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ABSTRACT. For almost a century, the decidability of the Skolem Problem, that is, the problem
of determining whether a given linear recurrence sequence (LRS) has a zero term, has remained
open. A breakthrough in the 1980s established that the Skolem Problem is decidable for algebraic
LRS of order at most 3, and real algebraic LRS of order at most 4. However, for general algebraic
LRS of order 4 decidability has remained open. Our main contribution in this paper is to prove
decidability for this last case, i.e. we show that the Skolem Problem is decidable for all algebraic
LRS of order at most 4.

1. Introduction

Given a ring 𝑅, a linear recurrence sequence over 𝑅 (𝑅-LRS for short) is a sequence 𝒖 = ⟨𝑢𝑛⟩∞𝑛=0

of elements of 𝑅 satisfying a linear recurrence relation of the form

𝑢𝑛+𝑑 = 𝑎𝑑−1𝑢𝑛+𝑑−1 + · · · + 𝑎0𝑢𝑛 (1)

where 𝑎0, . . . , 𝑎𝑑−1 ∈ 𝑅 and 𝑎0 ≠ 0. If 𝑑 is minimal such that a relation of the form (1) holds, we
call 𝑑 the order of 𝒖. The celebrated Skolem-Mahler-Lech theorem [19, 15, 13] states that the
zero set {𝑛 ∈ Z≥0 : 𝑢𝑛 = 0} of an 𝑅-LRS is the union of finitely many arithmetic progressions
and a finite set, when 𝑅 is an integral domain of characteristic zero.

Unfortunately, all known proofs of the Skolem-Mahler-Lech theorem are ineffective - there
is no known method to compute the zeroes of a given algebraic LRS (that is, a Q-LRS, where Q is
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the field of algebraic numbers). Equivalently there is currently no known method to decide the
problem of whether a given arbitrary Q-LRS has a zero. This problem is known as the Skolem
Problem.

So far, only special cases are known, and the general problem has remained open for
around 90 years. The Skolem Problem is closely connected with many topics in theoretical
computer science and other areas, including loop termination [18, 2], formal power series (e.g.
[6, Section 6.4]), matrix semigroups [5], stochastic systems [1, 4] and control theory [9].

Substantial work has been done on the decidability of the Skolem problem. The break-
through papers [22, 20] established decidability for algebraic LRS of order at most 3 and real
algebraic LRS of order at most 4. To date, this is the state of the art on the Skolem Problem; even
in the simplest case of integer sequences, decidability is not yet known for order-5 LRS.

More recently, decidability has been shown to hold subject to some additional assumptions.
Lipton et al. [14] establish decidability for reversible integer LRS (i.e, those sequences that may
be continued backwards in Z) of order at most 7. Further, Bilu et al. [8] show that the Skolem
problem is decidable for simpleQ-LRS1, assuming the 𝑝-adic Schanuel conjecture and the Skolem
conjecture hold.

Our contribution in this paper is to extend the results of [22, 20] by removing the assump-
tion that the LRS is real; we show decidability for all algebraic order 4 LRS. It was stated in [10,
p. 33] that the general algebraic case of order 4 is difficult. However, we in fact show that this
case may be solved by a relatively simple recombination of ideas already present in [22, 20].

2. Preliminaries

Here we briefly summarise some basic notions about algebraic numbers, heights, and LRS.
More details may be found in [17, 24].

2.1 Algebraic numbers and heights

Let 𝐾 be a finite extension of Q, i.e. a number field. Let O𝐾 denote the ring of algebraic integers
in 𝐾 . Define a fractional ideal of 𝐾 to be a non-zero finitely generated O𝐾 -submodule of 𝐾 .
Equivalently 𝐼 is a fractional ideal if and only if there is 𝑐 ∈ 𝐾 such that 𝑐𝐼 ⊆ O𝐾 is an ideal of O𝐾 .
The fractional ideals of 𝐾 form a group under multiplication. We have a unique factorisation
theorem for fractional ideals [17, p. 22].

