1 :
Ey = {(VR ’VR,ik) Vg "€ Vi1, Ik € Ak} s

and we set w, = wyx = 1 for all e € Ey. This, together with (89), implies that

n2
|Exl =0 (—tk |Vo|) - (103)
-1

The Graph G: The full graph G is defined by:

k k-2
V(G) = Uvgu Uvg+
£=0 £=0
k-2 k-1

E(G) ={(wv):ueV(G),ieL*(w: wy #0}=| JEJUE U| J(E,UE) UE,
=0 =2

where the edge label sets L*(u) are summarised in Table 4, and weights are summarised in
Table 5. We define (recall that E; c E,):

k-1
E:=| J(E UE). (104)
=2

The Marked Set and Checking Cost: In the notation of Theorem 3.10, we let Vy, = Vi, and
we define a subset M C V) as follows. If (a4, ..., ax) € A1 X --- X Ak is the unique k-collision,
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we let
M = {Vk e € Vi : A(iy, ..., ik—laxil) € Dx_1(R) s.t. Xi, = Xik}
= {V’él ..... Rivix - 38, € [c1],...,Sk-1 € [ck-1],51 € S1,...,Sk-1 € Sk_1 S.t. (105)
Vee{l,...,k—1}, ap € Ry(s1,...,Se-1,S¢) and ix = ax},
and otherwise, if there is no k-collision, M = (). We can decide whether vl’g i, € Vi 1s marked
by querying ix to obtain the value x;, and looking it up in Dx_1(R) to see if we find some
(i1, ...,1k-1, X; ), in which case, it must be that a; = is,...,ax = ix. Thus, the checking cost is at

most
C =0(logn). (106)

5.3.4 The Star States and their Generation

We define the set of alternative neighbourhoods (Definition 3.9) with which we will apply
Theorem 3.10. For ¢ € {0, ..., k}, for all vf; € Vp, we add a single star state to W, (u), which has
one of three forms, depending on ¢ (refer to Table 4): for vg € Vo,

W) =Sy = Y (wlvE ) £ (107)
ji€[mi]\Rq

for £ € {1,...,k—1},and v} € V¢(Sy,...,S¢),"®

T oh = WS == Y VWbt Y Wi je)
Je€Rp(U(S1),-- 1 (Se-1),Se): Jes1€[Mer1]\Res1
dy’ (je)=0
(108)

and finally, for vk . € Vi

W) = (WS 0k ) =~V )] (109)

From Table 4, along with the description of w in Lemma 5.18, we can see that for vg i € VJ ,

G/,,0 0 0
Vs (Vg )y = —[WolVg jp <) + 2 VWiV, S1)-

2[01]\I(v0 )

Sie Rit'\(0)

To generate this state, one would have to compute 7 (v?2 jl) (see (92)), which would require
determining the locations of all forward collisions of j;, which is far too expensive. Hence, we

18 Here we explicitly include the — and « parts of each element of L* and L~, which are normally left implicit, in order to
stress that the two sum are orthogonal.
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simply add all options to ‘P*(vg’jl) (we see in Lemma 5.20 that generating this set is not difficult):

W*(V??,jl) = |l/’il("?2,j1)> = /wglvg’j1,<—) + Z \/W1|Vg,j1,81> 1 € [c1]p. (110)

3162[01]\11\{(2)}

. 0 G(.,0 _ z vg,jl) 0 0
Thus, since we always have 7 (v, j1) ¢ e, W5 (v, 2 )) = [, (Vp j1)> € Wy (vp i)

R,j1
Similarly, for £ € {2,...,k — 1} and vf;‘ji € V; , define:
_ To, p _ _
‘P*(Vf;,jle) = |¢*€(Vf;,]-}_,)> = - WZ_1|V£,]-1€, —)+ Z \/We|Vf;,jlg,Se> c Ly C [ce]l ¢ (111)

Spe2lce\ e\ {9}

Then from (101), we have:

jvle?,je) £ if 7 ? C
|l/)* (VR,jg)> 1 (VR,jg) = [Cf]

(112)
pleM e ) T ) = (el

WS (VL)) =
where 7 (vf, ;,) is defined in (94).
We now describe how to generate the states in [Jyey(g) P+ (W) in 0(1) complexity (see Defini-
tion 3.9):

LEMMA 5.20. The states Wy = {Wx(u) }yev(c) can be generated in O(1) complexity.

PROOF. The description of a vertex u € V(G) begins with a label indicating to which of

Vo,...,VkorVi ..., V;:—z it belongs, so we can define subroutines Uy, . .., Uk, Uy +, - - . , Uk—2 + that

generate the star states in each vertex set respectively, and then

k k-2
Us = ) 1001 ®Ue+ ) 16+)(6+ ® Ues
£=0 £=0

will generate the star states in the sense of Definition 3.9.

We begin with Up. For v) € Vo, we have W, (v)) = {[pS(v)))}, where [§(v))) is as in
(107). Thus, implementing the map Uy : |u)|0) +oc |l,b§(u)) is as simple as generating a uniform
superposition over [m;], and then using O(logn) rounds of amplitude amplification to get
inverse polynomially close to the uniform superposition over [m] \ R;.

