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ABSTRACT. Weak coin flipping is an important cryptographic primitive—it is the strongest
known secure two-party computation primitive that classically becomes secure only under
certain assumptions (e.g. computational hardness), while quantumly there exist protocols that
achieve arbitrarily close to perfect security. This breakthrough result was established by Mochon
in 2007 [arXiv:0711.4114]. However, his proofrelied on the existence of certain unitary operators
which was established by a non-constructive argument. Consequently, explicit protocols have
remained elusive. In this work, we give exact constructions of related unitary operators. These,
together with a new formalism, yield a family of protocols approaching perfect security thereby
also simplifying Mochon’s proof of existence. We illustrate the construction of explicit weak
coin flipping protocols by considering concrete examples (from the aforementioned family of
protocols) that are more secure than all previously known protocols.
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1. Introduction

The problem we study in this paper is easy to state. Suppose there are two parties, conventionally
called Alice and Bob, who are placed in physically remote locations and can communicate with
each other using a communication channel. They wish to exchange messages over this channel
in order to agree on a random bit, while having a priori known opposite preferred outcomes.
This is easy to do—Alice flips a coin and sends a message with the outcome to Bob. However,
this requires Bob to trust Alice. Can Bob modify the scheme to be sure that Alice did not cheat?
More generally, can one construct a protocol, which involves an exchange of messages over
a communication channel, to decide on a random bit while ensuring that an honest party, i.e.
one that follows the protocol, cannot be deceived? It turns out that if one communicates over a
classical communication channel,” then a cheating party can always force their desired outcome
on the honest party (unless one makes further assumptions, such as computational hardness).
On the other hand, if Alice and Bob use a quantum communication channel, then protocols
solving this problem up to vanishing errors have been shown to exist [32]. This seminal result
was proved in 2007. However, there is a non-constructive part in its analysis, which means that
while we know such protocols exist, the protocols themselves remain unknown. In this paper;,
we build upon the previous pioneering works to construct protocols for quantum weak coin
flipping, as this problem is referred to in the literature.

The coin flipping problem was introduced by Blum in 1983 [13]. It has since occupied an
interesting place in the overall landscape of cryptography. To overcome the severe limitations
of key distribution, public key cryptography was invented [20, 29]. In 1994 it was shown that the
widely used—even today—public key cryptosystem RSA [36] can be broken using a quantum
computer [37]. Interestingly, a decade earlier, a method for performing key distribution using
quantum channels [11] was proposed whose security, in principle, relied only on the validity
of the laws of physics. It was thus thought that quantum mechanics could also revolutionise
secure two-party computation. This is another branch of cryptography comprising protocols in
which two distrustful parties wish to jointly compute a function on their inputs without having
to reveal these inputs to each other. Success here, was marred by a cascade of impossibility
results. In a central result of (classical) cryptography, it was shown that a primitive called
oblivious transfer is universal for secure two-party computation [26]. However, there exists
no (classical) protocol that offers perfect security for oblivious transfer without relying on
further assumptions, such as computational hardness—classical secure two-party computation
with perfect security is thus impossible [19]. In fact, it was shown that even if one allows
quantum communication, oblivious transfer cannot be implemented with perfect security [28,

18], extinguishing any lingering hope that quantum mechanics could serve as a panacea for

1 as opposed to a quantum communication channel
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cryptography. Bit commitment, a secure two-party computation primitive weaker than oblivious
transfer was subsequently targeted, but it too turned out to be impossible—in the same sense—
even in the quantum setting [16]. This brings us to coin flipping, an even weaker secure two-party
computation primitive, which comes in two variants: strong and weak coin flipping. In a coin
flipping protocol the two distrustful parties need to establish a shared random bit. For strong
coin flipping? the preferences of the parties are unknown to each other, whereas in weak coin
flipping, the parties have a priori known opposite preferences (as stated earlier). While strong
coin flipping suffered the same fate as that of oblivious transfer and bit commitment [17], weak
coin flipping was poised for fame—it is the strongest known primitive in the two-party setting
which admits no secure classical protocol, but can be implemented over a quantum channel
with near perfect security [32].

More precisely, in a quantum strong coin flipping protocol a dishonest party can suc-
cessfully cheat with probability at least % [27], and the best known explicit protocol has a
cheating probability of % + % [4]. As for weak coin flipping, the existence of protocols with
arbitrarily-close-to-perfect security was proved non-constructively, by elaborate successive
reductions of the problem based on the formalism introduced earlier by Kitaev for the study
of strong coin flipping [27]. Consequently, the structure of the protocols whose existence is
proved was lost. A systematic verification led to a simplified proof of existence by Aharonov,
Chailloux, Ganz, Kerenidis and Magnin [3]. Yet, over a decade later, an explicit, nearly perfectly
secure weak coin flipping protocol was missing, despite various approaches ranging from the
distillation of a protocol using the proof of existence to numerical search [34, 35].2 While
an explicit weak coin flipping protocol has remained elusive, several connections have been
discovered. In particular, (nearly) perfect weak coin flipping provides, via black-box reductions,
(nearly) optimal protocols for strong coin flipping [17], bit commitment [16] and a variant of
oblivious transfer [15]. It is also used to implement other cryptographic tasks such as leader
election [21] and dice rolling [2].

The most significant advance in the study of weak coin flipping (WCF) was the invention
of the so-called point games, attributed to Kitaev by Mochon [32]. They introduced three
equivalent formalisms that can be used to describe WCF protocols and their security properties:
(1) Explicit protocols given by pairs of dual semi-definite programs (SDPs), (ii) Time Dependent
Point Games (TDPGs) and (iii) Time Independent Point Games (TIPGs). The existence of quantum
WCF protocols with almost perfect security was established using TIPGs [32]. However, the
proposal of explicit protocols was hindered by the fact that no constructive method was given for

2 “Strong coin flipping” is often referred to simply as “coin flipping” in the literature.

3 The known proof of existence for WCF implies that an exhaustive search, given enough time, will find an explicit
WCF protocol. However, the search space is so large that this approach seems infeasible and has, indeed, been
unsuccessful so far.
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obtaining a protocol from a TDPG (even though, as we said, protocols and TDPG are equivalent
formalisms).

In this work, we start by constructing a new framework that allows us to convert point
games into protocols, granted that we can find unitaries satisfying certain constraints. We use

perturbative methods in conjunction with this framework to obtain a protocol with cheating

1
10°

% + % [31].# We then introduce a more systematic method for converting the point games used

probability % + =, improving the former best known protocol which has cheating probability
by Mochon (including the ones approaching perfect security) into explicit unitaries, which, in
turn, can be readily converted into explicit WCF protocols. Our approach is also simpler, in at
least three ways. First, prior works relied on conic duality arguments to show the equivalence
between the various formalisms which was crucial to the proof of existence. Since we give exact
constructions directly in the SDP formalism, this conic duality argument can be circumvented.
Second, even though we do not use this equivalence for our main result, our approach is also
equivalent to the various formalisms as the conic duality argument continues to hold in our
approach—and is arguably easier to apply as it avoids the subtleties involving closures of cones
(as detailed in Section 4.2 and Lemma 4.5). Finally, our approach produces protocols where the
message register can be discarded/reset after each round, unlike prior works where the message
register had to be held coherent through all rounds of the protocol (see before Section 4.1).

2. Technical Overview

Below, we briefly introduce the various aforementioned formalisms. We need them in Section 2.2
where we informally describe our contributions. Later, in Section 3, we present these formalisms
in more detail, as we subsequently build upon them.

Let us start with two elementary remarks about WCF. First, without loss of generality,® one
can say that, if the (bit-valued) outcome of a WCF protocol is 0 it means that Alice won, while
Bob wins on outcome 1. Second, there are four situations which can arise in a WCF scenario,
of which only three are relevant to our discussion. Begin with the situation where both Alice
and Bob are honest (denoted by HH), i.e. they both follow the protocol. We want the protocol
to be such that both Alice and Bob (a) win with equal probability and (b) are in agreement
with each other. In the situation where Alice is honest and Bob is cheating (denoted by HC), the
protocol must protect Alice from a cheating Bob, who tries to convince her that he has won.
His probability of succeeding by using his best cheating strategy is denoted by P73, where the
subscript denotes the cheating party. The situation where Bob is honest and Alice is cheating
(denoted by CH) naturally points us to the corresponding definition of P},. We do not study the
CC case, as neither party follows the prescribed protocol.

4 Strictly speaking, these are families of protocols whose cheating probability approaches the said value asymptotically.

5 Since in a WCF protocol, the parties have opposite known preferences, this is just a matter of labeling.
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As an illustration, recall the naive (trivially insecure) WCF protocol where Alice flips a
coin and reveals the outcome to Bob over the telephone. A cheating Alice can simply lie and
always win against an honest Bob, viz. P, = 1. On the other hand, a cheating Bob cannot do
anything to convince Alice that he has won, unless it happens by random chance on the coin
flip. This corresponds to P, = % We say that a protocol has bias e if neither party can force their
preferred outcome with probability greater than 1/2 + ¢, for € > 0. For the aforementioned
naive protocol, the bias is € = max[P}, P;| - % which amounts to € = % (the worst possible).
Evidently, protocols that protect one party can be trivially constructed. The real challenge is

constructing protocols where neither party is able to cheat against an honest party.

21 The three formalisms

Given a WCF protocol, it is not a priori clear how the maximum success probability of a cheating
party, P, /B should be computed as the strategy space can be dauntingly large. It turns out
that all quantum WCF protocols can be defined using the exchange of a (quantum) message
register interleaved with the parties applying the unitaries U; locally (see Figure 1) until a
final measurement—say II4 denoting Alice won and IIz denoting Bob won—is made in the end.
Computing P, in this case reduces to a semi-definite program (SDP) in p (where p is the state held

Alice  Message  Bob

Figure 1. General structure of a WCF protocol.

by the honest party just before the measurement): maximise P, = tr(II,p) given the constraint
that the honest party (Bob in this case) follows the protocol. Similarly for computing P we can
define another SDP. Using SDP duality one can turn this maximisation problem over cheating

strategies into a minimisation problem over dual variables Z,,p. Any dual feasible assignment
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(i.e. one that satisfies the constraints “dual to” those of the original SDP) then provides an upper

%

A/B’
in this case, there are two SDPs, and we must optimise both simultaneously.® Note that we

bound on the cheating probabilities P Handling SDPs is, in general, straightforward, but
assumed that the protocol is known and we are trying to bound P}, and Pj. However, our goal
is to find good protocols. Therefore, we would like a formalism which allows us to do both,
construct protocols and find the associated P}, and Pj. Kitaev and Mochon, gave exactly such a
formalism.

They converted this problem about matrices (Z, p and U) into a problem about points
on a plane, and Mochon called it Kitaev’s “Time Dependent Point Game formalism” (TDPG).
Therein, we are concerned with a sequence of frames (also referred to as configurations). Each
frame is a finite collection of points in the positive quadrant of the x y-plane with probability
weights assigned to them. This sequence must start with a fixed frame and end with a frame
that has only one point. The fixed starting frame consists of two points at (0, 1) and (1, 0) with

equal weights 1/2. The end frame must be a single point, say at (f, «), with weight 1. The
11
202
by transitioning through intermediate frames (see Figure 2) following certain rules.

objective of the protocol designer is to get this end point as close to the point (3, 7) as possible

1 2 1¢%2 o lh 1 o1

2
1 1 a1

Figure 2. Point game.

The main theorem about this formalism, roughly stated, asserts that if one abides by these rules,
then corresponding to every such sequence of frames, there exists a WCF protocol with P, = a,
Py = B.

Let us now describe these rules. Consider a given frame and focus on a set of points that
fall along a vertical (or horizontal) line. Let the y (or x) coordinate of the ith point be given by
Zg, and its weight by pg,, and let zp, and py, denote the corresponding quantities for the points
in the subsequent frame. Then, the following conditions must hold:

1. the probabilities are conserved, viz. }; pg, = >.; Pn;, and

2. forallA >0

AZg Az
8i hi
< h;- (1)
, A+z.pgl , A+zh.pl
i 8i i i
6 Furthermore, the size of the SDP scales with the dimension of the system, i.e. exponentially in the number of qubits.

Therefore, optimising such SDPs in general is unlikely to be a tractable problem.
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From one frame to the next, we can either make a horizontal or a vertical transition. By
combining these sequentially we can obtain the desired form of the final frame, i.e. a single
point. The points in the frames and the rules of the transitions arise from the variables Z, p
of the dual SDP and their constraints, respectively. Just as the state p evolves through the
protocol, so do the dual variables Z4,p. The points and their weights in the TDPG are exactly the
eigenvalue pairs of Z, 5 with the probability weight assigned to them by the honest state [¢) ata
given step in the protocol. Given an explicit WCF protocol and a feasible assignment for the dual
variables witnessing a given bias, it is straightforward to construct the TDPG. However, going
backwards, constructing the WCF dual from a TDPG is non-trivial and no general construction
is known.

As shall become evident shortly, it is useful to encode the points on a line and their weights
into a function from the interval [0, co) to itself. Let

[[a]] (z) = 64,2 (2)

i.e. [a] (z) is zero when z # a and one when z = a. The transition from a given frame to
the next is written as Y; pg, [[zg;| — Xi P [2zn]- The corresponding function is written as
t = XiPn 20 ] — Xipe [2g, ] If the transition (function) satisfies the conditions (1) and (2)
above, it is termed as a valid transition (function) (see Proposition 3.14). If we restrict ourselves
to transitions involving only one initial and one final point, i.e. [[zg]] — [ z1], the second
condition reduces to z; < zp. This is called a raise, and it means that we can increase (but not
decrease) the coordinate of a single point. What about going from one initial point to many
final points, i.e. [[zg]] — 3. Pr; [ zn, ]|? Note that the points before and after must lie along either
a horizontal or a vertical line. The second condition in this case becomes 1/z; > (1/zy), which
means that the harmonic mean of the final points must be greater than or equal to that of the
initial point, where (f(zp)) := (Zi f(Zhi)phi)/(Zj ph].). This is called a split. Finally, we can
ask what happens upon merging many points into a single point, i.e. 3}; pg, [ zg,| = [zx]. The
second condition becomes <z g> < zp, which means that the final position must not be smaller
than the average initial position. This is called a merge. While these three valid transitions do
not exhaust the set of possible valid moves, they are enough to construct games approaching
bias 1/6.

Let us consider a simple game as an example (see Figure 2). We start with the initial frame
and raise the point (1, 0) vertically to (1, 1); this is a raise, an allowed move. Next we merge the
points (0,1) and (1, 1) using a horizontal merge. The x-coordinate of the resulting point can at
best be 1.0 + 7.1 = 1 where we used the fact that both points have weight 1/2. Thus, we end up
with a single point having all the weight at (2, 1). This formalism tells us that there must exist a
protocol which yields P}, = 1 while Py = %, which is exactly the naive telephone protocol that
we presented earlier. It is a neat consistency check but it yields the worst possible bias. This is
because we did not use the split move. If we use a split once, we can, by appropriately matching
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-1
=5
bias were found [39, 33, 25] before the point game formalism was known. In fact, this bias,

e=-1— %, is exactly the lower bound for the bias of strong coin flipping protocols. It was an

V2
exciting time—we imagine—as the technique used to obtain the bound for strong coin flipping

the weights, already obtain a game with P}, = Py Various protocols corresponding to this

fails to apply to WCFE. The matter was not resolved for some time, and this protocol remained
the best known implementation of WCFE. Then, in 2005, Mochon showed that using multiple
splits at the beginning followed by a raise, and thereafter simply using merges, one can obtain a
game with bias approaching 1/6 [31]. Obtaining lower biases, however, is not a straightforward
extension of the above, and we need other moves which cannot be decomposed into the three

basic ones: splits, merges and raises.

2.2 Contributions

2.21 TEF and bias 1/10 protocol

In Section 4, we provide a framework for converting a TDPG into an explicit WCF protocol. We
start by defining a “canonical form” for any given frame of a TDPG, which allows us to write
the WCF dual variables, Zs, and the honest state |i) associated with each frame of the TDPG.
We then define a sequence of quantum operations, unitaries and projections, which describe
how Alice and Bob transition from the initial to the final frame. It turns out that there is only
one non-trivial quantum operation, U, in the sequence. Using the SDP formalism we write the
constraints at each step of the sequence on the Zs and show that they are indeed satisfied. The
aforementioned constraints can be summarised as in Theorem 2.1 below. In Section 4, one
can find the full version, Theorem 4.3, together with its proof and a detailed description of the
framework. Notice that compared to Mochon’s Lemma 18, the key difference in our approach
is the introduction of projectors and the treatment of message registers. We defer the details to
Section 4.

THEOREM 2.1 (TEF constraint (simplified)). If a unitary matrix U acting on the space
span{|g1),|g2) ..., 1), |hy) ...} satisfying the constraints”’

Uy =lw) and ) xp lh) (hil = > xgEnU |g) (gil U"Er > 0, 3)

can be found for every transition (see Definition 3.7 and Definition 3.8) of a TDPG, then an ex-
plicit protocol with the corresponding bias can be obtained using the TDPG-to-Explicit-protocol
Framework (TEF). Here, {{|gi)}, {|h;) }} are orthonormal vectors. If the transition is horizontal,
then
— the initial points have xg, as their x-coordinate and pg, as their corresponding probability
weight,

7 We use A > B to mean that A — B has non-negative eigenvalues; we implicitly assume that A and B are Hermitian.
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— the final points have xy, as their x-coordinate and py, as their corresponding probability
weight,
— Ey is a projection onto the span {|h;)} space,

— V) = 2 VDg 181) /N2 Dgi» IW) = 2 /D, [Mi) [N 2 Dhi-

If the transition is vertical, the X, and xy, become the y-coordinates yg and yp, with everything
else unchanged.

The TDPG already specifies the coordinates xp;, Xg; and the probabilities py,, pg, satisfying
the scalar condition Equation (1), therefore our task reduces to finding the correct U which
satisfies the matrix constraints Equation (3). Given such a unitary U we show in detail how we
can progressively build the sequence of unitaries corresponding to the complete WCF protocol.
In fact, we need to reverse the order of the operations in the sequence we get in order to obtain
the final protocol. We continue by introducing what we call the blinkered unitary, that satisfies
the required constraints (as in Equation (3)) for split and merge moves. In particular, any valid
transition from m initial to n final points that can be implemented by means of the blinkered
unitary, can be seen as a combination of an m — 1 merge and an 1 — n split (see Section 4.3
and Appendix B). With these the former best known explicit protocol with bias 1/6 [31] can
already be derived from its TDPG. We finally study the family of TDPGs with bias 1/10 and
isolate the precise moves required to implement it. These cannot be produced by a combination
of merges and splits, therefore, we need to go beyond blinkered unitaries. We give analytic
expressions for the required unitaries and show that they satisfy the corresponding constraints.
This allows us to convert Mochon’s family of games with bias 1/10 into explicit protocols, thus
breaking the bias 1/6 barrier. However, we essentially guessed the form that the blinkered
unitary and the unitaries of the 1/10 game should have in these cases, and then showed that
they indeed satisfy the required constraints. Games achieving lower biases, though, correspond
to larger unitary matrices, therefore this approach becomes untenable. We overcome this issue
in Section 5, where we find a way to systematically construct the unitaries for the whole family
of Mochon’s games achieving bias e(k) = 1/(4k + 2) for arbitrary integers k > 0.