1 An LRS is simple if all the roots of its characteristic polynomial are simple.
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THEOREM 2.1 (Unique Factorisation Theorem). Any fractional ideal 𝐼 of 𝐾 has a unique
decomposition

𝐼 =
𝑡∏
𝑖=1

𝔭
𝑛𝑖
𝑖

where 𝑡 ∈ N, each 𝔭𝑖 ⊆ O𝐾 is a prime ideal and 𝑛𝑖 ∈ Z.

For a prime ideal 𝔭 ⊆ O𝐾 we define the valuation 𝑣𝔭 : 𝐾 → Z ∪ {∞} by 𝑣𝔭(0) = ∞ and
for non-zero 𝑎 ∈ 𝐾 , we define 𝑣𝔭(𝑎) to be the exponent of 𝔭 in the prime decomposition of the
fractional ideal 𝑎O𝐾 given by Theorem 2.1. If 𝑝 ∈ Z is a prime, we may define the 𝑝-adic absolute
value on Q by |𝑥 |𝑝 = 𝑝−𝑣𝑝(𝑥) . By Ostrowski’s theorem, any (non-trivial) absolute value on Q is
equivalent to the “usual” absolute value | · | or a 𝑝-adic absolute value | · |𝑝 for some prime 𝑝 ∈ Z.
Furthermore, if | · |𝑣 is a (non-trivial) absolute value on 𝐾 , then its restriction to Q is either
equivalent to the ”usual” absolute value | · | (in which case | · |𝑣 is Archimedean) or some 𝑝-adic
absolute value | · |𝑝 (in which case | · |𝑣 is non-Archimedean and we write 𝑣 | 𝑝). We normalise
| · |𝑣 such that, when restricting to Q, | · |𝑣 coincides with the usual absolute value | · | or | · |𝑝 for
some 𝑝; in the Archimedean case we have |𝑥 |𝑣 = 𝑥 for all 𝑥 ∈ Q≥0, and in the non-Archimedean
case |𝑝|𝑣 = 𝑝−1. Denote the set of non-trivial absolute values on 𝐾 , normalised as above, by 𝑀𝐾 .

If 𝑣 ∈ 𝑀𝐾 is Archimedean, it either corresponds to a real embedding 𝐾
𝜎
↩→ R or a pair

of complex embeddings 𝐾
𝜎,𝜎
↩→ C. In both cases, under the normalisation above we have

|𝑥 |𝑣 = |𝑥 |𝜎 = |𝜎(𝑥) |. Define the local degree 𝑑𝑣 of 𝑣 as 𝑑𝑣 = 1 or 𝑑𝑣 = 2 if 𝑣 corresponds to a real
embedding or a pair of complex conjugate embeddings respectively.

If 𝑣 ∈ 𝑀𝐾 is non-Archimedean, and 𝑣 | 𝑝, then 𝑣 corresponds to a prime ideal 𝔭 ⊆ O𝐾

dividing 𝑝. Under the normalisation above, we have |𝑥 |𝑣 = |𝑥 |𝔭 = 𝑝−𝑣𝔭 (𝑥)/𝑒𝔭 where 𝑒𝔭 is the
ramification index; the exponent of 𝔭 in the prime ideal decomposition of 𝑝 in O𝐾 . Define
𝑑𝑣 = [𝐾𝑣 : Q𝑝] where 𝐾𝑣,Q𝑝 are the completions of 𝐾,Q with respect to | · |𝑣, | · |𝑝 respectively.

If 𝑥 ∈ 𝐾 and [𝐾 : Q] = 𝐷, we define the absolute logarithmic height of 𝑥 (or just height for
short) as

ℎ(𝑥) :=
1
𝐷

∑︁
𝑣∈𝑀𝐾

𝑑𝑣 log max{|𝑥 |𝑣, 1}.

It is known that the height depends only on 𝑥, not the choice of number field 𝐾 . The height
satisfies the following properties, found in [24, Sections 3.2, 3.5].