For ¢ € {1,...,k — 1}, and v}, € V,, we again have W, (vg) = {[pS(vE))}, where [p§(vE)) is
as in (108). To implement Uy : |u)|0) o |z/)§(u)>, we first compute (referring to Table 5 for the
weights):

,0) 15 [u) (—VWel =) + \fwi| =) 10) = ) (~(n/mp) 4] <) + | =) [0),

which can be implemented by a O(1)-qubit rotation. Then conditioned on «, generate a
uniform superposition over j, € Rp(u(S;), ..., u(S,_,),S,) (we can learn the sets Sj, ..., S, by
seeing which sets are bigger, or assume we simply keep track of these values in some convenient
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way), and then using O(log n) rounds of amplitude amplification to get inverse polynomially
close to the superposition over such j, such that d;’(j,) = 0, which we can check by looking up j,
in C,” (R). We have used the fact that our data structure supports taking a uniform superposition
(see Section 2.3). Finally, conditioned on —, generate a uniform superposition over j,.1 € [Mg41],
and use O(logn) rounds of amplitude amplification to get inverse polynomially close to a
superposition over j.q € [Mpy1] \ Resq.

¢

For £ € {2,...,k — 1} (the case for £ = 0 is nearly identical), and VR_].‘1€ € V;_l,

set of multiple states, as in (111). To implement Up_1 . : |v§‘ﬁ>|fg) - [yl (vf%}i)) for all 7, ¢ [cg],

2-1y :
lP,((\;R’jé) isa

we note that each of these states is just |V1€_ji> tensored with a constant-sized state depending
only on 7, so we can implement U,_; 4 in O(1) time, by Lemma 5.5.

Finally, we implement Uy. For vg’ik € Vi, we have W*(vg’ik) = {|¢f(v§’ik))} as in (109), so
implementing the map Uy : [v& ; 10) e G (VK W) vk ;)| <) is trivial.

We Thus, conclude that U, can be implemented in polylog(n) = O(1) complexity. |

5.3.5 Tail Bounds on Number of Collisions

IfRq,...,Rx_; were uniform random subsets of A4, ..., Ax_1 respectively, it would be simple to
argue that, for example, the number of collisions stored in D,(R) for any ¢, which is a subset
of K (R4, ..., Rp), is within a constant of the average, with high probability. Since R, is instead
chosen from A, by taking ¢, blocks of A,, and these blocks themselves are not uniform random,
but rather chosen by a d-wise independent permutation for some d = polylog(n), proving
the necessary bounds, which are needed to upper bound the setup and transitions costs, is
somewhat more subtle.

LEMMA 5.21. Forany ¢, £ € {1,...,k — 1} where £ > ¢’ and for any constant k there exists a
constant c such that the following holds. If vf{1 is chosen uniformly at random from V,_,, then for
any fixed (non-random) j € [m,;] we have

- — 1 t ’ /_
Pr “7{(121,...,12,3,,,4;”) > cmilogz" ‘(m| <n ™
£

PROOF. The proof proceeds by induction on #'.

Base case: For ¢’ = 1, we have R; is a uniform random subset of [m; ] of size ©(t;) (for this proof,
we ignore the partition of R into (R1(S1))s,). Since A; has been partitioned the trivial way,
where each block contains a single element, this means that R, is a uniform random subset of A,
of size O©(t;) as well. Hence, for any £ > 1 and fixed A(j), Z = |K(Ry, Agj))l is a hypergeometric
random variable, where we draw R, from [m;] and where we consider any j; € R; marked
whenever the unique element in Agjl) is part of a collision in K'(R1, Aéj )). This means Z has
parameters N = m; = 0(n), K = |7((A1,A(j))| and d = |R1| = ©(t1). As mentioned in Section 5.1,
we may assume for any A;j ) thatK = © (TA? )D = O(n/my). Then for any constant ¢, we have
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c(ty/my)logn > 7Kd/ N for sufficiently large n, so by Lemma 2.8:

t
S e—Cm—lg IOgT'l — n_Ctl/mE.

0 ty
Pr ”7((R1,A€ )) > cﬁglogn

Referring to Table 3, we have

t t t

2L -0 (—1) > Q (—1) = Q(1).
te-1 t

Hence, we can choose c sufficiently large so that n=¢/™ < n~¥, completing the base case.
Induction step: Suppose that for some ¢ -1 € {1,...,k—2}and all ¢ € {¢,...,k — 1} the
lemma holds; i.e. for any fixed j € [m,] and for any k’ there exists a constant ¢’ such that

_ _ . t , ,_ ,
Pr ‘W(Rly e ,RB’—lJ Agj)) > C/% logze z(n) < n_K s
¢
where R, is a uniform random subset of [m,] of size ©(t1), and for all £” € {2,...,€ — 1}, Ry~ is
a uniform random subset of [my~] of size O(t,~).
Now consider Z = |[X(R1, ..., Ry, Ai,] ))|, where ¢ > ¢ and where R, is a uniform random

subset of [m,] of size ©(ry ), and Agj ) is still fixed. It is important to remark that this does not
imply that R, is uniformly random, so instead we look at the blocks of A,. We say that any
block A of Ay is marked if it collides with an £-collision in K(R, ..., Ry—1,A%), and we let
B, be the random variable that counts the number of such marked blocks in A,. Let &; be
the event that |X(R1, ..., Re_1, Agj Nl < c’t;’;l—‘el log?”~*, which happens with probability at least
1 -n7¥, by the induction hypothesis. Assuming &; directly implies an upper bound on B; of the
form
B; < c’t’i’l—_;logzy_z(n). (113)
Next we introduce a hypergeometric random variable B; that counts the number of marked
blocks of Ry, which we draw uniformly from {Ag{ ) }j7e[m,]» Which has B; marked blocks. Condi-
tioned on event &1, this means that B, has parameters N = my, K = By < c’tf;l—‘; logzy_z(n) (see
(113)) and d = |Ry| = O(ty).
TorelateZ = |[K(R4,..., Ry, Ag ))l to By, we need to analyse what the effect is of any marked
block in R, on the number of collisions in |[K(R1, ..., R, Aéj )) |. By the induction hypothesis we

know that for any block AE,] " of Ap and each k”, there exists a constant ¢” such that:

Pr H?((El, . .,Eg/_bAg,)) > ’log? "(n)| <n7¥.

If |X(Ry,...,Rp_1, AE,{’))| <c” logzg/_2 (n) for every block Agf’) of A, which we denote by event
&, then any marked block that gets added to R, results in at most ¢” logzg N (n) collisions in
K(R1,...,Ry, AEJ)), s0 Z < Byc”log?  (n). This implies that

25'—1_242’—2

to
Pr ELNEy| <Pr|By > cmi log n|&]. (114)
?

t / /_
Z > cc”Llog? " (n)
my
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Since B, is a hypergeometric random variable, and cr% log?" "% n > 7dK/N for suffi-
ciently large ¢, we can use Lemma 2.8 and my = © (ty_1) to derive:

tpr o -1_o0' -2
—ctL 10g? 2

o —-1_ot'-2 o n —Cty
22 <e ‘m < nCte/me (115)

tpr
Pr |B; > cilog n|&q
me

since 271 — 2¢-2 > 1 whenever ¢ > 2. By Table 3, we have

v _g (ti) > Q (ti) = Q(1).

Le—1 Lo

Hence, by (114) and (115), we can choose c sufficiently large such that:

/

Pr|Z > cc”&lo 2W_l(n) < pSte/me < n7x, (116)
mey 5

E1LNEy

The only thing left to do is to use the union bound to upper bound
Pri-(E AE)] <n ™ +men™ <n™ +n ¥, (117)

where in the final inequality we have used the assumption from the lemma that my < n. We
can now combine (116) and (117), to conclude that for any k we can choose ¥’ > kand k” > kK+1
and a constant ¢y large enough such that:

t ’ /_
Pr|(Z > Cgmilogzg 1(n) < Pr E1NE +Pr[=(E1AEY)]
¢

te’ 2€’—1
Z >cp—1o n
emg g (n)

/

<n®+n ™ +n " <nk m
COROLLARY 5.22. For £ € {2,...,k — 2}, let vf;‘l be chosen uniformly at random from V,_;.
If the partition of Agy1 into Uje[my,,] Agr)l

d= logzk_l(n) (see Section 5.1), then for all j € [my],

is chosen by a d-wise independent permutation for

Pr[|K(Re,..... Re1, A, Rewt)| 2 1] < (1),
and for any constant k there exists a constant c such that:
Pr [|7((§1, . --,E£—1,Aéj),§e+1)| 2 C] <n’%,

where we note that |X(R1,...,Re_1, Aéj ),§g+1)| is an upper bound on the number of potential
faults if we add the block AE,] ) toR,.

PROOF. By Lemma 5.21, for any k’ there exists a ¢’ large enough such that for each fixed

Jj € [mg] we have

/

Pr |7((E1,...,§{L1,A§,j))| > ¢’ logzg_l(n)] <n’™,
Letil,...,iK € Ay be all the points that collide with K(Ry, ..., Re_1, Agj)), so w.h.p. there are

K < c’klog? ' (n) <log? '(n)=d
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of them, since each tuple in K (El, .. ,Ro_q, Agj )) can collide with less than k other indices. Let
7 : [n] — [n] be the d-wise independent permutation used to choose the partitions of [n], as
in (43). Then {z(i'), ..., 7(i%)} is distributed as uniform set of size K, as long as K < d. In that
case, the number of elements of { il ... ik } that are included in Ryi1,7Z,is a hypergeometric
random variable with N = |[Ay1| =0(n), K < c’klogze_l(n) as above, and d = |R¢;1| = © (M)

Mmesq
draws. From Table 3, we have

k—€-2
&K _o ( e logzg_l(n)) =0 (n_zzk—l logzg‘l(n)) < n W,

N Mey1

Thus, there is some constant € such that dK/N < n~¢, so for any constant ¢, we can use the
union bound and Corollary 2.9 to get:
_ e\¢ )
Pr(Z > c] < 2e° (cnf) " =2 (E) n +nx.
Hence, by choosing ¥’ > k and c large enough we obtain Pr[Z > c] < n™*. Moreover, we also
see that for ¢ = 1:

Pr[Z >1] <0(n™¢+n™™) < o(1). |

COROLLARY 5.23. Let vf;, be chosen uniformly at random from V,. For any constant K, there
exist a constant c such that:

Pr [l?((ﬁl, ...,Rp)| > cty 10g2€_2(n)] <n%

PROOF. By Lemma 5.21, for each fixed j € [my] and constant k* > k + 1 there exists a ¢ large
enough such that
Pr [IV((E, : ..,E_LAE/))I > clogze_z(n)] <n¥.