2.2.2 Exact Unitaries for approaching zero bias using Mochon’s assignments

As we saw, TEF allows us to convert any TDPG into an explicit protocol, granted that the unitaries
satisfying Equation (3) can be found corresponding to each valid transition used in the game
(see Theorem 2.1). Using Kitaev’s and Mochon’s formalism [32], we have that the following—an
even weaker requirement—is enough (see Section 5.1): Suppose that a valid function (see the
discussion after Equation (1)), t, can be written as a sum of valid functions. Then, in order to
obtain the effective solution for t (see Definition 5.3), it suffices to find unitaries corresponding to
the valid functions appearing in the sum. We consider the class of valid functions that Mochon

uses in his family of point games approaching bias e(k) = 4k1+2 for an arbitrary integer k > 0.
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These are of the form (see Definition 5.1)

tzzn: —f () [x],

P [1j2i(xj — xi)

where 0 < x; < X3+ < Xp € R, f(x) is a polynomial,® and the notation is as in Equation (2).
We refer to these as f-assignments and in particular, when f is a monomial, we call them
monomial assignments. We observe that the f-assignments can be expressed as a sum of
monomial assignments, and we give formulas for the unitaries corresponding to these monomial
assignments. There are four types of monomial assignments—which we call balanced or
unbalanced (depending on whether the number of points with negative weights in the point
game is equal to the number of points with positive weight or not) and aligned or misaligned
(depending on whether the power of the polynomial f(x) is even or odd). The formulas for
their solutions (see Definition 5.3) and their proofs of correctness comprise most of Section 5
whose central result is summarised in the following theorem.

THEOREM 2.2 (informal—we suppressed some constraints on f for brevity.). Let t be an
f-assignment (see Definition 5.1). Then, t can be expressed as t = },; a;t; where o; > 0 and t; are
monomial assignments (see Definition 5.1). Each t; admits a solution (see Definition 5.3) given in
either Proposition 5.9, Proposition 5.10, Proposition 5.11 or Proposition 5.12, depending on the
formof't,.

In Section 5.5 we illustrate, as an example, the construction of a WCF protocol with bias
1/14 from the corresponding point game by means of the TEF and the analytical solutions to
the monomial assignments.

Having found these unitaries, we have effectively solved our problem, since TEF allows the
conversion of point games—including the ones with arbitrarily small bias—into WCF protocols
with the respective bias as illustrated in Figure 3 below.

2.3 Relation to existing pre-prints

This work is a self-contained and (presently) the most concise version of the main result—
construction of WCF protocols with vanishing bias—in arXiv:1811.02984 [8] (presented at
STOC’19 [9]) and arXiv:1911.13283v2 [6] (presented at SODA ’21 [5]).

On the other hand, the Cryptology ePrint 2022/1101 [7] is a self-contained, comprehensive
version that contains all the results in arXiv:1811.02984 [8] and arXiv:1911.13283v1 [5] and
v2 (vl gave a geometric construction while v2 was algebraic).

8 with some restrictions which we suppress for brevity



1 /76 TheoretiCS Protocols for Quantum Weak Coin Flipping

Mochon’s TIPG, approaching zero bias
ﬂ Mochon’s reduction
corresponding TDPG, approaching zero bias
TEF ﬂ solutions to f-assignments

corresponding WCF protocol, approaching zero bias

Figure 3. Mochon constructed a Time Independent Point Game approaching zero bias which, in
combination with prior results and the ones in this manuscript, results in the corresponding WCF
protocol approaching zero bias.

3. Preliminaries: Existence of Aimost Perfect Quantum WCF Proto-
cols

The contents of this section are based on two works: the first is by Mochon [32]—part of which
is attributed to Kitaev—and the second is by Aharonov, Chailloux, Ganz, Kerenidis and Magnin
[3], who simplified and verified the former. Here, we only state specific notation and statements
(without proofs) from these works that we need to present our work.

3.1 WCF protocol as an SDP and its dual

Any WCF protocol can be expressed in the following general form (see [4] and page 9 of [32]):

DEFINITION 3.1 (WCF protocol with bias €). For n even, an n-message WCF protocol between
two parties, Alice and Bob, is described by:
— Three Hilbert spaces: A and B corresponding to Alice’s and Bob’s private work-spaces (Bob
does not have any access to A and, similarly, Alice to B) and a message space M.
— An initial product state [(o) = [Pa0) ® [Pr0) ® [50) € A® M ® B.
— A set of n unitaries {Uj,...U,} actingon A ® M ® B with U; = Ua; ® I for i odd and
Ui =14 ® Up; for i even.
— A set of honest states {|¢;) : i € [n]} defined as |¢;) = UjU;_1 ... Uq |y).
— A set of n projectors {Ej,...E,} actingon A® M ® Bwith E; = E4; ® Ip for i odd, and
E; =14 ® E; for i even, such that E; [¢;) = [¢;).
— Two positive operator valued measures (POVMs) {quo), qul)} acting on A and {H(O), H](31)}
acting on B.

The WCF protocol proceeds as follows:
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— In the beginning, Alice holds |l/)A,0> |l/)M,o> and Bob |¢B,0>.
— Fori=1ton:
— Ifiisodd, Alice applies U; and measures the resulting state with the POVM {E;, I - E;}.
On the first outcome, she sends the message qubits to Bob; on the second outcome,
she ends the protocol by outputting “0”, i.e, she declares herself the winner.
— Ifiiseven, Bob applies U; and measures the resulting state with the POVM {E;, I - E;}.
On the first outcome, he sends the message qubits to Alice; on the second outcome,
he ends the protocol by outputting “1”, i.e., he declares himself the winner.
— Alice and Bob measure their part of the state with the final POVM and output the
outcome of their measurements. Alice wins on outcome “0” and Bob on outcome “1”.

The WCF protocol has the following properties:
— Correctness: When both parties are honest, their outcomes are always the same:
M @Iy @ |g,) =Y @ Iy @ T [1h,) = 0.
— Balanced: When both parties are honest, they win with probability 1/2:
P, = )ng;’) oIy o1 [y = Land Py = 10 @ Iy o 1D y)| = L.
— e-biased: When Alice is honest, the probability that both parties agree on Bob winning
is Pp < % + €. Conversely, when Bob is honest, the probability that both parties agree on

. . . . * 1
Alice winning is P, < 5 +e€.

For a depiction of the protocol see Figure 4.
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[Va,0) [Vam,0) [VB,0)
PAM,0
Ua1
{Ea1,1—Ea1}
PAM,1
Us,2
{EB,2,1—Ep2}
PAM,2
Ua,3
{Ea3,1—Eaz3}
PAM,3
UB,n
{EB,ID]I_EB,H}
PAM,n
©0) (1) 0) (1)

Figure 4. Every quantum WCF protocol can be cast into this general form.

To define the bias of the protocol, we need to know P}, and Py corresponding to the
best possible cheating strategy of the opponent. This is formalised by the following (primal)

semi-definite program:

THEOREM 3.2 (Primal). Using the notation in Definition 3.1, it holds that
P% = max Tr((l'[fql) ® Inr) pam.n) over all pay i satisfying the constraints

— Tru(pamo) = Trus(1$o) (Yol) = [Ya0) (Yao
— foriodd, Try(panm,i) = TrM(EiUiPAM,i—lU; E;), and

— forieven, Try(pam,i) = Trv(pam,i-1)-

>

P, = max Tr((Iy ® Hg))) pPmB.n) over all ppy i satisfying the constraints

— Tru(pmso) = Tram (1o} (Wol) = [¥50) (Y50
— fori even, Try(pus,) = Trar(EiUipump,i-1U; Ey), and

— fOT' i Odd, TrM(pMB,i) = TrM(pMB,i—l)-

b

REMARK 3.3. In fact, one can restrict to unitaries without loss of generality (see page 9 of
[32]) by simulating the projections as coherent measurements and absorbing them into the
final measurement. Generality is not lost because (a) the projections can only improve the bias
and (b) a protocol with projections can be converted into one without projections. The use of
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projectors, though, simplifies the proofs, as we will see later. For instance, One could have, in
addition to the measurement {E;, I — E;}, introduced a similar measurement, say {F;, I — F;},
before the unitary. This would yield try (panm,i) = trp (EiUFip AM,i_lFiU:Ei) for the SDP of Py,

Notice that Py depends on Alice’s actions specified in the protocol—as we optimise over
all possible actions of Bob—and thus involves variables such as pap,; and Uga ;. Analogously, P,
depends on Bob’s actions.

A feasible solution to an optimisation problem is one that satisfies the constraints but is
not necessarily optimal (viz. it does not necessarily achieve the highest/lowest value). Clearly, a
feasible solution to the primal problems only yields a lower bound on P}, and Pj. Using standard
arguments, it is easily seen that feasible solutions to the dual problems (described below) yield
upper bounds on P, and Pj. In fact, in our case, it has been shown that strong duality holds
which means that the optimal values of the dual problems yield P, and Py exactly (and not just
lower bounds). Physically, this entails that there exist cheating strategies corresponding to the
optimal values of the dual problems.

THEOREM 3.4 (Dual). Using the notation in Definition 3.1, it holds that
Py =minTr(Zap |¢A,o> <¢A,0|) over all Z 5 ; satisfying the constraints

1. Vi, Za; 20,

2. Foriodd, Zai1®Iy 2 U} Eai(Zai ® Im)EaiUay,

3. Forieven,Zyi_1 =2, and

4. Zyp =10

P =minTr(Zgo |50) (Y50|) over all Zy; satisfying the constraints
1. Vi, Zp; > 0,
2. Forieven, Iy ®Zpi 1 2 U} Epi(Iy ® Zp,)Ep U,
3. Foriodd, Zg;—1 = Zp;, and
4. Zgn =107

REMARK 3.5. Asin Remark 3.3, we note that the dual SDP corresponding to P; would have
yielded the constraint
Zpi-1 QI > FA,in;’l-EA,i (ZA,i ® I[M) EAiUaiFa; for i odd.

Similarly for P}, and even i. Here, F4; and Fp; are the same as F; in Remark 3.3 for odd and
even i respectively, with Alice and Bob explicitly labelled.

Below, we formally define Time Dependent Point Games (TDPGs) which were briefly
described earlier in Section 1. In fact, we define two variants—TDPGs with EBM functions and
those with valid functions.
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3.2 TDPGs with EBM transitions/functions

Evidently, every protocol admits infinitely many representations as, in particular, there is
freedom in the choice of basis. It is desirable to remove this redundancy to analyse the WCF
problem. Kitaev’s solution was to define Time Dependent Point Games (TDPGs)—a formulation
equivalent to WCF protocols—that address exactly this issue. To define TDPGs, first consider; at
a given step, the dual variables Z,, Zp as observables with [¢) governing the probability. This
combines the evolution of the certificates on cheating probabilities with the evolution of the
honest state—the state obtained when none of the parties is cheating.® This idea is formalised
as follows.

DEFINITION 3.6 (Prob). Consider Z > 0 and let IT1%] represent the projector on the eigenspace
of eigenvalue z € spectrum(Z). We have Z = 3, zIIl#l. Let |1)) be a vector, not necessarily
normalized. We define the function Prob|[Z, ¢] : [0, 0) — [0, o) as

[2] '
bron(z. ] (2) < | VT iz €5p(2)

0 else.

IfZ =7, ® Iy ® Zp, using the same notation, we define the 2-variate function Prob[Z,, Zp, ] :
[0, 00) X [0, 00) — [0, o0), with finite support, as

(Yl a2l @ Iy @ 28l |y)  if (24, 2p) € SP(Z4) X sP(Zp),
Prob[Za,Zp, ¥](za,zp) = :
else.

In this subsection, we consider TDPGs with EBM transitions. An Expressible by Matrices
(EBM) transition may be viewed as a distillation of each (non-trivial) step of a protocol. It is
formalised as follows.

DEFINITION 3.7 (Line Transition). A line transition is an ordered pair of finitely supported
functions g, h : [0, ) — [0, o0), which we denote as g — h.

DEFINITION 3.8 (EBM line transition). Let g,h : [0, 0) — [0, 00) be two functions with finite
supports. The line transition g — h is EBM if there exist two matrices 0 < G < H and a vector
|Y), not necessarily normalized, such that g = Prob [G, |¢)] and h = Prob [H, |¢)].

DEFINITION 3.9 (EBM transition). Let g,h : [0, 00) X [0, 00) — [0, 00) be two functions with
finite supports. The transition g — his an
— EBM horizontal transition if g(., y) — h(., y) is an EBM line transition for all y € [0, o),
and

9 Originally, using a similar maneuver, Kitaev settled the solvability of the quantum strong coin flipping problem by
giving a lower bound on its bias [27].
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— EBM vertical transition if g(x,.) — h(x,.) is an EBM line transition for all x € [0, c0).

REMARK 3.10. When clear from the context, we refer to an EBM line transition simply as an
EBM transition.

We can now combine these two notions to define TDPGs with EBM transitions (also referred
to as EBM point games). We use the following 2-variate generalisation of Equation (2), in
subsequent definitions:

[[Xg, yg]] (x,y) = 1 xg=xand ys, =y
0 else.

DEFINITION 3.11 (TDPG with EBM transitions—EBM point game). An EBM point game is a
sequence of functions {go, g1, - . . , g} With finite support such that

— go=1/2[0,1] +1/2[1,0];

— forall even i, g; — gi+1 is an EBM vertical transition;

— for all odd i, gi — gi+1 is an EBM horizontal transition;

— gn=1[B, ] for some o, B € [0,1]. We call [ 8, ] the final point of the EBM point game.

In informal discussions, we often refer to transitions as moves (of the corresponding point
game). As we alluded to, EBM point games may be viewed as a distillation of a WCF protocol
and therefore the following should not come as a surprise.

PROPOSITION 3.12 (WCF — EBM point game). Given a WCF protocol with cheating
probabilities P}, and Py, along with a positive real number & > 0, there exists an EBM point game
with final point [P} + 8, P% + 8|

The converse statement—given an EBM point game the corresponding WCF protocol can
be constructed—is not as easy to see, but it does indeed hold.

THEOREM 3.13 (EBM point game to protocol). Given an EBM point game with final point
[ B, a], there exists a WCF protocol with P, < o and Py < .

These establish the equivalence between EBM point games and WCF protocols. We use it
in Section 4, to prove Theorem 4.3. The proofs of all statements made here can be found in [32,
3].

3.3 TDPGs with valid transitions/functions

To check whether a given transition is EBM is not an easy task. Kitaev and Mochon [32]
introduced the following alternate characterisation of EBM line transitions to simplify the
analysis.
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PROPOSITION 3.14. (Relating EBM and strictly valid transitions [32, 3]) Let g — h where
g =27 Pg e ] and h = 3 pn, [xn, ]| with all xg,, xx, being non-negative and distinct (xg, # Xg,
and xp, # Xn, for every i # j), and pg,, pn, > 0. Then, the transition is EBM if it is strictly valid, i.e.

the following equality holds and the inequalities are strictly satisfied:
Np g
Z Pn; = Z Pg;
i=1 i=1
Ng

h Axp, k' AXg o
. L> ‘ L VA>0, and XnPh = Y XgPDe,.
; Py Xn, ; Pey Xg Z hi Dh; Z siPsgi

i:l l:1

Conversely, a transition is valid, i.e. satisfies these inequalities, if the transition g — h is EBM.

Using Proposition 3.14, one can consider a TDPG with valid transitions (or briefly, a valid
point game), instead of looking at a TDPG with EBM transitions (or briefly, an EBM point game)
as in Definition 3.11. This is simply because a TDPG with valid transitions can be converted to a
TDPG with strictly valid transitions, for any § > 0 increase in the coordinates of the final point.
Then, an application of Proposition 3.14 immediately gives the corresponding TDPG with EBM
transitions.

How do valid transitions help? Recall that EBM transitions involved ensuring certain matrix
inequalities were satisfied. Valid transitions, instead, are characterised by scalar inequalities
(albeit infinitely many, one for each A > 0) and this leads to significant simplification. For
instance, one can check that the following transitions involving a single point are valid. These,
as stated earlier, are already enough to construct TDPGs approaching bias 1/6.

EXAMPLE 3.15 (Point raise). p[x;| — p[xn] with x, > X, is a valid transition.
*
Pa1Xe1 P& Xgs o o

Pg,*Dg,
valid transition, or generally 3'; pg, [xo. ]| = (Zi pe) [xn]] with x, > (x, ) is a valid transition. &

EXAMPLE 3.16 (Pointmerge). pg, [Xg [+Pg [Xe. ]| = (Patpe) [xn] withx, >

EXAMPLE 3.17 (Point split). pg [x¢] = pn, [Xn ] + Pr, [Xn, ]| with pg = pn, + pn, and i—j >

Dn Pn, . . . - 1 i\ . .
ﬁ + i is a valid transition, or generally (Zi phi) |[xg]] — i Ph, [[xhl.]] with X > <E> is a valid
transition. .

We conclude this discussion by outlining the idea behind the proof of Proposition 3.14.7°
To this end, note that whenever g and h have disjoint support, one can equivalently consider
the function t = h — g. Then, assuming the support is indeed disjoint, one can consider EBM
(valid) functions instead of EBM (valid) transitions. The advantage of considering the set of

10 This result was first presented by Mochon and Kitaev, but it was proved using matrix perturbation theory [32]. In [3],
Aharonov, Chailloux, Ganz, Kerenidis and Magnin worked out a simpler proof, along the lines alluded to by Mochon
and Kitaev, and this is the approach that we outline here.
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functions (instead of transitions) is that such sets have better structure. In particular, the set
of EBM functions is a convex cone, K. Interestingly, the dual of this cone, K*, happens to be
the set of operator monotone functions (i.e. functions such thatif X > Y, then f(X) > f(Y)
for all Hermitian matrices X, Y). This set, K*, has been widely studied and shown to admit a
surprisingly elegant and simple characterisation. Consequently, the bi-dual of EBM functions,
i.e. K, also admits a simple characterisation—it is exactly the set of valid functions. A standard
result in conic duality [14] states that K** = cl(K) where cl denotes the closure. That is, the
set of EBM functions and the set of valid functions are the same up to closures, which almost
completes the proof. Crucially, this is exactly the step which is non-constructive in Mochon’s
analysis—given a valid function, there is no known general procedure for constructing the
matrices which certify the function is EBM. To complete the proof, the subtlety about closures
must be handled. In [3] the authors handle it by considering strictly valid functions instead
of valid functions. In our approach introduced in Section 4, we show that the closure issue is

naturally accounted for, by explicitly considering projectors (as in Theorem 3.2).

3.4 Time-Independent Point Games (TIPGSs)

The point game formalism can be further simplified, and it is in this simplified formalism
that Mochon constructed his family of point games achieving arbitrarily small bias. Instead of
considering the entire sequence of horizontal and vertical transitions, he focused on just two
functions (hence the name time-independent), as described below.

DEFINITION 3.18 (TIPG). A time-independent point game (TIPG) is a valid horizontal function,
denoted by a, and a valid vertical function, denoted by b, such that

a+b=1[p ] —%[[0,1]] —%[[1,011

for some a, f > 1/2. Further
— we call the point [ B, a the final point of the game, and
— we call the set S = (supp(a) U supp(b)) \supp(a + b), the set of intermediate points.