PROPOS IT ION 2 .2. For any algebraic numbers 𝛼1, 𝛼2 with 𝛼1 ≠ 0, for any 𝑛 ∈ Z and any
absolute value | · |𝑣 on Q(𝛼1) we have

1. ℎ(𝛼1𝛼2) ≤ ℎ(𝛼1) + ℎ(𝛼2),
2. ℎ(𝛼1 + 𝛼2) ≤ log 2 + ℎ(𝛼1) + ℎ(𝛼2),
3. ℎ(𝛼𝑛1) = |𝑛|ℎ(𝛼1).
4. −[Q(𝛼1) : Q]ℎ(𝛼1) ≤ log |𝛼1 |𝑣 ≤ [Q(𝛼1) : Q]ℎ(𝛼1)
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2.2 Linear recurrence sequences

Consider a Q-LRS 𝒖 of order 𝑑 satisfying (1); define its characteristic polynomial as 𝑔 (𝑋) =

𝑋𝑑 − 𝑎𝑑−1𝑋
𝑑−1 − · · · − 𝑎0, and call the distinct roots {𝜆1, . . . , 𝜆𝑠} of 𝑔 the characteristic roots of 𝒖.

If 𝜆𝑖/𝜆 𝑗 is a root of unity for some 𝑖 ≠ 𝑗, call 𝒖 degenerate, otherwise say 𝒖 is non-degenerate. By
[11, Theorem 1.2], anyQ-LRS may be effectively decomposed into a finite number of subsequences
which are all either identically zero or non-degenerate. Therefore, the Skolem Problem reduces
to the non-degenerate case.

For 𝐾 a number field containing 𝒖 and its characteristic roots, given any absolute value
| · |𝑣 on 𝐾 , if |𝜆𝑖 |𝑣 ≥ |𝜆 𝑗 |𝑣 for all 𝑗 then we say 𝜆𝑖 is dominant with respect to | · |𝑣. It is well known
that 𝒖 admits an exponential polynomial representation

𝑢𝑛 =
𝑠∑︁
𝑖=1

𝑃𝑖 (𝑛)𝜆𝑛𝑖

where each 𝑃𝑖 ∈ 𝐾 [𝑋] is a polynomial with degree one less than the multiplicity of 𝜆𝑖 as a root
of 𝑔 .

3. Linear forms in logarithms and theMSTV class

In this section we give a brief overview of the results of [20, 22] and the methods used therein.

3.1 Linear forms in logarithms

The fundamental result used in these papers is Baker’s theorem on linear forms in logarithms
[3], and its analogue for non-Archimedean absolute values. This yields a lower bound on
expressions of the form |𝛼𝑏1

1 . . . 𝛼𝑏𝑠𝑠 − 1|𝑣 for algebraic numbers 𝛼1, . . . , 𝛼𝑠 and integers 𝑏1, . . . , 𝑏𝑠

such that 𝛼𝑏1
1 . . . 𝛼𝑏𝑠𝑠 − 1 ≠ 0. The original inequality, proven for the usual absolute value on C,

has since been improved upon, with various forms existing in the literature. For | · |𝑣 the usual
absolute value on C, we present the following formulation by Matveev [16, Corollary 2.3].

THEOREM 3.1 (Matveev). Let 𝛼1, . . . , 𝛼𝑠 be non-zero complex algebraic numbers contained
in a number field of degree 𝐷 and log𝛼1, . . . , log𝛼𝑠 some determination of their logarithms. Let
𝑏1, . . . , 𝑏𝑠 ∈ Z be such that

Λ = 𝑏1 log𝛼1, + · · · + 𝑏𝑠 log𝛼𝑠 ≠ 0 .

Further, let 𝐴1, . . . , 𝐴𝑠, 𝐵 be real numbers such that

𝐴 𝑗 ≥ max{𝐷ℎ(𝛼 𝑗), | log𝛼 𝑗 |, 0.16} ( 𝑗 = 1, . . . , 𝑠)
𝐵 = max{|𝑏1 |, . . . , |𝑏𝑠 |} .
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Then

|Λ| ≥ exp
(
−26𝑠+20𝐷2𝐴1 . . . 𝐴𝑠(1 + log 𝐷) (1 + log 𝐵)

)
.