By the union bound, the probability of this bad event happening for any j € R, is at most
t,n® < nX, since t; < n, from which the statement follows. [

5.3.6 The Transition Subroutines

In this section we show how to implement the transition map |u, i)—|v, j) for (u,v) € f)(G) with
i = f;1(v) and j = £, 1 (u) (see Definition 2.3). We do this by exhibiting uniform (see Lemma 2.6)
subroutines Sy, ..., Sk, So+, . . ., Sk—2.+ that implement the transitions in each of the edge sets
Ei,....Ex, E§, ..., E,_, defined in Section 5.3.3, whose union isf(G) \ E. In Corollary 5.29, we
will combine these to get a quantum subroutine (Definition 2.5) for the full transition map.

LEMMA 5.24. For £ € {0,...,k — 2}, there is a subroutine Sy, such that for all (u,v) € E; with
i = f71(v) and j = f;1(w), Ses maps |u, i) to |v, j) with error 0 in complexity Ty, = T5 = O(1).

PROOF. The proof is identical to that of Lemma 5.7. u
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LEMMA 5.25. There is a uniform subroutine S; such that for all (u,v) € E; withi = f;1(v) and
j = £,y Y(w), 81 maps |u, i) to |v, j) with error 0 in complexity Ty, = T1 = O(1).

PROOF. The proof is identical to that of Lemma 5.8. u
We now move on to Sy, for £ € {2,...,k — 1}, which is somewhat more complicated. For
(vf;"ji, Vh,) € Eq, where vf;,‘ji e V; ,(S;,...,S, ), meaning that R’ is obtained from R by inserting

Jeinto Rp(u(S3), ..., u(S,_,),S¢) for some Sy, S, should act as:

-1 ‘£
|VR,]'€:S€> = |VR’:]€>

= |((£ -1, +)’RsD(R)sj€)aS£’> = |(€:R,,D(R,))sj£’>°

(118)

The complexity of this map depends on |X (R4, ..., Re_1, Agje)) |, which isless than p; € polylog(n)
whenever (vf;"ji, Vh) € Eg\ Ep = E; \ E (see (99) and (104)). Lemma 5.26 below describes
how to implement this transition map, up to some error, in that case. For the case when
(vff‘,"ji, vh) € E; c E we let the algorithm fail.

LEMMA 5.26. Fix any constant k. For each ¢ € {2,...,k — 1}, there is a uniform subroutine
S, that implements the transition map that maps |u, i) to |v, j) for all (u,v) € E, \ E with error

0(n¥), in complexity Ty, = Tp = O(x/n/my).

PROOF. Supposeu = vf;’jg eV, ,(S],...,S;_,). We can compute the values S7, .. ., S;,_, by check-
ing which sets are larger; or just keeping track of these values in some convenient way, as they are
chosen. Then to implement the map in (118), we need to insert j, into Re(u(S7), ..., 4(S;_1),Se)
to obtain R/, update D(R) to obtain D(R’), uncompute S, by checking which part of R, has size
tp + 1, and increment the first register by mapping |£ — 1,+) +— |£). All of these take polylog(n)
complexity, except for updating D(R), which we now describe.

By (82), we know that D(R) consists of sets {D, (R)}’g,‘: 11 where each Dy (R) contains a
subset of 7((?1, - ,E,gf) (see (77)). When we go from R to R’, we need to update each of these
to account for any collisions involving indices iy € Aije) that should be recorded in Dy (R’).
For ¢ < ¢, we can see that Dy (R) = Dy (R’), since Dy only depends on Ry, ..., Ry, which are
unchanged. For ¢ > ¢, the existence of any (iy,...,1p-1, s, lg41,-- -5 1o, Xiy) € Dp(R’) (Which
we would now need to find and add) implies d;’(j,) > 0 (see (80)), and this is not true for
any (vf;"ji, vh) € E; (see (98)). Thus, we only need to find any tuples (i, ..., i, X;,) such that
iy € AE,”) that belong in D,(R’). By (77), such a tuple should be added to D,(R’) if and only if
(i1, vslp-1,Xiy) € Dp1(Rp-1(u(S)), ..., u(S,_,),Se-1)) such that x;, = x;, for some S,_; such that
u(S;_,) € Se-1.

We search for i, € Ag”) such that if we look up x;, in Dp_1(Rp-1(u(Sy), ..., (S, _,),Se-1))
for some S,_; containing u(S;_,), we get back a non-empty set of values (iy, ..., 1,1, X;,). For
any such value found, we add (iy, . . ., i, X;,) t0 Dp(Re(u(S7), - .., 4(S;_;)>Se-1)). This increments
the value of &;(ig_ﬂ, and so if jp_1 € Ryp_q is such that iy € Aéj_’fil) (we can compute jp_q
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fromi,_; in 5(1), see Section 5.1), we have incremented the forward collision degree of j,_4,
dy’ (je-1). We must therefore update the entry in C,”, for j,_1. We look up je-1, and if nothing is
returned, insert (jy_1, 0). If (jp—1, N) is returned, remove it and insert (j,—1, N + 1). We repeat
this quantum search procedure, which is uniform, until we find p, = polylog(n) values iy, or no
new ip is returned for klog n times. Since we are assuming that the number of such collisions
is less than py, since (u,v) € E; \ E,, this finds all collisions with error O(n™*), in complexity

0 («/ |Agf”|) = 0(\/n/my). M

We have the following corollary of the results in Section 5.3.5.