REMARK 3.19. When clear from the context, we may use the word TIPG even when a + b is
not necessarily [ 8, a] — 3 ([0, 1] +[1,0]) but some other function, ¢, with finite support in

[0, 00) X [0, c0) satisfying >, cqupp(c) €(X) = 0.

It is straightforward to show that every valid point game (as defined above) corresponds
to a TIPG with the same final point (S, ). Explicitly, if the valid point game with final point
[ B, «] is specified by ay, a; . . . a, valid horizontal and by, b; . . . b, valid vertical functions, then
the corresponding TIPG is specified by a = .1, a; and b = 31! | b;, which are horizontally and
vertically valid, respectively, and satisfy a+ b = [, a] - 1[0, 1] - 1 [ 1, 0]. Surprisingly, the

converse was also shown to hold.
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THEOREM 3.20 (TIPG to valid point games [32, 3]). Given a TIPG with a valid horizontal
function a and a valid vertical function b such that a+b = 1B, a] — 5 [[0,1] — 3 [1, 0], one can
construct, for all € > 0, a valid point game with its final point being [ B + €, a + €], where the
number of transitions depends on € and each transition is either

— apoint raise, a point merge, a point split, or

— the horizontally valid function a, scaled down, or

— the vertically valid function b, scaled down,

where the scaling factor also depends on €.

In words, the theorem says that every TIPG can be converted to a valid TDPG with almost
the same final point, using essentially the same non-trivial moves encoded in a and b. However,
this seems counter-intuitive because it is not a priori clear how a time ordered sequence of
transitions can be extracted from a time-independent point game. For instance, one might run
into causal loops—we expect a point to be present to create another point which in turn is
required to produce the first point. To overcome such issues, the key idea is to use a so-called
catalyst state: (i) Deposit a small amount of weight wherever a assigns negative weight. (ii)
Run a scaled down round of a and b (the scaling is proportional to the weight deposited in the
beginning). (iii) Repeat (ii) until almost all the weight has been transferred to the final point.
(iv) Absorb the catalyst state into the final point, at a small cost to the bias.

Among these, performing step (iv), needs most care. The weight in step (i) determines
the number of times step (ii) must be repeated. That, in turn, determines the number of
rounds the protocol requires. While in this work, we do not focus on the resources required to
implement WCE, we nonetheless state the following which, in particular, relates the bias to the
round complexity (number of rounds of communication) of point games. The latter, (using our
results in Section 4) can be used to obtain protocols with (essentially) the same bias and round
complexity. !

COROLLARY 3.21([3]). Consider a TIPG with a valid horizontal function a = a* — a” and a
valid vertical function b = b* — b~ such that a+b = [ B, a] -3 [0, 1] - 1 [[1, 0] where a*, a", b*, b
are finitely supported functions that take values in [0, o) with disjoint support (i.e. supp(a*) N
supp(a~) = 0 and similarly for b* and b™). Let T be the largest coordinate of all the points that
appear in the TIPG. Then, for all e > 0, one can construct a point game with O (”bel#) valid
transitions and final point [ B + €, a + €]

11 However, this particular result is not a new contribution.
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3.5 Mochon’s TIPG achieving bias (k) = 1/(4k + 2)

We can now explain how Mochon [32] proved the existence of WCF protocols with arbitrarily
small bias. He constructed a family of TIPGs, parametrised by an integer k > 0, such that the
final point is [ 5 + e(k), 3 + e(k) |, where e(k) = 1/(4k + 2) (see Figure 5a).

3

)jh k = 2 points

I—‘H

(a) Mochon’s TIPG for k = 2.
!
!

T—U—U—U—U—U—U—U—Tf
a=_(w Tw

(b) Mochon’s TIPG in three stages, the initial splits, the ladder and the raises.

Figure 5. Mochon’s TIPG. The unfilled squares represent initial points of a TIPG (i.e. points with
negative weight in a + b) and the filled squares point represent final points (i.e. points with positive
weight in a + b). Filled circles carry negative weight and unfilled circles carry positive weight for the
horizontally valid function. For the vertically valid function, it is the other way around. Thus, when the
functions are added, the points corresponding to these circles cancel—except for circles on the axes:
circles along the y-axis represent points present only in the horizontally valid function and circles along
the x-axis represent those only in the vertically valid function. Note that in both cases, they have
negative weight.

The overall structure of these games is easy to describe. Apart from their initial points,
[0,1] and [[1, 0], all the other points involved are placed on a regular lattice, i.e. at locations
of the form [aw, bw]] where a,b € N and w € (0, ). The final point of the games is [, «
fora=(w= % +0 (%) where ¢ € N, and in general, they have the following three stages (see

Figure 5h):
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1. Split. The point [0, 1] is vertically split into many points along the y-axis. The resulting
points lie between {w and I'w with {,T € N. Analogously, the point [[1, 0] is horizontally
split into many points along the x-axis.

2. Ladder. This is the main non-trivial move of the games parametrised by an integer k > 0,
and it consists of points along the diagonal and along the axes (see the second image in
Figure 5b). The points on the axes are transformed by the ladder into the final points
[ — kw, o] and o, a — kw].

3. Raise. The two points [ — kw, af] and [[a, o — kw] are raised to the final point [a, o).

For each integer k > 0 there exist parameters w,I' € (0, o) such that the two initial splits are
valid, the ladder corresponds to a horizontally and vertically valid function, and a = % +0 (%)

The key technical tool that Mochon introduced is the following: given a set of point
coordinates, he constructed a way of assigning non-trivial weights to them such that this
assignment is valid while still retaining considerable freedom. This weight assignment is
parametrised by a polynomial and works for essentially all polynomials up to a certain degree.
In other words, he simplified the validity condition by restricting to a class of functions which
are easy to manipulate and are valid by construction.

LEMMA 3.22 (Mochon’s assignment is valid[32, 3]). Let
— X1, X2 ...Xpn be distinct, non-negative real numbers, and
— [ be a polynomial of degree at most n — 1 satisfying f(—A) > 0forall A > 0.

Then,
LN W

S i~ xi) Lx] @

is a valid function.

These functions, which are later referred to as f-assignments, play a crucial role in our
systematic construction of WCF protocols corresponding to the TIPGs described above (see
Section 5).

4. TDPG-to-Explicit-protocol Framework (TEF) and Bias 1/10 Game
and Protocol

In this section, we give a framework for converting a TDPG (with EBM or valid transitions)
into an explicit protocol, approaching the same bias. In fact, we introduce a slightly different
condition which is similar to the EBM condition but involves projectors. These conditions (valid,
EBM and the one we introduce) are equivalent but we defer this discussion to the appendix.
This is because, in the present and subsequent section, we explicitly construct the matrices
to show the required conditions are satisfied for TDPGs of interest. In particular, we begin
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by constructing the appropriate matrices corresponding to the three basic moves involving a
single point—raise, split and merge (Example 3.15, Example 3.17 and Example 3.16 resp.). These
already recover the bias 1/6 protocol from the bias 1/6 TDPG. To go below, we construct matrices
for advanced moves that take three points to two points (and also two points to two points),
corresponding to Mochon’s TDPG approaching bias 1/10. Together with the three basic moves,
these allow us to construct protocols approaching bias 1/10. The construction of advanced
moves is perturbative. Thus, going below 1/10 requires more work and that is covered in the
next section.

Remark about prior work. To establish the equivalence between TDPG and WCF protocols,
prior works [3] and [32] also showed a way to convert a TDPG into a WCF protocol. However, one
of the primary differences compared to our work is that, as we alluded to in the introduction,
the message register in our case decouples after each round as we suitably place projectors
(which correspond to cheat detection). This leads to simplifications—both mathematical and
practical.

41 The framework

We want to construct a WCF protocol such that its dual (see Theorem 3.4) corresponds to a given
TDPG. We therefore start with a frame of a TDPG, and sequentially build dual variables and
rotations. These rotations specify a WCF protocol and the dual variables are such that they
constitute a feasible solution to the dual of this WCF protocol. The key property of this dual
feasible solution is that it certifies that the WCF protocol we obtain has the same bias as that
encoded in the final frame of the TDPG we started with.

Recall that TDPGs are formulated in terms of Prob (see Definition 3.6). The most natural
way to construct the matrices Zs and the vector |¢) (which appear in the definition of Prob) is
the following: Given an arbitrary frame of a TDPG, construct an entangled state that encodes the
weight and define Zs to contain the coordinates corresponding to these weights. We formalise
these as the Canonical Form.

DEFINITION 4.1 (Canonical Form). The tuple (|),Z4, Z?) is said to be in the Canonical Form
with respect to a set of points in a frame Y; P;[ x;, y;]] of a TDPG2 if |)) = X; VP; |ii) a5 ® |0) s>
ZA = Y x;|i)(i|, and ZB = ¥ y; |i) (i|z where |@),, represents the state of extra uncoupled
registers which might be present.

The label |ii) corresponds to a point with coordinates x;, y; and weight P; in the frame (see
also Figure 6a). It is tempting to imagine that we systematically construct, from each frame of a
TDPG, a canonical form of |) s and Zs, and deduce the unitaries from the evolution of the state

|Y). This approach suffers from two issues: (a) the unitaries are not necessarily decomposable

12 One could define the canonical form for any frame but we only use it for those arising from TDPGs.
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into moves by Alice and Bob who communicate only through the message register, and, (b) the
constraints imposed on consecutive Zs (by, say, a TDPG with EBM transitions), that take the
formZ,_1 1> U,i (Zn, ® I) Uy, are not satisfied in general.

We design our framework to overcome these issues. Before we delve into the details, we
clarify how the output of the framework relates to a WCF protocol. The framework outputs
variables indexed as |¢;)), Z(i), U (see Definition 3.11 and Proposition 3.12) and they are
produced in the reverse time convention (relative to the WCF protocol). This means that the
variables at the ith step of the protocol (which follows the forward time convention) are given

by |¢;) = |¢(N_i)> ,Zi = Z(n-iy and U; = U(TN_l.). In fact, this extends naturally to the case where

.;.
(N-1)*

Let us start with an informal outline of our framework. Assume that a canonical description

one additionally has projectors, e.g. U;E; = E(n_U

is given. Let the labels on the points we want to transform be {g;}, and let us also assume that
we wish to apply a horizontal transition, i.e. Alice performs the non-trivial step. Let the labels
of the points that will be left unchanged be {k;} (see Figure 6b). We can write the state as

W) = Z \Pg: |8i8i) ap + Z VDx; |Kiki) ap | ® M)y -
i i

We'® want Bob to send his part of |g;) states to Alice through the message register. One way is
to conditionally swap to obtain

W) = D VP 1880 an © IM)g + >~ VPr; [kikidap ® M)y .
i i

This way, all the points align along the y-axis, while the respective x-coordinates remain the
same due to the fact that it is a horizontal transition.’ Let {h;} be the labels of the new points
after the transformation. We assume that h;, g; and k; index orthonormal vectors. Alice can
update the probabilities and labels by locally performing a unitary to obtain

W) = Z VDn; |hihi) ap ® M) g + Z VDx; |Kiki) ap ® [M)yy -
i i

It is precisely this step that yields the non-trivial constraint. Bob must now accept this by
‘unswapping’ to get

W) = Z VDr; |hihi) 4p + Z VPk, |Kiki) ap | © M) -
i i

As we mentioned, relative to the actual protocol, the sequence is in the reverse time convention.
Note also that we add a few extra frames to the final TDPG to go from a given frame to the next

13 To be explicit, for X € {A,M,B}, the Hilbert space X is the span of the orthonormal vectors
{{lgi)xti {lkox b {lhi)x }is Im)}

14 Intuitively, this is because we relax the dual variable Z? and make all the points have the same ynyq coordinate (where
Ymax IS the highest y coordinate among the points of interest), as explained in Step 2. Bob sends to Alice below.
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Pi s
U1 =Y & L
[11) 133)
Py
122)
Yo =0 °

xry = 0 xT9 T3

(a) Frame of a TDPG

>

TPV P ) O

L

LR P ek
Yk L L L I I I TS I I I I I Yk \ \ \ \ \ \ PN | |

Lgy Lg, = Tk Th Tk,

(b) The points that are unchanged from one frame to another are labelled by {k;}.
Among the points that change, the initial ones are labelled by {g;} and the final ones by {h;}.

Figure 6. lllustrations for the Canonical Form

of the original TDPG. This is irrelevant, when resource usage is not of interest, as the bias does
not change.

We now fill in the details and show that at each step, one can ensure certain matrix
inequalities hold. (For the non-trivial step, a matrix inequality is assumed to hold, instead.) These
inequalities, are exactly the inequalities in the constraints of the dual SDP (see Theorem 3.4),
and, in turn, ensure that one directly obtains a dual of the WCF protocol corresponding to the
TDPG of interest.
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1. First frame.

) = Z \Ps 1880 an + Z Vi 1Kiki) 4| ® M)
z4y = ngl 1) (gila + Zxk ki) kil
zf,, = Zygi 1) (gilp + Zyki k) kil

PROOF. Follows from the assumption of starting with a Canonical Form. [

2. Bob sends to Alice. With y > max{y,} the following

Y2) = Z \Dg: 18i8) anr ® IM)p + Z VPk; |KiKi) ap ® [M)

_ 1 SWP{g,m}
U = UBM
Zé) = Z(1) and Z](Bz) = )’I[ég’m} + ZYIQ ki) <kilp
i

is a viable choice, i.e. it satisfies the properties

(D |ve)=Ua|vw),
and

() U}, (28 ®1n)Un 2 (28, ®1u).

PROOF. We have to prove that the above properties (1) and (2) are satisfied. (1) It follows
trivially from the defining action of U q).
(2) For ease of notation, let U = U(y) and note that U T = U, so that we can write

U (78, ® 1u)U

=y|v(FM 1™ )v+u (™ e 1FP) U l+U (Y vk Ik (ki 1)U

outside U’s action space outside U’s action space

= Z(z) ® Iy > Z(l) ® Iy

solong'™ as y > y,, which is guaranteed by the choice of y. ]

15 By the action space of U we mean the space where U acts non-trivially.
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3. Alice’s non-trivial step. Consider the following choice
W) = > VP i) ayg ® Im)p + >~ VPi Ikiki) ap ® M)y
i i

EU) = E(2) (lw) (v| + other terms acting on span{ |h;h;), |gigi>})AM
Zé) = thi |hi) (il + Zin ki) (ki] and Zfs) - Zfz)
t i

where
2 \Pg; 18i&1) 2. VPn; |hihi)
V)= ————, W)= ———,E(3) = |hi) Chila + ) |Ki) (kilp) ®I
' \/Zi Dg; " 2. D @ (Z A Z A) .

subject to the condition

Z Xp; [hihi) ¢hihi| > Z XgE2)U(2) 8i&1) (&i&il U(TZ)E(Z) (5)

and the conservation of probability, viz. ' ps = > pr. We claim that this choice is
viable, i.e. it satisfies the conditions (1) E() [¢3)) = U |¢2), and (2) Z4, ® Iy >

3)
E)U) (Z‘(qz) ® I[M) U(TZ)E(Z).
PROOF. We must show that (1) and (2) as above hold. For (1) we observe that Ez) [3)) =
Y(3)) and the statement holds by construction of U(y).

(2) Consider the space H = span{|gi1g1),|8282) ..., |h1h1),|h2, hy) ...} which is a sub-
space of A ® M (space of Alice and the message register). One can write A M = HoH .
We separate all expressions which act on the H space from the rest. We start with the
RHS, excluding the U(y)’s,

zl ® Ty = ) Xg |8i8) (giil+ ) Xg |80) (&1l ® (1= 180 (&il) + D xi, Iki) (i @ .

I

Note that ZZ“Z) ® Iy is block diagonal with respect to H @ 9+, with term I making the first
block (corresponding to H), and the rest constituting the second block. Next consider the
LHS,

28 ® T = ) ki) ikl + > xw i) (il @ (1= ) (i) + > i ) kil @ 1,

I

which is also block diagonal with respect to H & 4+ and has only term I in the first
block. Consequently, only on these will U(z) have a non-trivial action (as Uy is of the form
U

0 ]Iq{L
the projector. The result after separating equations where possible is

wrt H & H*). Let us first evaluate the non-# part where we only need to apply

D X i) (il ® (1= [ho) (Ral) = 0, and ) (xi, = Xie) [k} (kil @ 1> 0,

which imply xp, > 0. The non-trivial part yields

Z Xp; |hihi) (hihi| > Z xgE2)U2) 181&1) (&i&il U(TZ)E(Z)
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completing the proof. u

4. Bob accepts Alice’s change. The following holds:

W) = | D VP Ihihi) ap + > Vi |Kikidag | @ [m)y
i i

_ SWP{h,m}
E3)Us) = E(3)Upy,

Ziy =20 and Zgy =y ) k) Shil+ ) vk Ik (il
l l
where E = (5 [hi) (hil + 3 k) (ki) p © Lo

PROOF. We have to prove:

(1) E@)fYw) =Us |be)

and
(2) 21(54) ® Iy > E(3)U(3) (Zé) 029 I[M) U2L3)E(3).

Condition (1) can be shown by a direct application of UTE on |l/)(4)>, where E,U denote

E(3) and U 3), respectively, in this proof for ease of notation.
Condition (2) can be established by first noting that

@m} o plhgkm) i p _ (m} o p(hgkmy) oyt (8} g plh&km)
EU (1™ o 1555 ™ | U'E = EU (1§ 0 1™ ) U'E+ E (1) 0 19 ) E

i
_ EU (Hg"} B I ’”}) UE=)" i) (hil @ T

Since the other term in Z](BB) ® I'is not in the action space of U it follows that

EUZE, ®DU'E=y > |h) (ul @ 1 + >y, ki) (il © Iy

It only remains to show that Zﬁ;) ® Iy > EU (ng) ® I[M) U'E which holds as y . |h;) (hi| ®

Ing >y > |h) (hi| ® I[]{\Zn} and the yy, term is common. |

Suppose that for each transition in the TDPG, the equation corresponding to Equation (5)
can be satisfied. Then, as asserted, using the previous four steps for each transition, one
directly obtains a WCF protocol together with a feasible solution to its corresponding dual (as
in Theorem 3.4 with projectors) certifying that the WCF protocol has the same bias as the TDPG.
Formally (using the notation above) we have the following.

DEFINITION 4.2 (TEF constraint). A transition

ng ng nn Ny
2 bl + 3 v [xe] = 3 pn e ]l + ) b [xc] (6)
=1 i=1 i=1 i=1
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satisfies the TEF constraint if there is a unitary matrix Uy that satisfies the inequality

nn ng
> xw (k) (bl ae > )\ Xg Bty Utay 18181 (8i8ilana U Efy ™
i=1 i=1

and the honest action constraint U(y) |v) = |w), where |h;), |g;) are orthonormal basis vectors,

V) = N (D \Pa lgigdan) and (w) =N (3 vBw ki) an

for N(19)) = [¥) /[ (®[¥), E" = (Z?:hl |hi) (hil 4 + 22 |Ki) <ki|A) ® Iy with U(y)’s non-trivial ac-
tion restricted to span {{| gi&i) am ) {1hihi) AM}}, and |k;) correspond to the points that are left
unchanged in the transition.

THEOREM 4.3. Suppose for each transition of a TDPG, the TEF constraint (see Definition 4.2)
can be satisfied. Then, there exists a WCF protocol that has the same TDPG (up to some repetition
in frames'©).