For | · |𝑣 non-Archimedean, we have the following result of Yu [25, Theorem 1].2

THEOREM 3.2 (Yu). Let 𝛼1, . . . , 𝛼𝑠 be non-zero algebraic numbers contained in a number field
𝐾 of degree 𝐷. Let 𝔭 ⊆ O𝐾 be a prime ideal lying above integer prime 𝑝, such that 𝑣𝔭(𝛼𝑖) = 0 for
𝑖 = 1, . . . , 𝑠. Let 𝑏1, . . . , 𝑏𝑠 ∈ Z be such that

Ξ = 𝛼𝑏1
1 . . . 𝛼𝑏𝑠𝑠 − 1 ≠ 0 .

Further, let 𝐴1, . . . , 𝐴𝑠, 𝐵 be real numbers such that

𝐴 𝑗 ≥ max{ℎ(𝛼 𝑗), log 𝑝} ( 𝑗 = 1, . . . , 𝑠)
𝐵 ≥ max{|𝑏1 |, . . . , |𝑏𝑠 |, 3}.

Then

𝑣𝔭(Ξ) ≤ 𝐶𝐴1 . . . 𝐴𝑠 log 𝐵

where 𝐶 > 0 is some constant depending effectively on 𝑠, 𝐷 and 𝔭.

3.2 The MSTV class

The crux of the approach in [20, 22] is to use Baker’s theory of linear forms in logarithms to
prove lower bounds on exponential sums. For an excellent expository note which elaborates
on all the details of the results of [20, 22], see [7]. Here, we intend only to give a brief overview.
In particular, the following results are key.

THEOREM 3.3. Let 𝑏1, 𝑏2 and 𝛼1, 𝛼2 be algebraic numbers in a number field 𝐾 of degree 𝐷 such
that 𝛼1/𝛼2 is not a root of unity. Let ℎ = max{ℎ(𝑏1), ℎ(𝑏2)}, and let | · |𝑣 be any non-trivial absolute
value (let the underlying prime be 𝑝 if this absolute value is non-Archimedean). Then there are
constants 𝐶1, 𝐶2 > 0 depending effectively on 𝑝, 𝐷, 𝛼1, 𝛼2 such that for all 𝑛 > 𝐶1(ℎ + 1) we have

|𝑏1𝛼
𝑛
1 + 𝑏2𝛼

𝑛
2 |𝑣 ≥ |𝛼1 |𝑛𝑣𝑒−𝐶2(ℎ+1) log 𝑛 (2)

THEOREM 3.4. Let 𝑏1, 𝑏2, 𝑏3 and 𝛼1, 𝛼2, 𝛼3 be algebraic numbers in a number field 𝐾 of degree 𝐷
such that no quotient 𝛼𝑖/𝛼 𝑗 is a root of unity for 1 ≤ 𝑖 < 𝑗 ≤ 3. Let ℎ = max{ℎ(𝑏1), ℎ(𝑏2), ℎ(𝑏3)},
and let | · |𝑣 be an Archimedean absolute value. Suppose also that |𝛼1 |𝑣 = |𝛼2 |𝑣 = |𝛼3 |𝑣. Then there
are constants 𝐶1, 𝐶2 > 0 depending effectively on 𝑝, 𝐷, 𝛼1, 𝛼2 such that for all 𝑛 > 𝐶1(ℎ + 1) we

2 The original papers [22] and [20] relied on results of a paper [21] by Van der Poorten for the non-Archimedean case.
However, this article is known to have substantial flaws, subsequently discovered and corrected by Yu.
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have

|𝑏1𝛼
𝑛
1 + 𝑏2𝛼

𝑛
2 + 𝑏3𝛼

𝑛
3 |𝑣 ≥ |𝛼1 |𝑛𝑣𝑒−𝐶2(ℎ+1) log 𝑛 (3)

In the case of Archimedean absolute value, Theorem 3.3 is [20, Corollary 2], and Theorem
3.4 follows from combining [20, Theorems 4, 5]. The non-Archimedean case of Theorem 3.3
follows from the 𝑝-adic analogue of Baker’s theory; for completeness we detail a proof as the
exact statement is not found in [20].