COROLLARY 5.27. For any constantk, there exists a choice of constants {cy ’2;22 in the definition
of E/, ((100)) and polylogarithmic functions {p,}%_1 in the definition of E; ((99)) large enough such

that
W = Z We = O(R*W(G)).
ecE
PROOF. Fix ¢ € {2,...,k — 1}. Let vﬁ‘l be uniform random on V,_1 (so R is uniform on its

support, see (85) and (86)). Then by Lemma 5.21, for any j, € [m,], if p, € polylog(n) is
sufficiently large,
Pr[|K(Ry,. .., Re-1, AY)| 2 pg] <n™. (119)

Referring to (99), this implies that
|Eel < n”*{(wv) :ueV, ,ve L" (W} =n" |V, 4|
For ¢ € {2,...,k — 2}, by Corollary 5.22, if ¢, is a sufficiently large constant,
Pr |(]((§1,...,Eg_l,A;jg),Eg.f.l” > Cg] <n’X

which implies that |7 (vg,j,)| > ¢, with probability at most n™* (see (92) and (94)). Referring to
(100), this implies that

1| < n*{(wv):ueV, ,ve L"(W} =n |V, |

Since Ex_1 = 0, the above also holds for £ = k — 1.

Combining these, and using the definition of E in (104), and that |V} | = ©(|E,| + |E}]),
since each vertex in V;_l has constant out-degree, we have:
ka1 k—1
W= welVi | <2n7" Y weO(|Ee| + [E}) =0[n™ ) we|=0(n"W(G)). m

¢

Il
N

=2 ecE (G)

LEMMA 5.28. There is a uniform subroutine Sy such that for all (u,v) € Ex withi = f;1(v) and
j = £ (u), Sk maps |u, i) to |v, j) with error 0 in complexity T, = Tr = O(1).
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PROOF. The proof is identical to that of Lemma 5.7. u

We combine the results of this section into the following.

COROLLARY 5.29. Let k be any constant. There is a quantum subroutine (Definition 2.5)
that implements the full transition map with errors €, < n* for all e € f)(G) \ E, and times:
To =T, = O1) foralle € Ei; Te = T, = O(1) for alle € E*, forall £ € {0,...,k — 2};
Te=T, = 5(\/m)for alle e Ep, forall € € {2,...,k—1};and T, =Ty = 5(1)for all e € E.

PROOF. This follows from combining Lemma 5.24, Lemma 5.25, Lemma 5.26 and Lemma 5.28

using Lemma 2.7. u

5.3.7 Initial State and Setup Cost
The initial state will be the uniform superposition over Vy:

o) = [VR)-

voeVy Vol

LEMMA 5.30. The state |o) can be generated with error O(n™") for any constant x in complexity

~ /n n
S:O(t1+t2 — 4+t —)
4] \ tr—2

PROOF. Fix p € polylog(n) and a constant c. We start by taking a uniform superposition over
allR, € (t(E’JI{]D) and querying each R; to get D;(R), which costs O(t;) (with log factors coming
from the clost of inserting everything into data structures as in Section 2.3). For € € {2,...,k—-1},

. o m .
we take a uniform superposition over all sets R, € (t@lA..C,E_f(]zr:e_l))). The total cost so far is
°

O(ty +tg -+ thet).
Next, we need to populate the rest of the data structure:
For each ¢ € {2,...,k — 1}, do the following.
For each (S1,...,5¢-1,S¢) € [c1] X -+ x [ce—1] x (2[¢1\ {0}), do the following.
Repeat until pt, values i, have been found, or c log n repetitions have passed
in which no i, was found:

Search for a new value iy € Ry(s1,..., Se-1,Se) such that there exists

(i1, -5 0p-1,Xi;) € Dp_1(Rp-1(S1,...,S¢-2,S¢-1))

for some S,_1 containing s,_;. If such an i, is found, insert the tuple
(i1, ..., 1 Xi,) Into Dp(Rp(S1, . .., Se-1,S¢), and increment the forward
collision degree of j,_1 such thatiy,_; € Ai’_"il) stored in C,”  (R), as
described in the proof of Lemma 5.26.
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If the inner loop finds Y € [pt,] values, so Y = O(t,), it costs at most (up to polylogarithmic
Y-1 Y
R ten 1 tyny ~ n
N Ry _ /LZ_:@ ten¥ :O(Q _),
S NY -y L VY my my

since |Ry| = O(t,n/my). Since k, ¢y, . . ., cx_1 are all constant, there are O(1) loops in total, so the
total cost of this procedure is O(y/n/my) for a total cost of:

_ k-1 k-1 n _ k-2 n
0 (Z tHZtg, /E) - O(t1 +Zt,g+1‘ /5)
=1 £=2 =1

since ty = ©(my,q) and for all £ > 1, t, = o(t1) (see Table 3).

factors):

In parts of the superposition in which there are more than pt, collisions to be found in
some inner loop, we have failed to correctly populate the data D(R), and so the state is not
correct. We now argue that this represents a very small part of the state. For uniform random
sets R4, ..., Rx_1, we could argue that the expected number of ¢-collisions in (R4, ..., R,) is
O(ty), and use a hypergeometric tail inequality to upper bound the proportion of R for which
this failure occurs. Things are more complicated, since the sets R, for £ > 1 are not uniform on
all possible sets — they are composed instead of blocks. However, by Corollary 5.23, for every
£e{2,....,k—1},if vf; is uniform random on V,, meaning R, ..., Rx—; are uniform random
sets, but Ry, . .., Rx_1 have limited support, we still have the necessary tail bound, when ¢’ is a
sufficiently large constant:

pr [|7<(§1, LRI =t 1og? ()] < n 7.