We implicitly used Remark 3.5 and Theorem 3.4.

4.2 TEF Functions/Transitions

It is evident that the TEF constraint (see Definition 4.2 above) can be simplified by neglecting
the parts of the Hilbert space where U(y) behaves as identity. Thus, an equivalent formulation
of Definition 4.2 is the following.

DEFINITION 4.4 (TEF constraint (simpler formulation), unitary solves a transition/function,

TEF transitions/functions). Let g — h be a transition (see Definition 3.7), with the associated
. n o,

function t = h — g = 3™ pnl[xn ] — 2.5, Pellxg ], where all p, and pg, are positive and let

{{| gl-)}?jl, {|hi)}?="1} constitute an orthonormal basis, spanning . We say U (acting on H) solves

the transition t if U satisfies the following TEF constraint,

np nNg ng Np
thi |hi) (hi| > ngiEU 1g:) (g:|U'E, and EUZ \Dg: 18i) = Z \DPn, |hi),
— oy i=1 i—1

[v) lw)
where E = Z?jl |h;) (h;i|. The transition (function) is a TEF transition (function) if there is a

unitary matrix that solves it.

As alluded to earlier, one may use TEF functions (instead of EBM or valid functions),
without loss of generality.

LEMMA 4.5 (TEF = closure of EBM = valid). The set of the TEF functions, the set of valid
functions and the closure of the set of the EBM functions are the same.

16 The new TDPG has some extra frames where nothing changes (from the point of view of the TDPG)
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We defer the proof of Lemma 4.5 to Appendix A as we do not need it to prove our result.
We do note, however, that Lemma 4.5 above, allows one to circumvent the notion of strictly
valid functions, (arguably) simplifying the analysis.

4.3 Special case: the blinkered unitary

In this subsection, we use the more explicit notation from Definition 4.2, Section 4.1 to illustrate
how TEF easily allows one to construct WCF protocols approaching bias 1/6. To this end, we
introduce an important class of unitaries we call Blinkered Unitaries. For clarity, to describe
the TEF constraint (as in Definition 4.2), we use U instead of Uy, and E instead of E” . Given a

(2)
transition (as in Equation (6)), the associated Blinkered Unitary is defined as

U = [w) v+ ) W]+ D (i) il + > [wi) (wy| + 10197,

where H = span {|g181),|2282) ..., |h1h1), |ha, hy) ... }. We can ignore the last term and restrict
our analysis to the H-operator space, where |v), {|v;)} form a complete orthonormal basis with
respect to span{|gigi)}, and so do |w), {|w;)} for span{|h;h;) }. What makes blinkered unitaries
useful is that they satisfy the TEF constraint (as stated in Definition 4.2), when the transition is

a non-trivial basic move, i.e. a merge (see Example 3.16) or a split (see Example 3.17).
— Merge: g1,82 — hy
Using the definitions, we have

_ \Dg; 18181) — \/Dg, 18282)
- N

_ VPg: 18181) + \/Dg, 18282)

) ~

V1) , [w) = |hihy)

with N = \/Pg, + Dg, and U = |[w) (v| + [v) (w| + [v1) (v1| = UT. We evaluate

VP (W) VPg, W)
N N

EU |g181) = and EU |g282) =

Using these, the TEF constraint xp |h1h1) (hih1| > X Xg,EU |gig:) (8i&i| U TE becomes xj, >
W, which is precisely the merge condition (see Example 3.16).
— Split: g4 — hy, hy

Again, from the definitions, we construct

VPhy |h1h1> + VPh; |h2h2> |W > _ VPh, |h1h1> —VPn |h2h2>
’ 1/ —

V) = 1g181), [w) = N N

with N = /P, + Pr, and U = [v) (W] +|w) (v|+|wy) (wy| = UT. We evaluate EU |g181) = |w)
which we substitute into the TEF constraint to obtain

Xn, |hih1) (haha| + Xn, |hoh2) (hoha| — Xg, W) (w| > 0.
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This yields the matrix equation

Xny Xg1 Py NPmbPny | 0
Xh, phlphz Pn,

% phl phl phz
I > ﬁ Xnq Xnq Xny

N2 ph1 phz phz

Xh1 XhZ

X1 (Phy | Phy
N2 Xhy Xh2 -

where in the first step we used the fact that for F > 0,F =M > 0=1—VE MVE = >0,
and the last equation is obtained by writing the matrix as |¢) (|, and then demanding
1 > (Y|¢). This last equation is exactly the split condition (see Example 3.17).

The above two conditions can be readily generalized for an m — 1 point merge and a
1 — n points split, respectively (see Appendix Appendix B). Furthermore, for a general m — n:
g1,82...8m — hy, hy ... hy transition, the TEF constraint corresponding to the Blinkered Unitary
reduces to the following scalar condition (see Appendix Appendix B for a proof),

>th—

i= 1pgl 8i i=1

In words, the general m — n transition affected by the blinkered unitary may be viewed as an
m — 1 merge followed by a 1 — n split.

Consequently, blinkered unitaries are enough to convert the 1/6 game into an explicit
protocol. However, they fall short for point games going below this bias which seem to require
advanced moves—moves beyond splits and merges. Next, we construct the unitaries for such
moves to obtain WCF protocols approaching bias 1/10.

4.4 Approaching bias 1/10

In Section 3.5 we briefly outlined Mochon’s family of TIPGs approaching bias e(k) = 1/(4k + 2),
where k is the number of points involved in the non-trivial step. Here, we detail the game for
k = 2, and explicitly find the unitaries that solve the transitions used in the game.

All of Mochon’s TIPGs, assume an equally spaced n-point lattice given by x; = xo + jéx
where 6x = Sy is small and X, is specified shortly." Similarly y; = yo + j§y and we define
I'k+1 = Yn-k = Xn—k- We focus on the “ladder” stage (see Figure 5b). We first constrain the weights
of points along the x-axis, by requiring that they arise from the splitting of one point with weight
1/2 at (1,0) (similarly for the y-axis). Let P(x;) denote the probability weight associated with

17 Essentially, xo provides a bound on Pj,.
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the point (x;, 0) which is such that

ZP(X]) = —and Z P(X])
j=1

Similarly with the point (0, y;) we associate P(y;) where y; = x; as we also assume that xo = yo.

| —

These choices explicitly impose symmetry between Alice and Bob which in turn means that we
only have to do the analysis for one of them.

We now use Mochon’s assignment (see Equation (4)) to (partially) specify weights on points
along vertical lines (see Figure 7). In particular, given set of points (with distinct y-coordinates
but the same x-coordinate), we use

f(yjexp)
[Trzj Yk = ¥j)

to specify the weight on the point (x;, y;) where f(y;) = (y-2 — i) (T'1 — yi) (T2 = yi).

Yii2 Pa(Yj+2)

Pi(Yi) T I
Yij+1
I T —=PaAxy)

1(X5)

o—e
)

v
X
<

q
q
)
[
[
q
q
o
[

Figure 7. 1/10-bias TIPG: The 3 — 2 move

Applying the assignment to the points highlighted in Figure 7 yields
—f(yj+2)c(x;)) —f(yj+1)e(x;)

5 , P1(Yyj+1) = 5 )
4-3(6Y)*Yjs2 3-2(6y)*Yj+
~f-e0) SOt o fOc)Sy
3-2(8y)%yj 1’ 4-3(8y)%yj2’ " YinYismyj1yj-2

Py (yjs2) =

Pq(xj) = Py(xj) =
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where we added the minus sign to account for the fact that f is negative for coordinates between
cof (X))

. b
Xj

Y—2 and I'y. Imposing the symmetry constraint P1(y;) = P1(x;) we get c(x;) = where ¢
is a constant. Similarly, the symmetry constraint for P, entails P,(y;) = P»(x;). Finally, we can

evaluate P(x;) = W&x + O(8x?) which, in the limit §x — 0, means that
j

P( ) T _ d T _ d
ZP(XJ-):%:Z x)](-] %/xo %:/ %

This evaluates to

i1 01 i1 1 3 3 1 1
Xo —= - |dx= -~ S|dX=X=7 = €= -5 =—
xo \X° X xo \X* X 5 5 2 10

as expected. These calculations help us below when we explicitly find unitaries that solve the

advanced moves which appear in this game. These unitaries, together with those for the basic
moves and TEF, yield WCF protocols approaching bias 1/10. Henceforth, we use the simpler
notation introduced in Section 4.2 for clarity.

4.41 The 3 —» 2 move and its validity

Our goal here is to find a unitary that solve the move taking 3 points to 2 points, as highlighted
in Figure 7. To this end, we first setup some notation and write down the TEF constraint
corresponding to a general 3 to 2 move, using it. We then show how to construct the appropriate
unitary that satisfies this TEF constraint.

Recall from Definition 4.4 that

_ \/Dg. 181) +\/Pg, 182) + \/Dg; |183)

V)
Ng
and let
(Dgy*+Dgs)
VDg; 182) — \/Pg, 183) —— i 181) + Pz, |82) + \/Dg; 183)
lv1) = N , |vo) = N
V1 vy
2
where N2 = pg, + pg, and Nj, = —(szl;lzgg) + Pg, + Pg,- AlsO,
VPhy [h1) ++/Dh, |h2) \/Pr, Ih1) = +/Pn, |h2)
lw) = N and |w;) = ~ ,
h h

Now we define
Vi) = cos @ |vi) +sin @ |v;) and |v}) = sin 6 |vy) — cos 0 |v,),
where cos 0 = 1, and the full unitary as

U =|w) |+ (0(|v’1> + B lw1)) (v’1| + |v’2> <v’2| + (B |v’1> — o |wy)) (we| + |v) (W],
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where |a|* + |B|* = 1 for o, B € C."® We need terms of the form EU |g;) with E = I}, This
entails that EU acts on the {|g;)} space as

EUEg = [w) (v| + B [w1) (vi] = [w) (v| + B [w1) (cos 8 (vi| +sin 6 (v)

where E, is the projector on the {|g;)} space. Consequently we have

vV [ +

EU |g1) = Pe: lw) + [cos@-0— sin pP& " Pes B |wy)
Ng L pglNVZ

EU|g,) = /Ps: |W)+ cos 0P8 | sing 'ng] B lw1)
Ng s V1 Vz
VP VD¢ ‘\/

EU |g3) = Ng3 jw) +|—cos6 gg,] B lw1).

g L Vl Vz

Recall that the TEF constraint requires

thi |hi) Chil - ngiEU 1) (gi|U'E > 0

where the first sum becomes

\/Ph Dn
<Xh> #(Xhl - Xhz)
h.c. Phy Xhl]:ﬁphl Xh,

in the |w), |wq) basis. Since we plan to use the 3 — 2 move with one point on the axis, we take
Xg, = 0. Consequently we only need to evaluate

182) (82l U 5 8 (cos O3 +sin QNvazvz)
Xg, EU g2) (&2 U'E=x
£ £ VPz; VPz;
_ h.c. (cos Nv13 +sin 6 szz) |B|
[ D \/Pg; P : P
EU |g5) (gs| U'E: R B(-cosOREE +sinogl )
X =X
83 3 3 83 2
h.c. (—cos@+sm@) | 8|2
L V1 V2

which means that the constraint equation becomes

<Xh> _ <Xg> \/phl th \/%—pg

: N,
(Xny = Xn,) = B €OS O (X, — Xg,) — Bsin O (xg) 7&
sin® @ < > ZCOSQSIHH\/%—pg( > 0.
g

Ny, Ny,

h.c. pthh1+ph1Xh2 |B|2 [Cos 0 Xg, — ng)

(pg3xg2 + pgzxga) + (

Since this transition is average non-decreasing viz. (xp) — <xg> > 0 (see Lemma C.2 and
Lemma 5.2), we set the off-diagonal elements of the matrix above to zero and show that the
second diagonal element is positive. Setting the off-diagonal to zero one can obtain 0 by solving
the quadratic equation in terms of g although the expression is not particularly pretty. To
establish existence and positivity we need to simplify our expressions.

18 There is some freedom in choosing U in the sense that o |v) + B |w;) would also work instead of a|v’1> + B lwy) (in that
case |v) (w| should be replaced by |v1) (w|), as these do not influence the constraint equation.
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So far, everything was exact. To proceed, we write 9 = 0(8y) at most (where §y = 8x

is the lattice spacing) and we take §y to be small. Thus, to ﬁrst order in 9 the constraints

become
\/Ph Pn 1/—
le - (X _Xhz) .B ]\l;j;vpg (ng _ng) N
h v _ g 2
=0 +O0(8y?)
'B <Xg> NVz
and

DnyXny + PhyXn, 1B PgXe + PerXes 0 Ng Ng \/Dg;Pg,
N? N? Ny, NgNy,

h V1

(Xg, — Xg,) | + O(8y?) > 0.

indeed, vav—i = O(8y?). With respect to Figure 7 we have

—f(Yjs2) —f(Yj+1)
Py(Visg) = Pp, = ——2 Pi(Vir1) = Py = ——0" 7
2(¥j+2) = Pn, = 3592y 1(Yj#1) = Py = 3 25y ym
—f(yj-1) —f(yj-2) (0)$
Pl(Xj):ph1:3 26; Py(Xj) = pg, = — i > (Xj) = pg, = . f .y o
- 28y2yj1 4-38y“yj Yj+2Yj+1Yj-1Yj-2

where we assumed f(0) > 0and f(y) < 0for y > y(, y) = yo + 6y, and we scaled by §y. We
now convert all expressions to first order in §y:

of 9 1 1 Sy
fjm) = f(y)) + -=mby + O(6y°) = = ——-m— +0(8y%,
where § is E)};(yy )| y;- We define and evaluate

m__f()’j+m)_ 1 v ﬂ_i 2
P, = K5y v = Ky,652 l f mé‘y( )+O(6y )] ,

9y Yj
where f means f(y;). In this notation
Pn, = Py, P =Pg' and pg, =Py, pg, = Ps.

With an eye on the off-diagonal condition we evaluate

2
PP = L ( ! 2) lf2+f6y(%—§)(m1+mz)+0(5y2)]

kiky \ y;jSy j
and 1 1 1 aof f
P 4 P = [—(—+—) —(@Jr@)a (———)+052]

Moreover, we have

P = PP = y-;yz\/lzl- 6 [fz H1oy (% ) yi) +O(6’V2)]
]

J
[-f+0(y")],

N =P, +P;' =
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and similarly

1 1 d
VPebs, = PP} = Syz\/ a5 |7 o (5 - L) voteyn)]

]
L -r+osyY),

—f+0(8y*)| and Ny, =

2 _ p-2 1 _
Ng_P12+P6+pgl_W

where we already neglected the terms that contribute to the ratio szv_g in higher than first order.
v2
Actually, for B =1

Ny, <Xg>

This shows that to first order the off-diagonal term is zero for 8 = 0. Now, we show that the

second diagonal element is positive to first order in § y. Using the fact that Gﬁ—g = 0(8y?), the
V2

positivity condition reads

PhyXny + PhyXn, _ PgsXg, T Dg,Xgs
N2 N?

h V1

+0(8y?) >0,

which, in turn, becomes

PLYyj-1+P5 Y Pgyja+Piiyjn

+0(8yH) =28y + O(8y?) > 0.
N} N

This establishes that U solves the 3 — 2 transition, for a closely spaced lattice. Note that only
the proof of validity was done perturbatively to first order in §y. The unitary itself is known
exactly, as 6 can be obtained by solving the quadratic. Using f(y) = (y, — y)(I'1 — y)(T2 = y)
we can implement the last two moves in Figure 7 as they constitutea 3 — 1 and a 2 — 1 merge.
The only remaining task is to implement the 2 — 2 move of the last step, because previously
we assumed /pg, # 0.

4.4.2 The 2 — 2 move and its validity

Using the notation from the previous section, our goal is now to construct a unitary that solves
the 2 to 2 move as highlighted in Figure 8. To this end, consider the following unitary

U =|w) (v + (a|v) + B lwy)) (va| + [v) (W] + (B [v) — a[we)) (wr]

where as before |a|* + |B]* = 1,

) = 5 (VP 1)+ Vs g2 ) = o (VB o)+ Vi ).

jvr) = Nig (VP lgo) = VP 12)) and Iwe) = 1= (VB 1) = P ).
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We evaluate the constraint equation using

\Dz, W) + Be"9sel®\/pg |wy) U \Dg, W) — BePseiPn\/pe |wy)

EU |g1) = |g2) =
&1 Ng 82 Ng
and
Ll (wi|
EU |g1) <g1|U*E=F W) | pg B P %) b D,
£ lwy) | hec 1BI* pe,
as

(Xn) = <Xg> Nié [Vphlphz(xh1 — Xn,) — vaglpgz (Xg1 - ng)]

h.c. Nié [ PR, Xny + DX, = 1BI* (DgXey + DXy |

where we absorbed the phase freedom in S, a free parameter, which will be fixed shortly. We
use the same strategy as above and take the first diagonal element to be zero. We must show
that

Dhy Ph, (Xn, — Xn,) 1 ,
=p <1 and = - > 0.
Pg1Pg, (Xgl - ng) B < . Né [phZXhl * Phuh, |B| (pgzxgl + pglxgz)]

For this transition f(y;—2) = 0, which we use to write

d

F(yja) = %

. 0
(k+2)6y=-(k+2)ady, witha = - a—f = (T'1 = yj—2) (T2 — yj-2).

Yj-2 y Yj-2

From Figure 8 we have
—fj-1)  _a+0(6y)
3:28y2yj1 65yy;

Xny = Yj-1, Xny = Yj+2

—f(yj+2) _ o+ 0(8y)
4-385y%yj. 38yy;

Pn, = P1(Xxj) = s Dh, = P2(Yjs2) =

while
0)§ 0)8y + O(Sy? -f(yj+1) a+0O(S
pngP(Xj): ' f( )y ‘ :f( ) _y n (_y)’ ngZPl(yj+1): é+ — ( )’)
Yj+2Yj+1Yj-1Yj-2 Y; 3-26y°yjn 28yy;j

Xg1 = 0, Xgy = Yj+1-
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Py(yj12) = Pr: I

Pi(yj1) = P§ I
Yj+2 < I
Yj+1

P, )= p1
Yi-1 o) ° I i) = T

) e
—~
8
S

)
4

O
D
O
[
[

Figure 8. The first 2 — 2 transition

This entails

g o [PhPh O = x0) _ \/yga +0(8y) _ \/ (L1~ yj-2) (T2 = yj-2) + O(8Y) __
Dg:Dg, (Xg — Xgy) f(0) IS —
where we used f(0) = y,I'1I; and the fact that §y is small compared to I's. Analogously, for the
second condition we have
1

N2
Ng

1
[phthl + PhyXh, — |B|2 (pgzxg1 + pglxgz)] 2 2 [phth1 + PhXh, — pgzxgl]
g
1
= a+0(8y)] = [{— Vi) (Ts—Vyio)+0(S > 0,
26yN§[ (63)] 25N [(T1 = ¥j-2) (T2 = yj-2) + O(8)]

where the last step holds for §y small enough. The 2 — 2 move corresponding to the leftmost

(see Figure 9) and bottom-most set of points can be shown to satisfy the TEF constraint similarly.
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Py(yjt2)|= P I

Pi(yj+1) = P§ I
Yj+2
Yj+1 I

Yj—2 ®

Figure 9. The final 2 — 2 transition.