PROOF OF THEOREM 3.3 IN THE NON-ARCHIMEDEAN CASE . Let | · |𝑣 = | · |𝔭 for prime
ideal 𝔭 ⊆ O𝐾 . First, note that 𝑏1𝛼

𝑛
1 + 𝑏2𝛼

𝑛
2 = 0 implies that(
𝛼2

𝛼1

)𝑛
= −𝑏1

𝑏2
.

Let 𝛼 = 𝛼2/𝛼1 and 𝑏 = −𝑏1/𝑏2. Then by Proposition 2.2 item 3,

𝑛 =
ℎ(𝑏)
ℎ(𝛼) . (4)

Now, a result of Voutier [23, Corollary 2] shows that for any algebraic number 𝛽 of degree 𝐷′

that is not a root of unity, we have

ℎ(𝛽) ≥ 2
𝐷′(log(3𝐷′))3 . (5)

Applying (5) with 𝛽 = 𝛼, and using items 1, 3 from Proposition 2.2 on ℎ(𝑏) = ℎ(−𝑏1/𝑏2), equation
(4) implies that

𝑛 ≤ 𝐷(log(3𝐷))3ℎ .

Therefore, for 𝑛 > 𝐷(log(3𝐷))3ℎ we have

Ξ = 𝑏−1𝛼𝑛 − 1 ≠ 0 .

Note that if
��𝑏−1𝛼𝑛

��
𝔭
≠ 1, then |Ξ|𝔭 = 1 and (2) follows easily. So we only need to consider when��𝑏−1𝛼𝑛

��
𝔭
= 1. Suppose first that |𝛼|𝔭 ≠ 1. In this case, since log |𝛼|𝔭 ≠ 0, we have

𝑛 =
log |𝑏|𝔭
log |𝛼|𝔭

.

Since |𝛼|𝔭 ≠ 1, either |𝛼|𝔭 ≥ 𝑝1/𝑒𝔭 or |𝛼|𝔭 ≤ 𝑝−1/𝑒𝔭 , meaning | log |𝛼|𝔭 | ≥ 1
𝑒𝔭

log 𝑝. Thus, with items
1, 3, and 4 of Proposition 2.2 applied to log |𝑏|𝔭 and ℎ(𝑏), we get

𝑛 ≤
𝑒𝔭

log 𝑝
𝐷ℎ(𝑏) ≤

2𝑒𝔭
log 𝑝

𝐷ℎ

and so |Ξ|𝔭 = 1 for 𝑛 > 2𝑒𝔭
log 𝑝𝐷ℎ.
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Otherwise, |𝛼|𝔭 = 1 and therefore |𝑏|𝔭 = 1, so we may apply Theorem 3.2 to Ξ to get that
for all 𝑛 > max{𝐷(log(3𝐷))3ℎ, 3}

𝑣𝔭(Ξ) ≤ 𝐶 max {ℎ(𝑏), log 𝑝} max {ℎ(𝛼), log 𝑝} log 𝑛

≤ 𝐶′(ℎ + 1) log 𝑛 (6)

for constants 𝐶, 𝐶′ depending only on 𝔭, 𝐷, 𝛼1, 𝛼2. Thus, let 𝐶1 = max
{
𝐷(log(3𝐷))3,

2𝑒𝔭
log 𝑝𝐷, 3

}
,

then for all 𝑛 > 𝐶1(ℎ + 1) we have

|𝑏1𝛼
𝑛
1 + 𝑏2𝛼

𝑛
2 |𝔭 ≥ |𝑏1𝛼

𝑛
1 |𝔭 |Ξ|𝔭

≥ |𝛼1 |𝑛𝔭𝑒−ℎ𝐷𝑝−𝑣𝔭 (Ξ)/𝑒𝔭

≥ |𝛼1 |𝑛𝔭𝑒−𝐶2(ℎ+1) log 𝑛

for 𝐶2 > 0 depending only on 𝔭, 𝐷, 𝛼1, 𝛼2, where in the second inequality we used Proposition
2.2 item 4, and in the third we used (6). Note we can take 𝐶2 to depend on 𝑝 rather than 𝔭 by
taking the minimum of the constants over the finitely many prime ideals of O𝐾 lying above
𝑝. ■

We exhibit how Theorems 3.3 and 3.4 lead to decidability for a large class of LRS.