Thus, choosing p = ¢’ logzg_l(n), the state we generate is O(n™")-close to |o). u

5.3.8 Positive Analysis

For the positive analysis, we must exhibit a flow (see Definition 2.2) on G whenever M # 0.

LEMMA 5.31. There exists some RT = O(|Vo|™) such that the following holds. Whenever there is
a unique k-collision (ay,...,ax) € A1 X --- X Ay, there exists a flow 0 on G that satisfies conditions
P1-P5 of Theorem 3.10. Specifically:

1. Foralle € E, 6(e) = 0.

2. Forallu e V(G) \ (Vo U Vy) and |Y«(u)) € Pi(u),

» O(u, £ (D) (Wx (Wl i) 5 O fi D) W«Wluw i) _
Wi ieL=(u) W

ieL*(u)

3. ZueVg O(u) = 1.
2
4 Yuew, [6@-o@” 4

o(u)

5 &7(0) < R
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PROOF. Recall the definition of M from (105). For £ € {2,...,k — 1}, let J, € [m,] be the

unique block label such that a, € A(] )

Re(S1,...,8¢-1,S¢).
Assuming M # 0, we define a flow 0 on G with all its sinks in M. It will have sources in

. Then a; € Re(s1,...,Se-1,S¢) if and only if j; €

both Vy and M, but all other vertices will conserve flow. This will imply Item 2 for all correct
star states of G, but we take extra case to ensure that Item 2 is satisfied for the additional star
states in Wy (u) : u € U522 V;. We define 6 from Vj to Vi as follows.

R{, Item 3, and Item 4: We define M, as the set of vg € Vosuchthatforall € € {2,...,k—1},we
have |[X(R1,...,Re_1, A (]‘“’))I < p¢, where p, is as in Corollary 5.27, and for all € € {2, ...,k — 2},
|K(R1,...,Re_1, A(] ) ,Rp11)| = 0. We define the flow 6 over the edges in E; as

1 4fy0 U1 =
0 (VO 0 ) _ | if v, € Mo and AYV = {ay},
R R,j1
0 else.

That is, each vertex in My has a unique outgoing edge with flow, and the flow is uniformly
distributed. From this construction we immediately satisfy Item 3.

By Corollary 5.22, we know that the proportion of vertices vg € Vp that are excluded
from Mg because |K(R1,...,Re1, A(“) Req1)| > 1is o(1). By (119), the proportion of vertices
excluded because |K (R, .. .,Eg_l, (] )| = peisalso o(1). Hence, we can compute:

v t
||Mo0|| (1 o( ))H§;§(1+O(é))(l+o(l)):1+o(1),

we can conclude with Item 4 of the theorem statement:

0u) — o) Z(L_L)z_(ﬂ_ )2_
2 = Vol \azer " wer) T g Y T

1

Since g(u) = Vol

Recall we want to compute E™(0) = £(0") (see Definition 2.4), which treats an edge e as a path
of length T,. Using T = O(1) and w; = 1 (refer to Table 5), the contribution of the edges in E] to
the energy of the flow can be computed as:

9(e)2 ~ 1 ~( 1 )
RS = To =0 =0|—|, 120
- S -o( 3 ot -0 a0

ecE} 0 ueM,

since each vertex in My has a unique outgoing edge with flow and the flow is uniformly dis-
tributed.

Ry and Item 2 (partially): Let M{ be the set of v§ ;, € Vg such that Vo € Mo and AU = {a;}, so
|M +‘ = |Mp|. These are the only vertices in V; that have incoming flow, which is equal to ] M E
Note that no fault can occur when we add a; to R; because we have ensured that a, ¢ R,; that

is I(V?Q,al) = (, and so by Lemma 5.18, Wvg,al,& =w; = 1forall S; € 2[4\ {0}. To ensure that
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we satisfy Item 2 we define the flow as

(- ifv0 e M and vl, =f5 (S1),
6(‘}0 ) ,V}le/) — |M0| R,j1 0 R]]

R,j1
0 else

where we recall that v f * (Sp) ifand only if R’ is obtained from R by inserting j; into R1(Sy).