5. Approaching Bias (k) = 1/(4k + 2)

While we succeeded at constructing the unitaries involved in the bias 1/10 protocol, we did not
follow any systematic procedure. Here, we construct the unitaries corresponding to the valid
functions that characterise Mochon’s point games (see Definition 5.1). These, together with the
TEF, allow us to construct explicit WCF protocols with bias approaching e(k) = 1/(4k + 2) for
arbitrary integers k > 0.

Before we begin, we clarify the notation we use.

— For a Hermitian matrix A with spectral decomposition (including zero eigenvalues) A =

2. ai |i) (i|, we define the pseudo-inverse or the generalised inverse of A as
A= Z a iy (il .
i:la;j|>0

— We write functions t with finite support in the following two ways (unless otherwise stated):
(1) ast = X7, pi [ xi]| where we assume p; > O for alli € {1,2...n} and that x; # x; for
i #jand (2)ast = 31" pr, [xn] - 2% Pe: [Xe: ] where pr, and py, are strictly positive and
Xp, and Xg, are all distinct.
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51 The f-assignments

Even though we already described Mochon’s assignment (see Lemma 3.22) in Section 3, we now
state it formally as an f-assignment, to facilitate the analysis that follows.

DEFINITION 5.1 (f-assignments). Given a set of real numbers 0 < x; < x3:-- < xp, and a
polynomial of degree at most n — 2 satisfying f(—A) > 0 for all A > 0, an f-assignment is given
by the function

Zn: —f(x)

[ 12 (xj = xi)

=Di

t =

[[Xi]] = h_g:

(up to a positive multiplicative factor) where h contains the positive part of t and g the negative
part (without any common support), viz. h = ;.. 5o pi [Xi]] and g = ¥;.,, <o (=p1) [x:]-
— When f is a monomial, viz. has the form f(x) = cx%, where ¢ > 0 and g > 0 we call the
assignment a monomial assignment. For g = 0 we call the assignment an fy-assignment.
— We say that an assignment is balanced if the number of points with negative weights,
p; < 0, equals the number of points with positive weights, p; > 0. We say an assignment is
unbalanced if it is not balanced.
— We say that a monomial assignment is aligned if the degree of the monomial is an even
number (q = 2(b — 1), b € N). We say that a monomial assignment is misaligned if it is not

aligned.

An fp-assignment starts with a point that has a negative weight regardless of the total
number of points and thereafter, the sign alternates. With this as the base structure, working
out the signs of the weights for monomial assignments gets easier. The only mathematical
property that is needed to find an analytic solution, turns out to be the following.

LEMMA 5.2. Fix integersm < n— 2 and n > 2. Consider an f-assignment of the formt =

¥, H_( ()f;__x) [xi] for n points 0 < x; < --- < X, and use it to implicitly define py, and pg, as
j#i i

follows: t = 3;(xn)™ P [ Xk ]| — Xi(Xe) " Pai [Xa: ] Let (x) == Zi(xn)'pn — 2i(Xg) ' Dg,. Then,

(x'y =0for0 <1< n-2 Further, (x"™) := ;(xn)" ' pn, — Xi(Xg,)" ' pg; = (=1)™™ which is

strictly positive when n+ m is even (i.e. when t is unbalanced misaligned and balanced aligned

(see Definition 5.1)).

We defer the proofs to Appendix C.1.
Suppose that the f-assignment'® can be decomposed into a sum of valid functions, and let

us call these valid functions in the decomposition, constituents. Recall, from Section 4.2, that

19 While an f-assignment is a valid function for all polynomials f satisfying the conditions in Definition 5.1, in what follows,
we restrict to polynomials f with real roots. In fact, to be consistent with Definition 5.1, the roots must additionally be
non-negative.
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valid functions are the same as TEF functions—functions that can be solved using some unitary
U. Later, we show how to choose the decomposition such that the constituents can be solved.
We call such a solution, an effective solution, and its definition is presented below.

DEFINITION 5.3 (Effectively Solving a function (extends Definition 4.4)). Given a finitely
supported function ¢t = 3™ pr, [Xn, ] — 215, Pe; [Xg ] and {Ig1),182) - - - |gn,) » 1h1) , [R2) - . - |hn, ) }
an orthonormal basis, we say that a unitary matrix O solves?? t if O satisfies the following: O |v) =
lw) and X, > EnOX,O"Ey, where |v) = 3%, \/Dg |8:), W) = S Pr; i), Xn = 2% X, |hi) (hl,
Xy = Z?jl Xg, |gi) (&il and the projector E, = Z?zhl |h;) (h;|. Moreover, we say that t has an effective
solution if t = 3 ;; t; and t has a solution for all i € I, where I is a finite set.

Before constructing these effective solutions, we briefly justify a claim we made in Sec-
tion 2.2.2: to implement a valid function (and in particular, an f-assignment), it suffices to
implement the constituent functions. The difficulty is that the constituent functions might
be negative at various locations, where there are no points present. A similar difficulty was
encountered while transforming a TIPG into a TDPG, and it was handled using catalyst states (as
in [32, 3]). We outlined this procedure in Section 3.4 after Theorem 3.20. For the f-assignment
of the TIPG, one can again use such a procedure: create the catalyst state, apply a scaled down
version of the constituent functions, repeat until the f-function has been nearly implemented,
and finally absorb the catalyst state with a vanishing increase in the final point. This results in
a TDPG that uses only constituent functions. The unitary matrices for the constituent functions
are, thus, sufficient to get a TDPG with the same bias as for the f-assignment. This motivates
Definition 5.3 below. We can then apply the TEF from Section 4 to the TDPG and obtain a WCF
protocol approaching the same bias as the TIPG that we started with, in the limit of infinite
rounds of communication.

Returning to the construction of effective solutions, we first give a decomposition of an
f-assignment into a sum of monomial assignments (for another possible decomposition, see
Appendix C.2)

LEMMA 5.4 (f-assignment as a sum of monomials). Consider a set of real coordinates satisfy-
ing0 <xy <xy---<xpandlet f(x) = (ri —x)(ry —x)...(rx —x) wherek <n-2andr; > 0.

Lett =", pi [ xi]| be the corresponding f-assignment. Then, there exists o; > 0, such that

k n

=SS
- l [T —x) )

=0 i=1

In the following sections, we construct solutions to monomial assignments. The analysis

there uses matrix inverses and having a coordinate equal to zero breaks the argument. Mochon’s

20 This notion of “solving” is essentially identical to that in Definition 4.4 except that it was stated for transitions. We
restate it for functions here for convenience.
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TIPGs, however, do have support on the axes. To avoid these concerns, we translate (any of)
Mochon’s TIPG horizontally and vertically by an arbitrarily small amount Sorigin > 0. Clearly, the
corresponding final point (which encodes the bias) also only increases by the same arbitraryl
small amount, Sorigin. We make two additional elementary observations: (i) the translated
point game is also a TIPG as the moves involved in the resulting point game stay valid even
after translation (see Lemma 5.5 below, with ¢ = Sorigin), and (ii) Mochon’s f assignment
on {Xq,...Xxy} after translation by Sqrigin can be seen as an f’ assignment on the translated
coordinates {x1 + Sorigin, - - - » Xn + Sorigin} With /(X + Sorigin) = f(x) (see Lemma 5.6 below, with
C = Sorigin)- Together with the discussion preceding Lemma 5.4, we conclude that one can
construct protocols corresponding to the translated point game, granted one can construct
effective solutions to f” assignments on positive coordinates where f” is a polynomial with
non-negative roots.

LEMMA 5.5. Suppose t = X", pu.[[xn ]| - Z?jl Dgl[Xg, ]| is solved by O. Then, for all ¢ > 0,
t =3 prlXn + ¢l — 2%, pgllXg + c] is also solved by O.

PROOF SKETCH. Define X, := Z?:hl Xp; |hi), Xg = ?:gl Xg, |gi). If t is solved by O then we
must have X, > E,0X,O"E,. We show this implies Xy + ¢l > EnO(Xg + clg)O” Ey, where
Iy = Z?:hl |hi) (hi| and Ig := Z?jl |gi) (gi| which in turn means that ¢’ is also solved by O. To this
end, observe that

Xp > EnOX,0"Ey & Ep(Xn— 0X,0")Ey >0 " Xn = EnXnEn
& Ep(Xn+ clhg — O(Xg — clpg)O")Ep 2 0 & Xp + clp > EnO(Xg + clpg)O"Ep,

where Ig := I. Further,
Xg + clpg > Xg + clg = ERO(Xg + clpg)O'Ep > EnO(Xg + clg)O"Ep
which together yield
Xp > EnOX,0"En = Xp+cly > EnO(Xg + clg) O Ep,.

as asserted. [

LEMMA 5.6. Consider a set of real coordinates satisfying 0 < x;+¢ < Xp2+C--- < Xp+¢
where ¢ > 0 and let f'(x) = (a1 + c—x)(az+c —X)...(ax + ¢ —x). Let t' = 3.1, p [ x{] be the

/

corresponding f-assignment (see Definition 5.1) with x| := x; + ¢. Then p; = p..

PROOF. Note that f'(x; + ¢) = f(x;) and [];(xj —x) = Hj#(x;. — Xi). Using this and the
definition of f-assignment (see Definition 5.1), it follows that p; = p;. ]

Henceforth, we restrict ourselves to f-assignments defined on positive coordinates. Having
decomposed the f-assignment into a sum of monomial assignments, we now give a solution
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to monomial assignments. We start with fy-assignments (monomial assignment where the
monomial is a constant) to convey the key idea behind the construction and subsequently build
on this idea to solve the four types of monomial assignments.

5.2 Solution to the fp-assignment

Let us solve the fy-assignment. We first look at the balanced case, where the number of points
involved, 2n, is even. This corresponds to an n — n transition, i.e. a transition from n initial

points to n final points.

5.21 The balanced case

PROPOSITION 5.7 (Solution to balanced fy-assignments). Let

— t=21 pn [Xn ] = 2 P [[Xa ]| be an fo-assignment over {x1,x; ... xzn}
— {|h1), |h2) ... |hn),181),182) ... |gn)} be an orthonormal basis, and

— finally
X, = thi i) (hi| = diag(xn,, - - Xn,, 0, - .. 0), Xg := ngi i) (gil = diag(0,...0,Xg,, ... Xg,),
i=1 — i=1 —
W) = > VP 1) = (VP -« VP 0, 0T, [v) = > /g [g) = (0,0, \/Pg,, - \/Pg)"
=1 n-zeros =1 n-zeros
Then,
n-1 1 i il
0§ (M () w) vl i) Tl
i=0 \' Chi Cgi
satisfies X > EnOXgOTEy and O |v) = |w), where E := Y1, |h;) (hil, 0y =0y =1,

Hﬁi := projector orthogonal to span{(Xn)" |w), (Xn)"* w), ... |w)}, cn; = (W] (Xh)iH,t,_l(Xh)i |lwy,
and analogously
I, := projector orthogonal to span{(Xg)' [v), (Xg) 1 V), ... [v)}, cq = (V] (Xg)"H;F1 (Xg)" V).
PROOF. Using Lemma 5.2 for 2n points, we get
(x*y=0 for ke{0,1,2...,2n-2}, (8)

and
(x*"1) > 0. 9)
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We define the basis of interest here, essentially using the Gram-Schmidt method. Let

(wo) = [w)

_ (I = [wo) (Wo|) (Xp) (W)
- —

lwy) :

1

(1= 2 1w (wil) () w)

Ch

lwi) = (10)

k

We indicate the term with the highest power of X; appearing in |wy) by
M(Iwi)) = () - (Xn)"* [w)

where the scalar factor represents the dependence on the highest power of x; (appearing as
(x})) in |wy). For instance, here the (x2¢) factor comes from /cy,. Note that the projectors can

be expressed in terms of these vectors more concisely,

i
Ip, :=1- H,Jl'l_ = Z |Wj> <Wj| .
=0

It also follows that O can be re-written as 0 = Y77 (jw;) (vj| +|v;) (w;

), where |v;) is analo-
gously defined. Itis evident that O |v) = |w). Let D = X, —E0X gOTEh and note that <v j| D|vi) =0
(because X, [v;) = 0 and Ej, |v;) = 027). We assert that it has the following rank-1 form

0 ... 0

0 ... <Wn—1|D|Wn—1>

in the (|lwg), |wy),...|wn-1)) basis, together with (w,_1| D |[wp_1) > 0. To see this, we simply
compute

<Wi| D |Wj> = <Wi|Xh |Wj> - <Wi| OXgOT |Wj> = (Wi|Xh |Wj> - <Vi|Xg |Vj> .

For (i, j) forany 0 < i, j < n — 1 except for the case where both i = j = n — 1, the two terms are
the same. This is because the term with the highest possible power I (of (x')) in (w;| X |w;) can
be deduced by observing

MUwDXM(wy)) = () - () - (7). (11)

For the analogous expression with gs to be the same, we must have 2i,2jandi+j+1 < 2n -2,
using Equation (8). The first two conditions are always satisfied (for 0 < i, j < n — 1). The last
can only be violated when i = j = n — 1. This establishes that the matrix has the asserted form.

21 The conclusion holds even without the projector as O maps span(|vy), [vz),...|vn)) to span(jwy), [wy) ... |wy)) on which
X, has no support.
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To prove the positivity of (W,_1| D [wy_1), consider (wy_1| Xp [Wn-1) and (vp_1| Xg [vn_1). When
these terms are expanded in powers of (x;) and (x;) respectively, only terms with k > 2n — 2
would remain; the others would get canceled due to Equation (8). From Equation (10) it follows

that
(Wn-1| D |[wp_1) = (Wl (Xp)*" 2 jw) - (] (Xg)*" 2 )
hn-1 8n-1
and it is not hard to see that cy,_, = Cp,_, ((x*"72), (x*"73),..., (x})) does not depend on (x*"~*)
(and analogously for cg,_,). Also, ¢, , = Cg,_; =i Cn—1. We thus have
X2n—1>
(Wn-1| D [Wpq) = ———= >0
n-1

using Equation (9). Hence, X, — ExOXzO"Ej, > 0.
In the above, we assumed span{|w), Xy |w) ,X,f (W), ..., X} |[w)} equals span{|hy), |hz) ... |hn)}
which is justified by Lemma C.1. ]

5.2.2 The unbalanced case

We now consider unbalanced fy-assignments. We start by reviewing the result we just proved
from a slightly different perspective. This helps us see where the previous analysis fails, when
applied in the present case. We write D;; = (w;| D |W j>, and note that the maximum power, [,
which appears as <xé /h> is given by max{2i, 2j,i + j + 1}. This yields a matrix with each term
depending on the power as

Doo({x))
D10(<X2>,...) D11(<X3>,...) h.c.
D20(<X4>,...) D21(<X4>,...) D22(<X5>,...)

We represent this dependence as

[ (x)
M(D) = (x*) (%)

() () ()

For concreteness, consider the balanced fy-case over {x1, X2, X3, X4}, where (x) = (x2> =0 and
(x3) > 0. For this two-dimensional case, we have

0 O

0 (x%)

M(D) = > 0.
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Using the same method for an fy-assignment over {xy, x; ...xs}, we have (x) = (x*) = (x3) = 0
and <x4> > 0, and trying to solve in three dimensions, we would obtain

0 0 (x%
MD)y=| 0o 0 (x*) (12)

() () (6)

which does not seem to work directly. It turns out that the projector appearing in the TEF
constraint, removes the troublesome part and yields a zero matrix. This unbalanced assignment
takes three points to two points. We define Xj, := diag(xp,, Xn,, 0,0, 0), [w) = (\/Phy> \/Phs, 0,0, 0)
along with |wy) := |w) and |wq) = (I — |wp) (Wp|) X [Wp). We can write Ej, = Zil:o |lw;i) (w;| and
have the same unitary as before, except that now |v;) is left unchanged, i.e. O = 21.1:0 |lwi) (vi| +
[v2) (va|. We can show that D’ = Xj, - E;OX,0"E; > 0 because every vector |¢) in the subspace
span{|vg),|v1),|ve)} satisfies D’ |) = 0 (as Xx |¢Y) = 0 and Ep |[¢) = 0). This entails that it
suffices to restrict to a 2 X 2 matrix in span{|wy), |w1)}. From 12 this is zero, hence D’ = 0.
By generalizing this example, we can obtain the solution for an unbalanced fy-assignment, as
presented in the following Proposition:

PROPOSITION 5.8 (Solution to unbalanced f;-assignments). Let
— t =31 o X0 ] — T, pa: [[Xa:]) > be an fo-assignment over 0 < x; < Xz -+ < Xan-1
— {|h1),|h2) ... |hn-1),181),|82) - .. 18n)} be an orthonormal basis, and

— finally
n-1 n
Xni= ) X i) (hil = diag(xn,, - Xn, 1,0, 0), Xg 1= > xg, 180} (gil = diag(0,...0,xg,,...,Xg,),
i=1 ~ i=1 ~
n zeros n-1 zeros

n

n-1
Iw) ::Z\/p_hi|hi) = (VPhos- - VP 0,... )T, [) ::Z@|gi> = (0,...0,\/Pgrs---\Pg)”
i=1

——— o1 ~—
n zeros n-1 zeros

— and Ep = Y1 ) (hil.

Then,
I (Xn)' w) (v] (X)L M, , (X" X" g

0:=|) — : SR 1l DAL =

=0 VCn;Cg; Cei

satisfies Xp > EnOXgO"Ey and EO |v) = |w), where Hﬁ_l =T, =1,

H,t_ := projector orthogonal to span{(Xh)i W), (Xp) L wy, ... [w)}, Cn, = (W (Xh)iH,fifl(Xh)i lwy,
and analogously
Hgl_ := projector orthogonal to span{(Xg)i vy, (Xg)""1 V) ,...[v)}, cg = (V] (Xg)iﬂz_l(Xg)i [v) .
PROOF. In this case, we use Lemma 5.2 for 2n — 1 points. We have

(x*y=0 (13)
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but this time, k € {0,1,...2n — 3} and (x?"2) > 0. We define the basis similarly by setting
|lwg) := |w) and for all k € Z satisfying 0 < k < n— 2 we have
o T 0 ) (2= 2 wo) (wil) (X)* (w)
k) = =
\/Chk \/Chk

We also define |vy) := |v) and for all k € Z satisfying 0 < k < n— 1 we have

Mkl (1 v ) (X )

Cgk Chk

V) =

This means that O = Z?:‘OZ (Jlwi) (vi| + |vi) (wi]) + |vn) (vn| and so EjO |v) = |w) follows directly.
To establish D := X — EhOXgOTEh > 0, it suffices to show (w;| D |Wj> > 0 for i, j € Z satisfying
0 < i,j < n- 2. Justasin the balanced case, this is because D |v;) = 0, as X, |v;) = 0 and
Eyp|vi) = 0. As before, we denote the highest-power term of X; appearing in |wy), for k in
{0,1...n-2}, by

M(Iwi) = (xE<) - (Xn)* )

and analogously, the highest power of X, appearing in |vx) for kin {0,1,...n - 2}, by

M(|vie)) = (xF°) - (X)< V).

Again, the highest power [ of (x') in (w;| D |w;) is max{2j, 2i,i + j + 1} which can be deduced
by evaluating

MW XeM(jw;)) = <x,21j> (XY - <x,il+j+1>, and similarly
MWD EROXOEM(Iv) = (x7) - () - (xg7*1).