DEF IN IT ION 3.5 (MSTV class). The Mignotte-Shorey-Tijdeman-Vereshchagin (MSTV) class
consists of all Q-LRS that have at most 3 dominant roots with respect to some Archimedean
absolute value, or at most 2 dominant roots with respect to some non-Archimedean absolute
value.

Note that this terminology was introduced in [14] for Z-LRS, our definition subsumes the
one given there.

THEOREM 3.6. The Skolem problem is decidable for all non-degenerate LRS in the MSTV class.

PROOF . Let 𝒖 be a non-degenerate LRS in the MSTV class with distinct characteristic roots
𝜆1, . . . , 𝜆𝑠. For some absolute value | · |𝑣 and for some 1 ≤ 𝑟 ≤ 3 we have

|𝜆1 |𝑣 = · · · = |𝜆𝑟 |𝑣 > |𝜆𝑟+1 |𝑣 ≥ · · · ≥ |𝜆𝑠 |𝑣 .

As noted in Section 2.2, 𝒖 admits the exponential polynomial representation

𝑢𝑛 =
𝑠∑︁
𝑖=1

𝑃𝑖 (𝑛)𝜆𝑛𝑖 (7)

for polynomials 𝑃1, . . . , 𝑃𝑠 with algebraic coefficients. When | · |𝑣 is any non-trivial absolute value
and 𝑟 = 2, or when | · |𝑣 is Archimedean and 𝑟 = 3, we apply Theorem 3.3 or 3.4 to

∑𝑟
𝑖=1 𝑃𝑖 (𝑛)𝜆𝑛𝑖
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to get computable constants 𝐶1, 𝐶2 ≥ 0 such that for all 𝑛 > 𝐶1(ℎ + 1)����� 𝑟∑︁
𝑖=1

𝑃𝑖 (𝑛)𝜆𝑛𝑖

�����
𝑣

≥ |𝜆1 |𝑛𝑣𝑒
−𝐶2

(
max
𝑖

{ℎ(𝑃𝑖 (𝑛))}+1
)

log 𝑛
.

Note also that for 𝑟 = 1 such an inequality is trivial. Moreover, by repeated application of
items 1,2 of Proposition 2.2, we have max

𝑖
{ℎ(𝑃𝑖 (𝑛))} ≤ 𝐶3 log 𝑛 for 𝑛 ≥ 2 and for some effective

constant 𝐶3 > 0 depending on the coefficients of each 𝑃𝑖 . Thus, we have for all 𝑛 > 𝐶1(ℎ + 1)

|𝑢𝑛 | ≥
����� 𝑟∑︁
𝑖=1

𝑃𝑖 (𝑛)𝜆𝑛𝑖

�����
𝑣

−
����� 𝑠∑︁
𝑖=𝑟+1

𝑃𝑖 (𝑛)𝜆𝑛𝑖

�����
𝑣

≥ |𝜆1 |𝑛𝑣𝑒−𝐶4(log 𝑛)2 − 𝐶5𝑛
𝐶6 |𝜆𝑟+1 |𝑛𝑣 (8)

for some effective 𝐶4, 𝐶5, 𝐶6 > 0. Since |𝜆1 |𝑣 > |𝜆𝑟+1 |𝑣, the first term of the right-hand side of
(8) grows faster than the second and one may therefore compute 𝐶7 > 0 such that |𝑢𝑛 | > 0 for
all 𝑛 > 𝐶7. Decidability of the Skolem Problem immediately follows as then one only needs to
check whether 𝑢𝑛 = 0 for each 0 ≤ 𝑛 ≤ 𝐶7. ■

In [14] it is written that the Skolem Problem is known to be decidable for all Z-LRS in the
MSTV class. This is not true. This is because Theorems 3.3 and 3.4 only apply to non-degenerate
LRS in the MSTV class and, while every LRS can be written as the interleaving of non-degenerate
subsequences, crucially the MSTV class is not closed under taking subsequences. Indeed, let 𝒗
be an arbitrary non-degenerate LRS, and let 𝜆 be an algebraic number whose modulus is larger
than any characteristic root of 𝒗. Defining

𝑢𝑛 = 𝜆
𝑛 − (−𝜆)𝑛 + 𝑣𝑛 ,

we see that 𝒖 has 2 dominant roots in modulus, yet 𝑢2𝑛 = 𝑣2𝑛. Since 𝒗 was arbitrary, we see
⟨𝑢2𝑛⟩∞𝑛=0 need not lie in the MSTV class.