R11

We verify that indeed for each u = v L€ Mg and |1,b (u)) € Wy(u) (see (110)) Item 2 holds:

(W), 1) Wy (wu, i)
Ox (1, u) = 0w, £, (1)) - 0(u, f, (1))
1 ieLZ;u) \/VTl ieLZ—(u) VWO

(121)
= > 0w (sl))\/ﬂ_ B(u, fr ()0,
Sie2let\1\ {g} V 0
We have f, (<) = vy € Vo, and 0(vp ., vp) = -0V}, vy ) = —[Mo|™!, and O(w, f;/ (S1)) =
(-1)5111Mp| 1, so we continue from above:
Ou(Lw = > (=DM - (=M T)(-1)
Si1e2laal\ 1\ {0}
(122)

= —|Mo|™ Z (-DS-1+1]=0,
Sye2laal\y
since )| syealei\; (—1)|31| = 0 (i.e. for any set S, exactly half of its subsets have even size). Using
T: = O(1) and w; = 1, the contribution of the edges in E; to the energy of the flow can be upper
bounded as:

9(e)2 ~ 1 (1
Ri= ) Tim—=0 > Ty 0(|M0|) (123)

eckq ueMy,Sye2l1l\{0}

R; for £ € {1,...,k — 2}: Let My(S4,...,Sy) be the set of Vf; € Vo(Sq,...,Sp) (see (85)) such that
ai € Ry(Sy), forall & € {2,..., €}, j; € Rp(u(S1), - -+, U(Se-1), Se), and

0
VRI\{@1},RA L bR\ LREsRk € MO

Then letting M, be the union of all M,(Sy,...,Sy), we have |M,| = O(|My|). We will define 6
so that M, are exactly the vertices of V; that have non-zero flow coming in from V;_l, and
specifically, we will ensure that the amount of incoming flow for each vf; € Mp(Sq,...,Sp)
is (—1)MSt-+Se+¢ pfo171. So far this can only be verified for £ = 1 due to the flow that we
constructed on Eq, but it will follow for all £ € {2,...,k — 1} when we define the flow on E, (see
(125)). For now, we define the flow 6 over the edges in E}S as

(_1)|51|+"'+|St’|+€ |1V1[_0| if VI'I“; € Mg(81, con ,SE) and jg = ]Z’

e 0
O(vg, VR,je) = |
else,
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so we are just forwarding all flow from vf; to a unique neighbour vf; e Using T; = 0(1) and
e
w; = 1, the contribution of the edges in E7 to the energy of the flow can be upper bounded as:

0(e)? ~ 1 {1
+ _ + _ _
Ri=y Ti—==0| ) YRE _o(—| 0|). (124)

+ +
ecE} 4 ueM;

Re for £ € {2,...,k — 1} and Item 2 (continued): Let M, ,(S1,...,S¢-1) be the set of vfé‘}l €
) e

V) (S1,...,Se-1) suchthatvi™ € M;_1(Sy,...,Se-1),s0letting M;_, be the union over all the sets

M; (S, .., M;_1| = O (|IMe-1]) = O (IMo|). M;_,(S1,...,S¢-1) are exactly the vertices of

V,_, that have non-zero flow coming in from M,_1(Ss, ..., Se). For any v’“) 1 e Mj (S1,-..,Se-1),

this flow is equal to (—1)Stl++ISe-1l+(&=1) | p15 |71, Note that no fault can occur when we add J; to

(Jp)

R, because we have ensured in our definition of M, that K(R, ..., Rs_1, A, ,Rpi1) =0, sowe

have I(vf;‘jl) = (0, so by (101), there is an edge for each S, € 2!\ {0} to Wthh we can assign
) e

flow. To ensure that we satisfy Item 2 we define the flow as
(—1)|Sl|+"'+|s"|“7L ifvg i, € M} (S Se_1) and V¢, = f+ . (Sp)
|Mo| R,jp p—1\PLs e e 5001 R’ pé-1 )

0 else,

(125)

where we recall that for vﬁ,‘ﬁ €V (S1,...,8e1), Ve = "1 (S¢) ifand only if R’ is obtained from
’ R.jp

R by inserting j, into Rp(u(S1), ..., u(Se-1), Se). Note that this is consistent with the incoming

flow we assumed when defining 0 on the edges in E} ., above. We verify that for each u =

-1
Vi ]1 € M} (S1,...,Se-1) and W2 (u)) € Wy(u) (see (111)), Item 2 holds. By a computation

nearly identical to (121) and (122), we obtain:

(W), 1) Wyt (u)lu, i)
O(u, £, (1)) - 0(u, f, (1))
ieLZr(:u) \/VTe ieLZ;u) VW€ 1

— (_1)|31|+"'+|3e—1|+€ Z (_1)|3e| —1-(-1)

Spe2leel\ e

Using Ty = O(x/n/mg) and w; = v/n/m, (see Table 5), we can upper bound the contribution of
the edges in E, to the energy of the flow:

G(e) - 1 ~( 1 )
Ry = T =0 —1|=0 126
6= Z ¢ Z M, | M| (126)

0
ecE,; ueM; ,.See2lce\ {0} |

Rx: Finally, let Mx_1(Sy,...,Sk-1) be the set of vllg‘l € Vi1(S1,...,Sk-1) (see (85)) such that,

firstly, a; € R1(S1); secondly, forall £ € {2,...,k—1}, j, € Re(u(S1), ..., u(S¢-1),Se); and finally,
0 .