The highest possible power is attained for i = j = n — 2. This yields 2n — 3 and thus, using
Equation (13), we conclude that (w;| D \Wj> =0forall0<i,j <n-2. ]

5.3 Solution to monomial assignments

As described in Section 5.1, there are four different types of monomial assignments depending
on whether they are balanced or unbalanced and aligned or misaligned (nomenclature is
justified below). While one could find a single expression for all of them, it does not seem to
aid clarity. We, therefore, present the four solutions separately. To go beyond the solutions to
fo-assignments, we additionally need to use pseudo-inverses X, and X g,. However, the key idea
is essentially unchanged.
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5.31 The balanced case

Even (resp. odd) monomials align properly (resp. do not align properly) at the bottom (see
Figure 10a). This justifies our choice to call them aligned (resp. misaligned).

o

~ ) juh) (") [v5)
|w)) () >0 3 (x") B
i (2% =0 Jwf) (2%) =0 1)
jwi) (2%) =0 (2%) = 0
(a*) =0 [w6> (') =0 |v6>]
|Iw6> (®) =0 (@) =0
(x2)|=0 (x?) =0
(z!) =0 L) @y =0 oo | ]
L) @) =0 (@) =0
(x71)y <0 (z=h)
(a) 2n=s, (b) 2n=8, m=2b-1 = 3. Balanced
m = 2b = 2. Balanced misaligned monomial assignment
aligned monomial

assignment

Figure 10. Balanced monomial assignments. These are explained after the proof of Proposition 5.9.

PROPOSITION 5.9 (Solution to balanced aligned monomial assignments). Let
— m = 2b be an even non-negative integer
— t =30 X'pr, X ]l — 27y X5 Dg; [ Xg: || » be @ monomial assignment over 0 < x3 < xz--- <

i=1 %R
X2n
— {|h1), |h2) ... |hn),181),82) ... |gn)} be an orthonormal basis, and
— finally
Xp = thi |hi) (hil = diag(xp,, - - - Xn,, 0,...0), X = ngi |8i) (gil = diag(0,...0,Xg,...Xg,),
i=1 - i=1 —
n
w) == > VPr i) = (\Phs - VPrys 0, - 0) and [w') = (X3)” |w),
i=1 —
nzeros
n
V) i= " \Pg 18 = (0.0, \pg, ... \Pg)T and V) = (Xp)" |v).
i1 S——
n zeros
Then,

b3t (T (Xn)' (W) (V'] (Xg) T, ,
+

0 i;) VCh:C;
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satisfies Xp > En0X,0"Ey and ExO |V') = |w'), where we write (Xp,g) ™" instead of (X; ) g)k (for
k> 0), Ep = %iLy he) (Rl cn = (W] (Xn) T (XR)' (W)

projector orthogonal to span{(Xy)™* |w’y, (Xp) 12 |w') ..., [w')} i<0
I, := | projector orthogonal to span{(Xp) ™ [w'y, (Xp) P** W), ... (Xp)"* W)} i>0
I =0,

and analogously cg, = (V'| (Xg)'TIz (Xg)' V') and

projector orthogonal to span{(Xg) "1 [v'), (Xg) 712 vy ..., [V)} i<0
Iy, := { projector orthogonal to span{(Xg) ™" |V'), (Xg) "*1 V'), ... (X)) V)} i>0
I i=0.

PROOF. The orthonormal basis of interest here is

I (Xp)! W)

W) = = , which entails (14)
h;
In i=0
It = 0 ’ ’ ;
= I X wj> <wj i<0 (15)
i-1 ’ ’ ;
In — i=—b w].> <Wj i >0

where I, := Ep. We define |v: > and Hgi analogously. Here, we keep track of both the highest and
W;>
To this end, we use (x})" = (W/| X} W) = (W| X" |w) and (x})" := (V| XL V) = (| X} |v).
We denote the minimum and maximum powers, [, by

((x,?), Wy, (x2)’ |W’)) i=0

M(|W:>) = < (<X’:2|l|> (Xh)—|i| W', <X£>, |WI>) i <0

((622) G 1wy, (1Y (i wh) i > 0,

lowest power, I in (w’| X} [w’) and (v'| X} |v), which appear in the matrix elements (w}| D

and we define D := X, — ExOXgO"Ey = (W)| (Xn — ExOX,0"Ep)
restrict to the span of the {|W§>} basis because X}, |v;> =0and Ejy

W}>, as usual. It suffices to

V) = 0. The lowest power, [,
appearing in D is attained fori = j = —b (as —b < i, j < n— b — 1). This can be evaluated to be

—2b by observing that
MAW_DXMW ) = (G2 (7Y (62 () (xh) (e

where we multiplied component-wise. To find the highest power, [, in the matrix D, note that

for i, j > 0 we have

MW XpM(

i = (057 G52 Y et (Y (7))
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so | = max{2i,2j,i+ j+1}. As argued for the fy-assignment,l =2n—-2b—-1fori=j=n-b-1,
otherwise [ < 2n — 2b — 1. Thus, only the D,_p_1,_p_1 term in D, depends on <xfl"‘2b‘1>'. All

other terms, at most, depend on (x; >' , {x; 20+ )' o <X’%n—2b—2>', Le. (x)),(xi),...(x2""2). The

analogous argument for (v/| X, |v}> the observation that (w/| D ’w;> = (W)| X |W;> — (V)| X, ‘v}>,
and the fact that (x%) = (x') = --- = (x*"2) = 0 entail that these terms vanish. It remains to

/
n-b-1

get cancelled due to the aforesaid reasoning, must come from the part of |w;l_b_1> containing

show that Dy_p_1,n-p-1 > 0. Noting thatin (w/_, ,|D|w ), the only term which would not
X,’l“b‘1 |[w’). It suffices to show that the coefficient of this term is positive because we know that
(xZ”‘Zb‘1>' = (x*"1) > 0. We know this coefficient to be exactly 1/cp, , ,
and Equation (14)) establishing that D > 0. u

(see Equation (15)

To proceed further, it is helpful to have a more concise way of viewing the proof. Let us
consider a concrete example of a balanced aligned monomial assignment with 2n = 8 and
m = 2b = 2 (see Figure 10a). We represent the range of dependence of (wj| X |w}) on (x!)
diagrammatically by enclosing in a left bracket, the terms (x3) = (x)’ and (x?) = (x°)’ (replacing

|w) with |w/)) and writing |w},} next to it. Similarly, for [w’ ), |w;) and |[w/,) we enclose in a left

bracket, the terms
{O0), () () ()} = {02 ) oy
(), () 0N = {2 (7Y () )
and {(x%), (1), () = {02y Gty (6

W;> is [l = 7 when (and only

respectively. The highest power [ of (x}) that appears in (w}| X,
when) i = j = 2. Thus, the matrix D, restricted to the subspace spanned by the {|W§ >} basis
(again, we can safely ignore the subspace span{\vé)} because D |v;> = 0), has only one non-zero
entry which we saw was positive as (x7) > 0.

A direct extension of this analysis to the balanced misaligned monomial assignment
fails, as we can see concretely in the case with 2n = 8 and m = 2b — 1 = 3 (see Figure 10b).
From hindsight, we write both the |v})s and the |w})s. We start with |w}) = Xs/ 2
Vi) = X§/2 Vo), and as before, enclose the terms {{x°)" = (x®), (x!)" = (x*)} in a left bracket.

We then multiply |W6> with X 1 (and |v6> with X, ! respectively) and project out the compo-

lw) and

nents along the previous vectors. We represent these by |W’_ 1) and |v’_ 1), and in the figure
we enclose the terms {(x) = (x72), (x?) = (x™1)"... {x*) = (x)’} in the left and right brack-
ets. We do not go lower, because then we pickup a dependence on (x‘1> which persists for
subsequent vectors. In general, we stop after taking b steps down (here b = 1). We go up by

multiplying |w6> with Xj (and v6> with X, resp.) and projecting out the components along
the previous vectors. We represent these by |W’1> and |v’1>, and in the figure we enclose the

terms {(x) = (x2)", (x2) = (x71)"... (x®) = (x®)'} in the brackets. Finally, we construct [w})
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and |v’2) by taking a step up using X, and Xg, respectively. These are essentially fixed to be
the vectors orthogonal to the previous ones, once we restrict to span{|hi), |hy,)...|h,)} and
span{|g1),|&2,) ---1gn)}. Taking a step down using X, L and Xz 1 we could have constructed
[w’,) and |V, ), but these are the same as |w}) and |v} ), as we have a 3-dimensional space. If
we weretouse O = 317, (|W:> (V)| + h.c.) then we would have obtained dependence on (x”) in
the row corresponding to |w),) and a dependence on (x®) for the term (w}| D |w}). This already

b
hints that the matrix is negative because it has the form b with b # 0; thus this choice
c

cannot work. We therefore define O := (Z}:_l W) (V] + h.c.) + [wy) (wy| + |v4) (V). Further,
instead of using
Xn > EnOXz0"Ep, (16)

for establishing positivity, we equivalently use

1/2 1/2

Ep > (X;) ' 0X,0" (X;)'°, 17)

which is easily obtained by multiplying by (X;l)l/ 2 on both sides. The reason is that to estab-
lish positivity, we must include |W’2> in the basis (we can neglect the null vectors of Ey), and
even though the RHS of Equation (16) would not contribute, the LHS would get non-trivial
contributions along the rows. Using the inverses allows us to remove this dependence. To see
this, note that span{|w’ ), |w}) ... |w} )} equals the h-space, i.e. span{|h1), |hz) ... |hn)}. Further,

span{X;/ 2 |W: >}l.2:_1 also equals the h-space (but the vectors are not, in general, orthonormal any

1

more). Finally, observe that Xh/ g |W’2> is a null vector of the RHS of Equation (17). Therefore, to

prove the positivity it suffices to restrict to span{X;/ 2 |w: )};.1:_1. An arbitrary normalized vector
in this space can be written as

S Xy wr) L aiXy? vr)

1/2 g
= x0T (x;)"* 1y) =
1
\/Zi,jz—l oA <W§|Xh W}>
1 ’
Sijo1 i (V| Xg

\/ i jomg 00t (W X

v}>

= (Yl (X;)'"*0X 0" (X)) [9) = — =1,
i jemq QK] <W:‘|Xh W}>

v}>s depend on (at most) {(xg),(xZ)...(xg)}

W;> depend on (at most) {(xz), (x2)...(x?)}, which are the same as

[¥) =

w’,
i)

where we get equality by noting that <v;| X

and analogously (w/| X
(x'y =0fori € {0,1,...6}. Since we proved the RHS of Equation (17) equals 1 for all normalized
|Y)s, we conclude that we have the correct unitary.

PROPOSITION 5.10 (Solution to balanced misaligned monomial assignments). Let
— m = 2b — 1 be an odd non-negative integer (i.e. b > 1)
— t= 2 X o [xn ]l = 234 X3 g, [xe.]|, be a monomial assignment over {x1,x; ... Xan}

— (|h), |h) ... |ha), |g1),182) - - - 18n)) be an orthonormal basis
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n
Xn= ) [hi) (hi| = diag(xn, ..
i=1

W) = (VP - -
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~——
nzeros

———
nzeros

n
Xpyy0,...0), X, = ngi gi) (gil = diag(0,...0,xg,, ... Xg,),
i—1 S~——

nzeros

VP, 0....0) and [w') := (Xp)""2 [w)

[V) = (0,...0,\/Pgy, - - - \/Pgn) and |V') i= (Xg)> 7% V).

Then,

n-b—1

nzeros

0 .= Z

i=—b+1

I (Xp)" W'y (V'] (Xg)'TIg,
+ h.c

VCh;Cg;

Iy, , (X" W) W] ()" "I,

Chn—b

T, (X" V) ] (X" T,

an—b+1

satisfies Xy > EhOXgOTEh and EpO |[V') = [w'), where we write X, /’fg

cr = (W' (Xn) T (Xn)' (W),

projector orthogonal to span{(X;)!I=1 jw’) , (XHlI=2 jw’) ..., |w')}

1
IIj; :=
I

and analogously cg, = (V'| (Xg)'TIz (Xg)' [V'),

projector orthogonal to span{(X;)"'"* |v') , (X)l1=2 |v') ...

Iy, := | projector orthogonal to span{(X;)> |v'), (X))’ V'), ...

I

[V}

instead of (X;/g)kfor k > 0,

i<0

projector orthogonal to span{(X;)>~* [w'), (X)P=2 [w') ..., W), Xp W), ... (X)) W)} i>0

i=0,

i<0

V), Xg V), (Xg) T VY)Y i3> 0

i=0.

PROOF. The proof is very similar to that of Proposition 5.9. The orthonormal basis of interest

here is

which entails

L _
Hhi—<

I () W)

[wf) =
Ch;
I
0 / ’
Ix jeic1 W].> <Wj
i ’ ’

i=0
1<0

i >0

where Iy := Ep. We define |v:> and Hgl, analogously. Our strategy is to keep track of the highest and

lowest powers, I, in (w’| X} [w’) and (v'| X |v'), which appear in the matrix elements (w}| X

and (V)| X,

w',
)

; ; 1\ ._ vl [y I\ o /iy Wl |y s
v;> For brevity we write (x; ) := (/| X} [w’) and (x})" == (V'| X; |[V'). The minimum
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and maximum powers, [, are denoted by

() 1w (@) 1w (=0
M(|W:>) = (<X};2|i|>’ (Xp) 7l Wy, <X2>, |W/>) i<0
((x2®) 0070wy, () () w)) 1> 0.

Establishing X > EhOXgOTEh is equivalent to establishing

1/2

Ey > X, *0X,0"x ", (18)

It is easy to see that Xill/ 2 |w;l_b> is a vector with zero eigenvalue for the RHS as XgOT |W;l_b> =0.
Any vector |Y) € span{|g1),|g2)...|gn)} is a vector with zero eigenvalue for both the LHS and
the RHS. Thus, for the positivity we can restrict to span{|hy), |hz),... |hn>}\span{X;/2 |W;l_b>},
l.e. to vectors in the h-space orthogonal to Xi/ 2 |W’ b) It turns out to be easier to test for

n-b

positivity on a larger space. It is clear that span { X/ |W >} bt = span{|hy), |h2)...|hp)} =
i=—

span{|w )}” 1> (due to Lemma C.1). As neglecting vectors with components along X, 1/2 |W;l b)

suffices to satisfy Equation (18), we can restrict to span{X, 1/2 |w )}" (which might still

b+1
contain vectors with components along X;/ 2 |Wn_b> as the basis vectors are not orthogonal
but it only means that we check for positivity over a larger set of vectors). These ensure
that the troublesome vectors |W;l _b> and |v;l_b> do not appear in the remaining analysis. Let
[Y) = ( bl X 1/2 w, )) /c where ¢ = \/(y|p). To establish Equation (18), it is enough to show

that for all ch01ces of a;s,
)

w’> B
j

where the second step follows from X;/ 2OTX}: 1/2 Yy = X2 bb +11 o X 1/ 2 |v ) and the last step

follows from the counting argument below. Start by noting that

e 0 (Vi] X

~1/2

1> (Yl X, (19)

-1/2
0X0'X. "/ [y) =

Zl]— p+1 & <W;|Xh

(xh> = (x[**1) and (x°) = (x) =--- = (x*"*) = 0. (20)

To determine the highest power of I in (w'| X, [lw’y which appears in the matrix elements
<W \Xh ’W > (for -b+1 < i,j < n - b - 1) it suffices to consider the expectation values

(W _, | Xn|w/_,_,). To this end, we evaluate

M((w, W p 1))

_ —2b-)\" /. -2b-1)\’ [ _—2(b-1)+1\" [_2(n-b-1)\" | _2(n-b-1)\’ | _2(n-b-1)+1\’
= () G ) G ) () () )

= (o) o) (), (%) (=2) ().

The highest power is, manifestly, [ = 2n — 2. To find the lowest power [ in (W’| X}l |w’) appearing

in (w)| Xy

W;> (for -b+1 < i, j < n—b - 1) it suffices to consider (w’, | X|w’, ). To this end,
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we evaluate

MW DM 1)) = ({52770 ) (2 00) (6077 () () )
= (0 o) (), (1) (1) () )

The lowest power is, manifestly, [ = 1. We thus conclude that the numerator of Equation (19) is

a function of (x), (xZ),...(x2""%) and, an analogous argument entails that the denominator is
a function of (xg), (xz),...(xz"*) with the same form. Using Equation (20), we conclude that
the numerator and the denominator are the same. [ |

5.3.2 The unbalanced case

The techniques we have used so far also work when the number of points in a monomial assign-
ment are odd (i.e. for unbalanced monomial assignments), both aligned and misaligned. We
illustrate how the solution is constructed by considering a concrete example of an unbalanced
aligned monomial assignment. We start with 2n — 1 = 7 points and m = 2b = 2 (see Figure 11a).
We use the diagrammatic representation introduced previously. In this case, we have 4 initial
and 3 final points; the standard basis is {|g1), |g2),.--|g4), |h1), |h2), |h3)}.

. _ |ws) 1
V) |v3) _ ‘) _
B (x) 3 lwh) (%) >0 [vh)
wi) (2°) =0 [vh) (2°) =0
(@) =0 i)y (2% =0 1)
[wé) (%) =0 |vg>] (&%) =0
(z?)|=0 lwh) (@%) =0 |y
(z') =0 L (ah)=0 )
B lw’y) (x%) =0 [vly) il (%) =0
(! (x5 <0
{3 34
® O @€ O e O o O e O e O e O
(@A) 2n-1=7,m=2b=2. (b) 2n-1=7,m=2b-1=1.
Unbalanced aligned monomial Unbalanced misaligned
assignment. monomial assignment.

Figure 11. Unbalanced monomial assignments. These are explained at the start of Section 5.3.2.

The basis of interest is again constructed by starting at [w’) and using X, 1 until we reach
(x°), and then by using Xj, until the space is spanned (analogously for [v') with X, and X,). It

is {[v21), Vo) [vi), [vi) } and {|w’,)  [wp),
define 0 := 1, (|W:> (v|+ h.c.) +|[v) (V|- In X, > EnOXzO Ep, the |v,) term is removed by

W’1>} In the same vein as the earlier solutions, we
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the projector, Ep, := .2, |h;) (hy|. Using (x°) = (x) = --- = (x°) = 0 and the counting arguments
from before, it follows that D = X, — E,O0X,0"E, = 0.

For an unbalanced misaligned monomial assignment let us consider the example with
2n—1=7and m = 2b—1 =1 (see Figure 11b). We have 3 initial and 4 final points; the standard
basis is
{181),182),183), |h1), |h2), ... |hs)}. We construct the basis of interest by starting at [w’) and
using Xj until the space is spanned (analogously for [v') with X,). More generally, we first go
down for b—2 steps (which is zero in this case), until (x) is reached in the diagram. The bases are
{vy). v, wj)}. As before, we define 0 := 37 (|W:> (v|+ h.c.) +
|wg) (wf|. This time we use E, > X}:l/ZOXgOTX,;l/2 which is equivalent to Xj, > E,0XzOT Ej, for
Eyp = le |h;) (h;i|]. Using an argument similar to the balanced misaligned case, we can reduce

V/>

j

W/>
j

but the counting argument doesn’t make the fraction 1. This is because we now have an (x6>

the positivity condition to

2
i,j=0

o (V| X

1>

2
i,j=0

O(iOCj <W§|Xh

dependence in the denominator and an ( ) dependence in the numerator. However, we also
know that this term only appears in <W2| Xn |W > that too with a positive coefficient (as we saw in
the unbalanced fy—assignment). Further, we know (x;) > (x$) and therefore we can conclude
that the numerator is smaller than the denominator ensuring the inequality is always satisfied.
We state the general solution for both these cases and prove their correctness below.