Fortunately, it is easy to see that the main results of [14] (decidability of low order reversible
sequences, and order 5 sequences assuming the Skolem Conjecture) is not affected by this
oversight.

4. The Skolem Problem at order 4

Our aim is to prove the following:

THEOREM 4.1. The Skolem problem is decidable for all algebraic LRS with at most 4 distinct
characteristic roots. In particular, decidability holds for all algebraic LRS of order 𝑑 ≤ 4.

For this we require the following basic result of Kronecker [12]:

THEOREM 4.2 (Kronecker). Let 𝛼 be a non-zero algebraic integer. If all Galois conjugates of 𝛼
lie in the unit disc {𝑧 ∈ C : |𝑧 | ≤ 1} then 𝛼 is a root of unity.
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Theorem 4.1 follows immediately from the following lemma.

LEMMA 4.3. Given algebraic numbers 𝜆1, 𝜆2, 𝜆3, 𝜆4, let𝐾 be the Galois closure ofQ(𝜆1, 𝜆2, 𝜆3, 𝜆4).
If 𝜆1, 𝜆2, 𝜆3, 𝜆4 are all dominant with respect to every Archimedean absolute value on 𝐾 , and for
every non-Archimedean absolute value | · |𝑣 at least 3 of the 𝜆𝑖 are dominant with respect to | · |𝑣,
then for all 𝑖 ≠ 𝑗, we have 𝜆𝑖/𝜆 𝑗 is a root of unity.

PROOF . Since all the 𝜆𝑖 are dominant with respect to every Archimedean absolute value on 𝐾 ,
we have

|𝜎(𝜆1) | = |𝜎(𝜆2) | = |𝜎(𝜆3) | = |𝜎(𝜆4) | (9)

for all 𝜎 ∈ Gal(𝐾/Q) from which it follows (taking 𝜎 to be the identity) that

𝜆1𝜆1 = 𝜆2𝜆2 = 𝜆3𝜆3 = 𝜆4𝜆4

and so for every prime ideal 𝔭 ⊆ O𝐾 we have

|𝜆1 |𝔭 |𝜆1 |𝔭 = |𝜆2 |𝔭 |𝜆2 |𝔭 = |𝜆3 |𝔭 |𝜆3 |𝔭 = |𝜆4 |𝔭 |𝜆4 |𝔭. (10)

For a fixed prime ideal 𝔭 ⊆ O𝐾 , by assumption we have (up to relabelling)

|𝜆1 |𝔭 = |𝜆2 |𝔭 = |𝜆3 |𝔭 ≥ |𝜆4 |𝔭. (11)

Suppose that exactly 3 of the 𝜆𝑖 were dominant with respect to | · |𝔭, so the inequality in (11)
was strict. Then together with (10) this forces

|𝜆4 |𝔭 > |𝜆1 |𝔭 = |𝜆2 |𝔭 = |𝜆3 |𝔭.

But the absolute value | · |𝑣 defined by |𝑥 |𝑣 = |𝑥 |𝔭 is non-Archimedean, and 𝜆4 is dominant with
respect to | · |𝑣, contradicting our assumption that at least 3 of the 𝜆𝑖 are dominant with respect
to every non-Archimedean absolute value. So in fact the inequality in (11) must be an equality,
i.e. for every prime ideal 𝔭 ⊆ O𝐾 we have

|𝜆1 |𝔭 = |𝜆2 |𝔭 = |𝜆3 |𝔭 = |𝜆4 |𝔭.