VRl\{al},Rz\{j;},...,Rk_l\{j;_l} € My. We let My_1 be the union of all My_1(Sy,...,Sk_1). These are

exactly the vertices of Vx_; that have non-zero incoming flow, with the amount of incoming
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flow equal to (—1) St +Sk-1+(k=1) | p01 71, We define the flow 6 on the edges in Ey as

i (_1)|81|+...+|Sk—1|+(k—1) ﬁ if v}lg € Mx_1(S1,...,Sk_1) and ix = a
O(vg "5 Vg) = ’
else.

k
R

thus all sources and sinks are in Vy U M (M contains some sources, because some vertices have

It is easy to verify that the only vertices v € Vi that have non-zero flow are those in M, and

negative flow coming in). Using Tx = O(1) and wy = 1, the contribution of the edges in Ej to the
energy of the flow is:

0(e)> ~ 1 ~( 1 )
Re= » T =0 =0|—|. 127

Item 1: Recall that £ := X2} (E, U £%) ((104)), where £, c E, ((99)). By ensuring that there

is only flow on vf; whenever K(Ry,...,R;_1, AZJ ¢ )) is not too big, we have ensured that

Lo RE-1
the flow on the edges in U’g;zl E, is 0, and by only sending flow down edges that are part of E,,
which is disjoint from E, ((100)), the flow on U’{f;zl E is 0 as well, which implies that the flow

on all of E is 0.

Item 5: It remains only to upper bound the energy of the flow by adding up the contributions
in (120), (123), (124), (126) and (127):

k-2 k-1
~( 1
ETO) =RE+Ry+ ) Ry + Y Rp+ Ry = 0(—).
=1 =2 Mol

Substituting |My| = 0(|Vy|) yields the desired upper bound. u

5.3.9 Negative Analysis

For the negative analysis, we need to upper bound the total weight of the graph, taking into
account the subroutine complexities: W7(G).

LEMMA 5.32. There exists ‘W' such that

k-1 _o9
WT(G) szs5((n+ n

=1 ¢

Vol

PROOF. Recall that W'(G) = W(G") is the total weight of the graph G, where we replace each
edge e of G, with weight w,, by a path of T, edges of weight w,, where T, is the complexity of the
edge transition e (see Definition 2.4 and TS1-2 of Theorem 3.10). Thus, WT(G) = Y. E(G) TeWe. By

.....

.....
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Thus, using (97), the total contribution to the weight from the edges in Ej is:

Wy = Towg |Es| = 0 (n|Vol) . (128)
For £ € {1,...,k — 2}, we can use (90) to compute the total contribution to the weight from the
edges in E7: ~

W, =Tiw} |Ej| =0 (n|V)). (129)

Using (97), the total contribution from the edges in E; is:
Wy ==Tawy |E1] =0 (n|Vo)) . (130)
For £ € {2,...,k — 1} using (102) the total contribution from the edges in E, is:
~(n — [ n?
Wg = TgWg |Eg| =0|— |Eg| =0|— |V0| . (131)
me me
Finally, using (103), the total contribution from the edges in Ej is:
— nz
Wr := Tewy |[Ex| = O (t— |Vo|) : (132)
k—1

Combining (128) to (132), we get total weight:

(WT(G):5((n+Zn+n+Zn—+Z

using my = ©(tp_q) forall £ € {2,...,k —1}. n

5.310 Conclusion of Proof of Theorem 5.16

~ 3_1
We can now conclude with the proof of Theorem 5.16, showing an upper bound of O (n"l_"*zk—l)

on the bounded error quantum time complexity of k-distinctness.

PROOF OF THEOREM 5.16. We apply Theorem 3.10 to G (Section 5.3.3 and Section 5.3.2), M
((105)), o the uniform distribution on V, ((83)), and ¥, (Section 5.3.4), with

and RT = 5(|VO|—1).

Then we have, referring to Table 3,
N k-1 le
WRT=0|n+ ) —|=o0(n.

We have shown the following:
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Setup Subroutine: By Lemma 5.30, the state |o) can be generated in cost

k-2
~ n
S = O(t1+ztg+11,t—) .
=1 ¢

Star State Generation Subroutine: By Lemma 5.20, the star states ¥, can be generated in 0(1)
complexity.

Transition Subroutine: By Corollary 5.29, there is a quantum subroutine that implements the
transition map with errors ¢, and costs T, such that

TS1 For all (u,v) € f(G) \ E (defined in (104)), taking x > 2 in Lemma 5.26, we have ¢, =
o(n™) = o(1/(RTWT)).
TS2 By Corollary 5.27, Lemma 5.32 and using k > 2:

W = 0(n*WT'(G)) = o(1/R").

Checking Subroutine: By (106), for any u € V\y = Vk, we can check if u € M in cost 5(1).
Positive Condition: By Lemma 5.31, there exists a flow satisfying conditions P1-P5 of Theo-
rem 3.10, with E7(6) < RT = 5(|VO|‘1).

Negative Condition: By Lemma 5.32, WT(G) < WT =0 ((n + Yk ’;—j) |V0|).

Thus, by Theorem 3.10, there is a quantum algorithm that decides if M = () in bounded error in

complexity:
k—2 - S k—2 - n
O(S+\/RT‘WT) =0 t1+Ztg+1,/—+\/ﬁ+Z— =0 t1+Ztg+1,/—+\/ﬁ+
=1 L =1 \/5 = te tk-1
- : . 3.1 1 _ye k1o
since t; > t; > -+ > tx_1. Choosing the optimal values of t, = n* 42k-1 =¢=2 2k-1 for £ €

—_ 3_1
{1,...,k—1}, asin Table 3, we get an upper bound of O (nrzzk—l). Since M # ( if x has a unique
k-collision, and M = 0 if x has no k-collision, the algorithm distinguishes these two cases. By
Lemma 5.1, this is enough to decide k-distinctness in general. u
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