PROPOSITION 5.11 (Solution to unbalanced aligned monomial assignments). Let
— m=2b be an even non-negative integer
— t= X g [ ]| = 2y Xg Pey [xs.]|, be a monomial assignment over {x1,x; . ..xan-1}
— (|h1) , |h2> oo |hn-1),181) 5 182) - . - |gn)) be an orthonormal basis
— finally

n
Xh = ZXhi |hl> <h1| = diag(xhl, .. -th,lx 0, L 0):Xg = ngl |gl> <gl| = dlag( 0’ e O’ng i 'Xgn)3
: S~—— P S~~—

nzeros n—1 zeros

W) := (VP - - - VP,1, 0. - - 0) and W) = (Xn)" [w),

nzeros

lv) := (0,0,. o\/p_gl,\/p_gz -\Pgy) and [V') := (Xg)"|v) .

n-— 1 zZeros

Then

8n-b-1

G (M ) W) 0T | T (X" ) (] ()"

0=

i—b VCn;Cg; Cenb1
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satisfies Xp > En0XgOTEy and ExO |V') = |w’), where by X}:/’fg we mean (X}:/g)kfor k > 0, and all
Chy> Cgps H}ll., H; are as defined in Proposition 5.9.

]

PROOF. Many observations from the proof of Proposition 5.9 carry over to this case. We
. . ~b-2 : :
import the definitions of {|w/ )}?:_b and {|v;)}"-2-1, together with the observations that

M(<W,_b|)XhM(iW,_b>)
has no dependence on a term (x})" with I < —2b and that
MW,y o)X M (W5 )

has no dependence on a term (xﬁ)' withl > 2n-2b-4+1 = 2n - 3 — 2b. We can restrict to
span{|w’ ), |w’,.,)...[w/_,_,)} to establish the positivity of D := X, — E,0X,0” E. Using the
analogous observation for M({v',)Xg M (V")) and M({v_, )X, M(|V,_,_,)), along with
the fact that (x!)" = (x*??) and (x°) = (x!) = --- = (x?""3) = 0, it follows that D = 0. m

PROPOSITION 5.12 (Solution to unbalanced misaligned monomial assignments). Let
— m = 2b — 1 be an odd non-negative integer

— t= X X o [ - S XM g, [[xg. ]| be a monomial assignment over {x1,xa . ..xXan-1}
— (|h), |h) ... |hn), |g1),182) - - - 18n-1)) be an orthonormal basis
— finally

n n-1
Xp = thi |hi) (hi| = diag(xhl, ee Xn, 0,0 O)Xg = ngi |gi) (gil = diag(O0,...0, Xgys - -Xgn—l);
i=1 i—1 —

———
n—1 zeros nzeros
, _1
W) := (VP - - VPrns 0, 0) and. [y := (X)"72 |w),
——
n-1 zeros

V) := (0,...0, /Dgys - - \/Pgy) and V) = (Xg)P7% V).

nzeros

Then

(T Gt W) O 6T )T G ) ] G

0= Z + h.c. R
i=—b+1 \Y Chi Cgi Chn—b

satisfies X, > EnOXzOTEy and EnO |V') = |w’), where by X,;/’(‘g we mean (X;/g)kfor k > 0, and all
Ch;» Cg; Hit- , Iz, are as defined in Proposition 5.10.

1

PROOF. For this proof, we can use the definitions and observations from the proof of Proposi-
tion 5.10. We import the definitions of {|w;)} *-? . and {|v] >}:l=__b;1 along with the observation
that

M(<W/—b+1|)XhM(|W/—b+1>)
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has no dependence on a term (x!)" with I < —2b + 2 and

M( <W;l—b—1 |)XhM ( \W;l—b—1>)

has no dependence on a term (x') with I > 2n — 2b — 1. Also from the previous proof we have
that establishing X; > E,0X gOTEh is equivalent to establishing

V.

)

w’.>
j

for all real {o;}!=% L. We know that (x) = (x*) = --- = (x?"3) = 0. As we have the dependence

on <xﬁ"‘2>, we can’t conclude that the fraction is one. However, as we saw in the proof of Propo-

n-b-1
Dii je—bs1 K] (V:| Xg

- n-b-1
Dii jebe1 K] (w| X

sition 5.9, dependence on (x*"2) in the denominator only appears in the (w/_, .|Xn|w/_, ,)
term, that too with the positive coefficient, 1/cp,_, ,. The analogous statement holds for the
numerator. This, using <x2”‘2> > 0, entails that the denominator is larger than or equal to the

numerator, concluding the proof. u

5.4 Main result

Our observations so far can be combined to prove Theorem 2.2, which we formally state here.

THEOREM 5.13. Lett be an f-assignment (see Definition 5.1) on strictly positive coordinates.
Suppose | has real and strictly positive roots. Then, t admits an effective solution (see Defi-
nition 5.3). More explicitly, decompose t = },; a;t; where «; are positive and t; are monomial
assignments (see Definition 5.1 and Lemma 5.4). Then, each t; admits a solution given by either
Proposition 5.9, Proposition 5.10, Proposition 5.11, or Proposition 5.12.

PROOF. In Section 5.1 we established that it suffices to express an f-assignment as a sum of
monomial assignments and find the solution for each one of them, in order to find the solution
to the f-assignment. A monomial assignment now, can be balanced or unbalanced and aligned
or misaligned (see Definition 5.1). The solution in each case is given by either Proposition 5.9,
Proposition 5.10, Proposition 5.11, or Proposition 5.12. u

5.5 Example: a bias-1/14 protocol

We conclude the discussion by briefly outlining how all the pieces fit together to give a WCF
protocol with bias 1/14 as an example. The f-assignment for the TIPG approaching bias €(3) =
1/14 (k = 3 for e(k) = ) has the following form. Let

/ / / / ’ / 4 4 4 4 / /
Xo=0<r1r; <71y <Xx; <Xy, <Xg<X; <Xg<Xg<T3<T,<Ts.
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This is an f-assignment on {xg, X7 ... xg} with f(x) = (r; —x)(r, — x)(ry — x)(ry — x)(r§ — x) viz.

v )
£- iZ_;‘ [T (X = X;) -

Figure 12 details how this TIPG can be viewed as three stages of the corresponding TDPG: the

split, the ladder and the merge.

Q@O @O0
S ol ol Sl ol
T1T9X3  TyTrTg

k = 3 points
A
i
C )
-~ ?
4l m \ PZ* L]
[ o
I |
%—u—u—u—u—u—u—\—u
A \ |
l —1 F ladder (xi’yj> P} = Py 71 to'

1 1 C/
=zt to

Figure 12. The TDPG (or equivalently, the reversed protocol) approaching bias e(k = 3) = 1/14 may be
seen as proceeding in three stages, as illustrated by the three images (left to right). First, the initial
points (indicated by unfilled squares) are split along the axes (indicated by the filled squares). Second,
the points on the axes (unfilled squares) are transferred, by means of the ladder described in

Section 3.5 (indicated by the circles), into two final points (filled squares). Third, the two points from the
previous step (unfilled squares) and the catalyst state (indicated, after being raised into one point by
the little unfilled box) are merged into the final point (filled box). The second stage is illustrated by the
TIPG,—or more precisely, by its main move, the ladder—approaching bias 1/14. The weight of these
points is given (up to a constant) by the f-assignment shown above. The roots of the polynomial
correspond to the locations of the vertical lines and the location of the points in the graph is
representative of the general construction.

However, as we explained after Lemma 5.4, our construction only works when the coor-
dinates involved in the f-assignment are positive (and not zero). Implementing the approach
described there, we fix an arbitrarily small Sorigin > 0 and consider a Sorigin-translated version
Mochon’s TIPG approaching bias €(3) + Sorigin = 1/14 + Sorigin. The translated TIPG is also valid
(see Lemma 5.5). Figure 13 details how this translated TIPG can be viewed as three stages
of the corresponding TDPG. The relevant f-assignment is (see Lemma 5.6) then defined on

{X0, X1 ...Xe} where x; = X] + Sorigin, With f(x) = (ry —x)(rz —x) ... (rs —x) where r; = r{ + Sorigin
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Figure 13. The Sqigin-translated TDPG (or equivalently, the reversed protocol) approaching bias

€(k = 3) +6origin = 1/14 + Sorigin May also be seen as proceeding in three stages, as illustrated by the three
images (left to right). The difference compared to Figure 12 is that everything is translated by Sorigin. In
particular, the function f” has been replaced with f, the coordinates (x{,...x;) and the roots (r;,...rl)
have been replaced by (xq,...xs) and (ry,...rs) respectively. The split and the merge can be
implemented just as before, while the ladder can be implemented, granted one can (effectively) solve
the f-assignments (which are now all defined on positive coordinates) as illustrated above.

Viz.

We decompose t into a sum of monomial assignments, i.e.

=1
6 6
_ Z —I1rar3ral’s [x] Z — (ral'sTal’s + I'sTal’s + I'aT3l’s + IIarsl) (= Xi) [x]
= i i
o [Tz (x; —x0) [Tj2i(xj = xi)
I
6 2 6
-0 (=X —03(—X; —0tg(—Xq) —o5(—Xq)
+Z 2(=x1) [x] +Z 3(=x)° [x] +Z (=X [x] +Z 5(=Xi [[Xi]],
oo Hj;&i(xj - Xi) 0 Hj;ti(xj - Xi) H];tl(xj X;) H];ez(xj X;)
111 v \4 VI

where « is the coefficient of (—x)!in f(x). Since the total number of points in each assignment
are 7, they are unbalanced monomial assignments. Terms I, IIl and V each have an even powered
monomial therefore they correspond to the aligned case. Their solutions, thus, are given in
Proposition 5.11. Analogously, the remaining terms II, IV and VI each have an odd powered
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monomial therefore they correspond to the misaligned case. Their solutions, thus, given in

Proposition 5.12.

Let us now see how all these pieces fit together to give the full protocol. We describe

the procedure in the language of TDPGs each step of which can be thought of as a short-hand

to denote an exchange and manipulation of qubits between Alice and Bob, granted that the

associated unitaries are known. As we have already done all the hard work in finding these

unitaries,?? we can now proceed at this level of description. Concretely, the Sorigin-translated

bias 1/14 game (see Figure 12) proceeds as follows:

1. The first frame. This simply corresponds to the function

1
5 ([[Sorigin, 1+ 50rigin]] + [[1 + Sorigin, Sorigin]]) .

2. The split. Deposit weights along the axis as specified by the TIPG; more precisely, split

the point [[Sorigin, 1 + Sorigin|| into a set of points along the y-axis (offset by Sorigin) and
analogously, split the point [[1 + Sorigin, SOrigm]] into a set of points along the x—axis (offset
by Sorigin), to match the distribution of points along the axes by the Sorigin-translated bias
1/14 game.

. The Catalyst State. Deposit a small amount of weight, Scatalyst, at all the points that appear

in the translated TIPG. This can be done by raising the points which are along the y-axis,
i.e. if the points along the axes are denoted as }; pspiit,i [[50rigm, yi]], then raise them to
obtain Y, (Pspiit,i — Sspiit,i) | Sorigin, Vi]|+ X1 Scatatyst [ Xi> ¥j [, where Scataryst > 0 can be chosen
to be arbitrarily small and the second sum is over points (x;, y;) which appear in the
translated TIPG (excluding those along the axes (offset by 60rigin)23).

. The Ladder.

a. Denote the monomial decomposition of the valid functions by constituent valid
functions. Globally scale these constituent valid functions sufficiently so that no
negative weight appears when they are applied.

b. Apply all the scaled down constituent horizontal valid functions.

c. Apply all the scaled down constituent vertical valid functions.

d. Repeat these two steps until all the weight has been transferred from the axes into
the two final points of the ladder.?4

The unitaries corresponding to these constituent valid functions correspond to the solu-
tions of the monomial assignments.

22

23

24

In this section we found the unitaries for f-assignments and in Section 4 we found those corresponding to splits and
merges.

One needs to use the analogous procedure, i.e. Use X; pspiit,i [[xi,aorigm]] as well for the one point of the TIPG which has
a y-coordinate smaller than that of the points along the y-axis.

It would automatically become impossible to apply the moves once the weights on the axes becomes sufficiently
small.
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5. Raise and merge. Raise and merge the last two points into the point

4 4
(1 - Ssum-catalyst) "5 + Sladder + 50rigins 5 + Oladder + 60riginﬂ

where Ssum-catalyst represents the total weight used by the catalyst, while §jagger COmes
from the truncation of the ladder. Then, using the method developed in the proof of Theo-
rem 3.20 in [3, 32], the catalyst state can be absorbed to obtain a single point [% + &, % + §].
Thus, P}, = P} = 3 + 75 + 8, where & can be made arbitrarily small by making the catalyst
state smaller, the ladder longer and choosing a smaller translation parameter Sorigin.

The protocol is the reverse: it starts with a single point corresponding to uncorrelated states

and whose coordinates encode the cheating probabilities, and ends with two points along the

axis (offset by Sorigin) with equal weights, corresponding to the state

6.

|AA)+|BB)

V2

Future Work

Now that we have quantum WCF protocols, one can investigate questions about optimality,

relaxation of underlying assumptions and connections to other cryptographic primitives.

Optimality Various questions about the optimality of WCF protocols are unanswered.

— Mochon’s Games. In Section 5, in order to find the solution to the f-assignment, we

expressed it as a sum of monomial assignments; this yields an increase in dimensions,
which in turn corresponds to an increase in the number of qubits required.?® One approach
towards reducing this, could be to understand the connection between the perturbatively
defined unitary from Section 4 and the exact one in Section 5, corresponding to the 1/10-
bias protocols. Another approach could be to try reducing the dimension using a standard
technical lemma from [32], which is stated as Lemma A.2 here.

Round complexity. Recently, Miller [30] established that round efficient (in terms of the
bias) quantum WCF is impossible. However, unlike conventional security parameters
(that must be taken to be large to have any practically relevant security), the security of
quantum WCF is information theoretic, even for a fixed bias. Thus, it is conceivable that
practical (in terms of round complexity) WCF protocols can be constructed for a fixed
bias, say, 0.01. On the other hand, Miller’s lower bound applies to TIPGs and there is scope
for improvement by bounding the rounds needed to convert certain families of TIPGs to
TDPGs.

25

The dimension of the Hilbert space is expected to scale exponentially with the humber of points involved in the
f-assignment.
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— Pelchat-Hayer games. Pelchat and Hgyer [24] proposed another family of TIPGs which
achieve arbitrarily low bias as well. It will be interesting to see if an explicit WCF protocol
can be obtained corresponding to these games, potentially, in fewer dimensions.

— Framework. Constructing general tools to optimise and test the optimality of a TIPG for
the number of points (and rounds, as mentioned above) in the associated TDPG would
be very useful to both constructing better protocols as well as benchmarking the existing
ones. For instance, we have a WCF protocol which uses constant space and approaches
bias € = 1/6. However, if we go lower and consider say a Mochon’s next TIPG with bias
€ = 1/10, then the corresponding TDPG suddenly seems to require points that tend to
infinity as the TDPG approaches bias 1/10. It is unclear whether this is an artefact of our

construction or a fundamental characteristic.

Relaxing assumptions The assumptions we made to obtain the protocols are not realistic.

— System size. The size of the incoming system containing the message is assumed to be
known, however, this is hard to enforce physically. One possibility is to impose a more
physically realistic constraint, such restricting the average energy in the fibre optic imple-
menting the channel, as analysed in [23].

— Noise. Adding noise in a WCF protocol can cause a disagreement even when both parties
are honest. It has been shown that in the absence of noise but in the present of losses,
WCF can still be performed with a certain bias [12]. An interesting question is whether
there exist lower bounds to the lossy but noiseless setting. Returning to noise, it is clear
that quantum computation is realistic due to error correction. This, however, does not
necessarily mean that WCF can be performed in such a setting, as it is not obvious how we
can correct errors in this adversarial scenario without compromising the security. Thus, a
systematic study of noise in the adversarial setting is crucial and recent techniques in this
direction [22] may help.

— Device Dependence. Device-independent WCF protocols have been suggested and involve
the exchange of quantum boxes [1]. Their bias, however, remains quite high and since
then, only modest progress has been reported [10]. Furthermore, no lower bound on the
bias is known. The first step could be to redefine the protocol in a generalizable way;
perhaps construct successively worse protocols—by, for instance, using fewer boxes—and
subsequently, consider them as belonging to the same family. One could try to use PR-boxes
or non-signalling boxes to understand the behaviour better. A complementary approach
could be to construct the analogue of the Kitaev/Mochon framework where instead of
qubits and unitaries, one studies more abstract objects which simulate the exchange of
boxes and are only constrained by their statistics. Recently, WCF protocols were also
considered in the context of general probabilistic theories [38], that are used to extend the
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impossibility results theories beyond quantum. They used conic duality which is the key
point of Kitaev/Mochon frameworks and hence, this approach could be a starting point.

A fundamental connection It is known that nearly perfect WCF implies optimal strong coin
flipping [17]. Does this work the other way around? This question may be more general than
quantum, since the construction in [17] is purely classical. One way of proceeding could be to
try and construct optimal strong coin flipping protocols directly by adapting the Kitaev/Mochon
technique and using known, simpler protocols as a starting point. The insight might not only
help answer this question but also yield another construction for nearly perfect WCFE.
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A. ProofofLemmad.5

For the proof that the closure of EBM functions equals the set of valid functions, the reader is
referred to [3]. At the end of Section 3.3 we also outlined the main arguments. Here, we prove
the following:

LEMMA A.1. The closure of the set of EBM functions equals the set of TEF functions.

For simplicity, in the following discussion, we restrict to transitions (see Definition 3.7) with
disjoint support. This allows us to use transitions and functions interchangeably, as explained
at the end of Section 3.3.

The proof uses the following characterization of EBM functions presented in Lemma A.2,
which is originally due to Mochon [32] (the proof therein had a minor error, though, that we
correct).

Below, when we say EBM transition with spectrum in [a, b], we refer to an EBM transition
with the additional constraint that the matrices H, G, as introduced in Definition 3.8, have
eigenvalues in the interval [a, b].

LEMMA A.2. Consider the transition g — h where g := 37", pg [ Xg, | and h := X1, pr, [ xn]-
For every EBM transition g — h with spectrum in [a, b] there exists a unitary matrix U, diagonal
matrices Xy, Xg (with no multiplicities except possibly those of a and b) of size at most m+n -1
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such that )
Xg1 Xhy

U Xgn, U < Xn, = Xp, (21)

and the vector |Y) := (\/Dhys - - -» \VPhp 0-..0)T =U(\/Dgp - - - \/Dgy» 0. .. 0)T.

We will prove this lemma shortly. Let us first see how this almost immediately yields
Lemma A.1.