Thus 𝑣𝔭(𝜆𝑖) = 𝑣𝔭(𝜆 𝑗) for all prime ideals 𝔭 ⊆ O𝐾 , so by Theorem 2.1 we have equality of
fractional ideals 𝜆𝑖O𝐾 = 𝜆 𝑗O𝐾 . Therefore 𝜆𝑖

𝜆 𝑗
O𝐾 = O𝐾 and so 𝜆𝑖

𝜆 𝑗
is an algebraic integer (in fact, a

unit of O𝐾) for each 𝑖 ≠ 𝑗. Also, (9) implies that
��𝜎 (

𝜆𝑖/𝜆 𝑗
) �� = 1 for all 𝜎 ∈ Gal(𝐾/Q). Therefore,

we may apply Kronecker’s Theorem 4.2 to conclude that 𝜆𝑖/𝜆 𝑗 is a root of unity. ■

PROOF OF THEOREM 4.1 . Let 𝒖 be an algebraic LRS with at most 4 distinct characteristic
roots. As noted in Section 2.2, one can effectively split 𝒖 into non-degenerate subsequences, and
since each subsequence also has at most 4 distinct characteristic roots, we may assume 𝒖 is
non-degenerate. By Lemma 4.3 applied to the characteristic roots of 𝒖 and by non-degeneracy
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of 𝒖 we conclude that 𝒖 lies in the MSTV class and so has decidable Skolem problem by Theorem
3.6. ■

REMARK 4.4. Explicitly, what we have shown is that every non-degenerate algebraic LRS
with at most 4 distinct characteristic roots is in the MSTV class.
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[18] Joël Ouaknine and James Worrell. On linear
recurrence sequences and loop termination. ACM
SIGLOG News, 2(2):4–13, April 2015. DOI (2)

[19] Th. Skolem. Ein Verfahren zur Behandlung
gewisser exponentialer Gleichungen und
diophantischer Gleichungen. German. 8. Skand.
Mat.-Kongr., 163-188 (1935). 1935. (1)

[20] R. Tijdeman, M.Mignotte, and T.N. Shorey. The
distance between terms of an algebraic recurrence
sequence. Journal für die reine und angewandte
Mathematik (Crelles Journal), 1984(349):63–76,
May 1984. DOI (2, 4–6)

[21] A. J. van der Poorten. Linear forms in logarithms in
the 𝑝-adic case. Transcendence theory, Advances
and Applications : Proceedings of a conference
held in Cambridge in 1976, 29-57. 1977. (5)

[22] N. K. Vereshchagin. Occurrence of zero in a linear
recursive sequence. en. Mathematical Notes of the
Academy of Sciences of the USSR, 38(2):609–615,
1985. DOI (2, 4, 5)

[23] Paul Voutier. An effective lower bound for the
height of algebraic numbers. eng. Acta Arithmetica,
74(1):81–95, 1996. DOI (6)

[24] Michel Waldschmidt. Diophantine Approximation
on Linear Algebraic Groups, volume 326 of
Grundlehren der mathematischen Wissenschaften.
Springer Berlin Heidelberg, Berlin, Heidelberg, 2000.
DOI (2, 3)

[25] Kunrui Yu. p-adic logarithmic forms and group
varieties II. Acta Arithmetica, 89(4):337–378, 1999.
DOI (5)

2025 :28
This work is licensed under the Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/
© Piotr Bacik.

https://doi.org/10.1070/IM2000v064n06ABEH000314
https://doi.org/10.1007/978-3-662-03983-0
https://doi.org/10.1145/2766189.2766191
https://doi.org/10.1515/crll.1984.349.63
https://doi.org/10.1007/BF01156238
https://doi.org/10.4064/aa-74-1-81-95
https://doi.org/10.1007/978-3-662-11569-5
https://doi.org/10.4064/aa-89-4-337-378
https://doi.org/10.4064/aa-89-4-337-378

	Introduction
	Preliminaries
	Algebraic numbers and heights
	Linear recurrence sequences

	Linear forms in logarithms and the MSTV class
	Linear forms in logarithms
	The MSTV class

	The Skolem Problem at order 4
	References