PROOF SKETCH OF LEMMA A.1. In this proof, we restrict to EBM functions with spectrum
in [a, b] C [0, o). For any such EBM transition g — h, one can verify that Equation (21) implies
the following (for any b’ > b and an appropriate )

[0
o 0 o
i) 0" <
Xgl
Xgm
a — Xny
~ a ~ X
) 0" < fim
Xg, b
Xg, i b
1 [ X, [ 1
1 Xhy, 1
<
b’ 1/b b’
b’ 11 1/b’ N b’ ]
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where the matrices are of size m + n. The inequality involving the first and the last term
may equivalently be expressed as

[ 1 1 [o 1 [1
1 o 0 ~ 1
U U
1/b’ Xg, 1/v
/b | | Xgm 1/
) " ]
X
< fom 22
1/b
1/b" |
This condition yields, in the b — oo limit,
n m
ExU ngi |8i) (&il | UTEn < (Z Xn; |hi) <hi|) (23)
=1 i=1

=G’ =H’

where (|g;))_, represent the last n coordinates, (|h;))!", represent the first m coordinates and
Ep = X1, |hi) (hi|. Further, for [v) = X1, \/Pg &), one can check that U |v) = X1, /P, |hi)
using the definition of [¢) and U. Thus, any EBM transition g — h is also a TEF transition.

One can easily extend this reasoning to establish that the closure of EBM functions is also
contained in the set of TEF functions. Consider a sequence of EBM functions (h; — g;);>, with
support in [a;, b;] C [0, o0) such that the limiting function, h — g is well defined (i.e. support
of h — g is contained in [0, o0); support of a function f is simply x : f(x) # 0) but h — g is not
EBM. The only way this can happen is if b; — oo tends to infinity as i — co. However, using the
reasoning above, one can consider Equation (22) and there, it is clear that the limiting procedure
yields Equation (23) which is precisely the TEF constraint. Thus, the limiting function is a TEF
function.

One can similarly argue that every TEF function is contained in the closure of EBM func-
tions.

PROOF OF LEMMA A.2. Let ng := nand np := m. An EBM entails that we are given G < H
with their spectrum in [a, b] and a |¢) such that

g = Prob|[G, [Y)] = Z Pg; [[Xgi]]
i=1
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and

h = Prob[H, [¥)] = > pn, [xn,]
i=1

with pg,, pn, > 0 and xg, # Xg;, Xn, # Xn; for i # j but the dimension and multiplicities can be
arbitrary. First we show that one can always choose the eigenvectors |g;) of G with eigenvalue
Xg; such that

¥) = > /g 180 -
i=1

Consider Py, to be the projector on the eigenspace with eigenvalue xg,. Note that

Pgi |¢>
V(| Pg [¥)

fits the bill. Similarly we choose/define |h;) so that

|gi) =

) = > VP [
i=1

Consider now the projector onto the {|g;)} space

g
Mg = > lgi) (gl
i=1

Note that this will not have all eigenvectors with eigenvalues € {xg,}. Similarly we define
np
My = ) |h) (hl.
i=1

We further define G’ := II,GII, + a(I — Ily) and H' := II;HII, + b(I — IIp). These definitions are
useful as we can show

G' <H'
From G = IIgGIl; + (I - IIy)G(I - II,) we can conclude that II,GII, + a(I — IIg) < G. This entails
G’ < G. Using a similar argument one can also establish that H < H’. Combining these we get
G' <H'.
Consider the projector

I1 := projector on span{{lgi)}?fl, {lh)}

and note that this has at most ng + ny — 1 dimension because [i) lives in the span of {|g;)} and
in the span of {|h;)} so one of the basis vectors at least is not independent. Now note that

G" :=1TIG'Tl < IH'TI =: H”
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because we can always conjugate an inequality by a positive semi-definite matrix on both
sides. Note also that IT |¢) = |¢) which means the matrices and the vectors have the claimed
dimension. We now establish that Prob[H”, [¢)] = h and Prob[G”, |¢)] = g. For this we first
write the projector tailored to the g basis as Il = Il + II, where Il;, is meant to enlarge the
space to the span{hl-};zll. With this we evaluate

G” = (g +11g, ) TgGIlg + a(l - II) | (Ilg + I, )
Manifestly then Prob[G”, |¢)] = g. By a similar argument one can establish the h claim. Note

that that G” and H” have no multiplicities except possibly in a and b respectively. Thus we
conclude we can always restrict to the claimed dimension and form. u

B. Blink m — n transition

B.1 Completing an orthonormal basis

2i xfﬁlg». We

Vi bi

describe a scheme for constructing vectors |v;) such that {|v), {|v;) }} is a complete orthonormal

Consider an orthonormal complete set of basis vectors {|g;)} and a vector |v) =

set of basis vectors. We can do it inductively, but here instead we choose to do it by examples,
as we believe it helps gain some intuition and demonstrates the generalizable argument right

away. We define the first vector to be

D1
VPLI8Y — <5 1820 b1 lgy) — vz lg2)
p% VP1 + D2

D2

lv1) =

p1+
which is normalized and orthogonal to |v). The next vector is
(p1tp2)

_ VP1181) + VD2 |82) — VP £3)

(p1+p2)*
\/P1 t P2+

which is again normalized and orthogonal to |v;).

[va)

Similarly we can construct the (k + 1)™ basis vector as

k Z?ﬂ Pk

i=1 VPk |gk> - N |gk+1>
1% = s
Vi N

_ k (XK, pr)? :
where Ny = 4/ 2:_, Px + —=>—— and, thus, obtain the full set.

Dik+1
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B.2 Analysis of the 3 — 2 transition

Recall that the constraint equation is

D X i) (il + X180 > " X, U |gii) (gl U,

II
I III

where we have introduced the notation |h;;) = |h;h;). The g1, g2, 83 — hy, hy transition requires
us to know

U = |[v) (W] + [w) (] + [v1) (vi] + |v2) (va| + [w1) (wq].

Using the procedure above we can evaluate the vectors of interest as

Pgq
_ VPg |g11) + \/Pg, 1822) + \/Pg; |833) - \Dg; 1811) — \,;’,7?2 |822)

[v) Vi ,
Ng Ngl
\/Dg: 1811) +/Dg, 1822) — (per+pg;) |g33)
[va) = VPss
Ngz
h + h h — h
W) = VD, | 11>thphz |h22) and  [wy) = VD, | 11>Nh\/l7h1 | 22>’

where Ny, Ng,, Ng,, N, are normalization factors. In fact we want to express the constraints in
this basis, and to evaluate the first term of the LHS in the constraint equation we use the above
to find

|h11) =

\Pny (W) ++/Pn, IW1) \Ph; IW) = \/Dr, [W1)
and |hyy) = ,
Ny, Np
which leads to

I = Xp, [h11) (h11] + Xp, [h22) (hoa]

) | (w| (wi|
= F |W> PhyXny + PhyXh, \ Phy Ph; (Xhl - Xhz)
" w1y | PP (X — Xh,)  PyXny + DPhyXn,

Evaluation of II is nearly trivial after expressing the identity in this basis

vl (1] (g ]
vy | x

IT = x(|[v) (V] + [v1) (vi]| + |v2) (v2]) =
V1) X

| [v2) X
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For the last term I1I = x,U |g11) (11| U +x¢,U |g22) (22| U +x¢,U |g33) (g33| U", we evaluate

) (i) (iii)
VPg VPg VPg
Ulgu) = = Iw) + == [v1) + = [va),
g 81 82
e, ) e
g VPg, 8
Ulgae) = =1 W) + === |v1) + = |vz) and
g g1 82
p (_pg1+gg2)
VDg VPg3
U|gs33) = k [w) +0|v1) + % [va) .
Ng Ngz
(il (v (W]
1 1 1
. V1) NI NyN; NN
For the first term we have (i) = Xg, pg, 1 1 1
|V2> Ng,Ng, Né%z Ng,Ng
1 1 1
i |W> NgNg1 NgNgZ N_‘;

For the second term, we re-write U |g22) = \/Dg, (Nig W) — 5~ |v1) + ﬁ |v2>) with Ny, pgzNgl,
81 2

(v1] (va (w|
|V1> 12 - /1 - /1
R N/ N, N, N, N;
to obtain (ii) = xg, pg, vy} | g; i 11 ,
Ng, N, NZ, Ng,Ng
1 1 1
W) | ———= L
| > NgNg1 NgNg, Né ]
D
By 5 5 (394010 o) A = 2
(v (vel (w|
V1)
to get (iii) = X4, g, Ivy) 1 1
Ng N, Ng
1 1
w —_ =
| w) o B

Now we can combine all of these into a single matrix and try to obtain some simpler constraints.

(vl %1 (v (W] (W]
vy | x
lvi) _ Xe1Pgy _ XgPgy _ Xe1Pgy XgyPgy _Xe1Psy | XgPsy
def N§1 Nﬁ NglNgz Né1Ng2 NglNg NélNg
M=E V) _Xe1Dgy | XgpPsy _ Xe1Pey  XgDgy  Xg3Dgy _Xe1Pgy _ XgpPgy | Xe3Pegs
’ ’
Ng,Ng, NgzNgl Néz N§2 Ng Ng,Ng NgzNg N Ng
lw) _Xe1Pgy | XgpPgy _Xe1Pgy  XepPgy | XesPes  PhyXm *PhyXhy L Z X V Py Py (Xn, — Xn,)
NeNg, © NgNp NeNg, ~— NgNg, T NN, NZ iXgiPg —yz X T Xn
\/m phth1+ph1xh2
|W1> NZ (Xhl - Xhz) NZ
L h h
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Despite this appearing to be a complicated expression, we can conclude that it is always
so that the larger x is the looser is the constraint. To show this and simplify the calculation,
note that M can be split into a scalar condition, x > 0 - from the |v) (v| part — and a sub-matrix

which we choose to write as

(vl vzl | (w| (wy]
|V1> C BT
\2% > 0.
lw) B A
lwy)
A B

We have that >0 & C>0,A-BC'BT >0, I-cc™H)BT =0,

T
>0 &

BT C
using Shur’s Complement condition for positivity where C~! is the generalized inverse. We can
take x to be sufficiently large so that C > 0 and thereby make sure that I — CC~! = 0. Then, the
only condition of interest is

A-BCc'B' > 0.

Actually, we can do even better than this. Note that if C > 0 then C~1 > 0 and that the second
term is of the form

oy a
a b oy a 0 [ab]l H ]O
[00 l l = Yy B b > 0,
y Bj|b O 0 0
R I
B c1 BT

because C™! > 0. We can therefore write the constraint equation as A > BC'BT > 0 and note
that A > 0 is a necessary condition. This also becomes a sufficient condition in the limit that
X — oo because C~! — 0 in that case. Thus, we have reduced the analysis to simply checking if

Py Xny +PnyXn, 1 \/ Phy Phy
N2 Y Zi Xgi pgi N2 (Xh1 - Xhz)
o > 0.
phl phz phthl +ph1Xh2 o

This is a 2 X 2 matrix and can be checked for positivity using the trace and determinant method
or we can use again Schur’s Complement conditions. Here, however, we intend to use a more
general technique. Let us introduce

() LS <l>d_efi Ph
g N; i 88 Xr N}% i Xhi'
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Term (I) and one element from term (III) constitute a matrix A which can be written as

‘ (ha1|  (hoz|
Xn, — (Xg ) lwy (w|.

Xh,

A = Xp, |h11) (h11] + Xn, |h22) (hoo| — <Xg> lw) (w| = |hy1)
|h22)

Weuse F-M > 0 « I-VF 'MVE ' > 0forF > 0,toobtainI > (xg) IW”) (W”’|, where [w"”) =

Phy.

Pn
hi1)+./=—2|h
Xy |h11) X |h22)

Np

. Normalizing this we get [w’) = /2L which entails I > (Xg) <th> lw) (W] and

ny 2 (5):

In fact all the techniques used in reaching this result can be extended to the m — n

that leads us to the final condition
transition case as well and so the aforesaid result holds in general.

C. Approachingbiase(k) =1/(4k +2)

LEMMA C.1. Consider an n-dimensional vector space, a diagonal matrix X = diag(x1, X2 ... Xn)

and a vector |c) = (c¢1,C3 ..., Cn) Where all the x;s are distinct and all the c; are non-zero. Then,

the vectors |c), X |c),... X" 1 |c) span the vector space.

PROOF. We write the vectors as

W) =X [e) =

We show that the set of vectors are linearly independent, which is equivalent to showing that
the determinant of the matrix containing the vectors as rows (or equivalently as columns) is

non-zero, i.e.

1 1 - 1 C1
X1 X2 Xn C2
det| | xi& x5 X2 =C1-Cy-...Cp-detX
n-1 n-1 n-1
XX e X || Cn |
\ =X )

is non-zero. Notice that X is the so-called Vandermonde matrix (restricted to being a square
matrix) and its determinant, known as the Vandermonde determinant, is det(X) = [T;<;<j<n(Xj—
x;) # 0 as x;s are distinct. As ¢;s are all non-negative our proof is complete. u



73 | 76 TheoretiCS Protocols for Quantum Weak Coin Flipping

CA1 Proof of 5.2

In our proof we will need the following C.2, which gives a property of the f—assignments.

LEMMA C.2. } 1% = 0 where f(x;) is a polynomial of order k < n — 2 where x; € R

are distinct.

The proof can be found in [32, 3].

PROOF OF 5.2. The equality (x¥) = 0 for k < n— 2 is a direct consequence of C.2, and we
proceed to prove the inequality (x”‘1> > 0. Suppose for now that (we prove it in the end)

n n-1

i — _1 n—1. (24)
P [T (X — Xi) =

Define p(x;) = X" o that t = i p(xi) [xi]. Observe that

[T (xj=x:)
(XY = > X p(x)
i

_ _1\Myn-1 -1
_Z( D [Tj2i(xj — Xi)
n-1
[1j2i(x; — xi)
= (D" (=D (=)™ = (-1™"

= (-D)"(-1) )

where we used Equation Equation (24).
n-1
It remains to prove Equation Equation (24). We show that d(n) = >;_, H:l(ﬁ = (-1)"1
J#l l

by induction. The base of the induction gives us d(2) = -2~ + -*2- = —1. We continue by

X2—X1 X1—X2

assuming that it holds for d(n) and take

d o o —(Xns1 — Xi)x +Xn+1xn !
(n+1) = an(x] _; [T (% — X))
=— E(x — X;) X’n_l + X E Xin_l
) i=1 A [Tj2i(xj = xi) i ) [Tj2(xj —x0)
= 0, from C.2
_ Zn: Xn+1 — Xi X! ot — o) X - _dm)
o1 1 T X [1j#ine1 (X5 = Xi) [Tjne1(Xj — Xn41)

This completes the proof. ]
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C.2 Restricted decomposition into fy-assignments

The monomial decomposition we presented in Section 5.1 is not unique. Here, we give another
useful decomposition that, however, only works in a restricted case; that is when the roots of f
are right roots, as described below.

LEMMA C.3 (f with right roots to fy). Consider a set of real coordinates satisfying 0 < x; <

- < xpandlet f(x) = (r{ —x)(r —x)...(rx — x) where k < n — 2 and the roots {rl-}f:1 of f
are right roots, i.e. they are such that for every root r; there exists a distinct coordinate x; < r;.
Lett =Y pi[xi] be the corresponding f-assignment. Then, there exist fo-assignments, {to;;},
on a subset of (x1,Xz ...Xn), such that t = ;':’1 aito.;; where a; > 0 is a real number and m > 0 is

an integer.

PROOF. For simplicity, assume that x; < r;, Vi, but the argument works in general. We can,

then, write
v f)
‘- ; [T (Xj — Xq) [l
B n —(1”1 —Xl)(rz —Xi)... (I”k—Xi) —(X1 —Xi)(r‘z _Xi)---(rk—Xi) ‘
i Z ( H#i(xf ~ Xi) ' Hj;ti(xj = Xi) [l

(I"z (I" ( Xi)
- (rl_X1)Z H];tl(xj_xl l]] +Z H];tll(xj_xl) [[Xi]],

where the first term has the same form that we started with (except for a positive constant which

- X;)

is irrelevant for the EBM/ validity condition, see Proposition 3.14) but with the polynomial
having one less degree. The second term also has the same form, except that the number
of points involved has been reduced. Note how this process relies crucially on the fact that
ri — x1 > 0; otherwise the term on the left would, by itself, not correspond to a valid move.
This process can be repeated until we obtain a sum of fy-assignments on various subsets of

(X1, X2 ... Xp). ]

The advantage of this decomposition is that we can immediately apply it to the f-assignment
of the bias-1/10 game. This is relevant because constructing solutions to fy-assignments is rel-
atively easy and so they, together with this result, allow us to derive the 1/10 bias protocol
circumventing the perturbative approach that we used in Section 4.

EXAMPLE C.4 (The main 1/10 move.). The key move in the 1/10-bias point game has its
coordinates given by Xy, X1, X2, X3, X4 and roots given by [y, r1, r, which satisfy xo < l; < x3 <
Xy < X3 < X4 <11 <rp. Eachroot is a right root here because xy < [y, X3 < r1, x4 < ry. Hence,
from C.3, this assignment can be expressed as a combination of fy-assignments defined over
subsets of the initial set of coordinates and each fy-assignment admits a simple solution given

by Proposition 5.7 and Proposition 5.8 . L 4
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Zo Zy T2 Z3 T4

w [ S VA
A

Figure 14. The main 1/10 move involves n = 5 points. f has k = 3 roots, all of which are right roots.

Another simple example is the class of f-assignments describing merge moves (see Ex-
ample 3.16). We place the roots of f in such a way that all points, except one, have negative

weights.

O | O O I I O \ O O
T W2 T T T T3 M4 T
Z1 €2 €3 T4 Ts5 Te Z7

Figure 15. Merge involving n = 7 points. f has in total k = n — 3 = 4 right roots.

EXAMPLE C.5 (Merge). For merges (see Figure 15) we only get right-roots and hence, we
can write them as sums of fy-assignments and obtain the solution using Proposition 5.7 and
Proposition 5.8. For n points, the polynomial has degree n — 3 and so (x) = 0, just as expected

for a merge. L

This scheme fails for moves corresponding to lower bias games. For instance, the main
move of the bias 1/14 game has its coordinates given by xq, X1, X2, X3, X4, X5, X¢ and the roots of f
are lq, lp,r1, o, r3 satisfying xo < 3 < lp < x3 < Xp--- < Xg <1 <ry <rs. Here, we can either
consider /4 to be a right root, in which case [, is a left root (i.e. a root which is not a right root).
Or we can consider [, to be a right root in which case [; becomes a left root. Thus for games
with bias 1/14 and less, we must revert to 5.4, which means we can not — at least by this scheme
—avoid finding the solution to all the monomial assignments.

Since we mentioned the merge move, for completeness let us consider also the split move
(see Example 3.17). The situation (see Figure 16) is similar to that of merge but with one key
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distinction: the polynomial has degree n — 2; it has n — 3 right roots and one left root. Thus,
it can not be expressed as a sum of fy-assignments using C.3. Of course, merges and splits
by themselves are not of much interest in this discussion because we already know that the

Blinkered Unitary solves them both (see Section 4.3).

T T2 T3 L4 L5 L6 L7

Figure 16. Split involving 7 points. f has k = n — 2 = 5 roots; 4 right and one left.
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