1/ 1

2025:28 TheoretiCS

Completing the Picture for the Received Sep 5, 2024

Revised Jul 11, 2025
Accepted Oct 21, 2025

Skolem Problem on Order-4 Published Dec 2, 2025

Key words and phrases

Linear Recurrence Seqguences Skolem Problem, inear ecurence
logarithms, algebraic, number

theory, exponential polynomial

Piotr Bacik?? = @ a University of Oxford, United
Kingdom

b Max Planck Institute for
Software Systems, Saarland
Informatics Campus, Saarbriicken,
Germany

ABSTRACT. For almost a century, the decidability of the Skolem Problem, that is, the problem
of determining whether a given linear recurrence sequence (LRS) has a zero term, has remained
open. A breakthrough in the 1980s established that the Skolem Problem is decidable for algebraic
LRS of order at most 3, and real algebraic LRS of order at most 4. However, for general algebraic
LRS of order 4 decidability has remained open. Our main contribution in this paper is to prove
decidability for this last case, i.e. we show that the Skolem Problem is decidable for all algebraic
LRS of order at most 4.

1. Introduction

Given a ring R, a linear recurrence sequence over R (R-LRS for short) is a sequence u = (uy),>,
of elements of R satisfying a linear recurrence relation of the form

Un+d = Adg—1Untd—1 + - - - + QolUp (1

where ayg,...,a4-1 € R and agp # 0. If d is minimal such that a relation of the form (1) holds, we
call d the order of u. The celebrated Skolem-Mahler-Lech theorem [19, 15, 13] states that the
zero set {n € Zs¢ : u, = 0} of an R-LRS is the union of finitely many arithmetic progressions
and a finite set, when R is an integral domain of characteristic zero.

Unfortunately, all known proofs of the Skolem-Mahler-Lech theorem are ineffective - there
is no known method to compute the zeroes of a given algebraic LRS (that is, a Q-LRS, where Qs
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the field of algebraic numbers). Equivalently there is currently no known method to decide the
problem of whether a given arbitrary Q-LRS has a zero. This problem is known as the Skolem
Problem.

So far, only special cases are known, and the general problem has remained open for
around 90 years. The Skolem Problem is closely connected with many topics in theoretical
computer science and other areas, including loop termination [18, 2], formal power series (e.g.
[6, Section 6.4]), matrix semigroups [5], stochastic systems [1, 4] and control theory [9].

Substantial work has been done on the decidability of the Skolem problem. The break-
through papers [22, 20] established decidability for algebraic LRS of order at most 3 and real
algebraic LRS of order at most 4. To date, this is the state of the art on the Skolem Problem; even
in the simplest case of integer sequences, decidability is not yet known for order-5 LRS.

More recently, decidability has been shown to hold subject to some additional assumptions.
Lipton et al. [14] establish decidability for reversible integer LRS (i.e, those sequences that may
be continued backwards in Z) of order at most 7. Further, Bilu et al. [8] show that the Skolem
problem is decidable for simple Q-LRS", assuming the p-adic Schanuel conjecture and the Skolem
conjecture hold.

Our contribution in this paper is to extend the results of [22, 20] by removing the assump-
tion that the LRS is real; we show decidability for all algebraic order 4 LRS. It was stated in [10,
p. 33] that the general algebraic case of order 4 is difficult. However, we in fact show that this
case may be solved by a relatively simple recombination of ideas already present in [22, 20].

2. Preliminaries

Here we briefly summarise some basic notions about algebraic numbers, heights, and LRS.
More details may be found in [17, 24].

2.1 Algebraic humbers and heights

Let K be a finite extension of Q, i.e. a number field. Let Ok denote the ring of algebraic integers
in K. Define a fractional ideal of K to be a non-zero finitely generated Og-submodule of K.
Equivalently I is a fractional ideal if and only if there is ¢ € K such that cI C Ok is an ideal of Ok.
The fractional ideals of K form a group under multiplication. We have a unique factorisation
theorem for fractional ideals [17, p. 22].

1 An LRS is simple if all the roots of its characteristic polynomial are simple.
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THEOREM 2.1 (Unique Factorisation Theorem). Any fractional ideal I of K has a unique
decomposition

t

I= l_l p;
i=1

where t € N, each p; C Ok is a prime ideal and n; € Z.

For a prime ideal p € Ok we define the valuation v, : K — Z U {oo} by v,(0) = oo and
for non-zero a € K, we define v, (a) to be the exponent of p in the prime decomposition of the
fractional ideal aOg given by Theorem 2.1. If p € Z is a prime, we may define the p-adic absolute
value on Q by [x], = p~"r™). By Ostrowski’s theorem, any (non-trivial) absolute value on Q is
equivalent to the “usual” absolute value | - | or a p-adic absolute value | - |, for some prime p € Z.
Furthermore, if | - |, is a (non-trivial) absolute value on K, then its restriction to Q is either
equivalent to the usual” absolute value | - | (in which case | - |, is Archimedean) or some p-adic
absolute value | - [, (in which case | - |, is non-Archimedean and we write v | p). We normalise
| - |v such that, when restricting to Q, | - |, coincides with the usual absolute value | - | or | - |, for
some p; in the Archimedean case we have |x|, = x for all x € Qs, and in the non-Archimedean
case |p|vy = p~L. Denote the set of non-trivial absolute values on K, normalised as above, by Mx.

If v € Mg is Archimedean, it either corresponds to a real embedding K < Rora pair

of complex embeddings K 5 C. In both cases, under the normalisation above we have
x|y = |X|s = |o(x)|. Define the local degree d,, of vas d, = 1 or d, = 2 if v corresponds to a real
embedding or a pair of complex conjugate embeddings respectively.

If v € Mg is non-Archimedean, and v | p, then v corresponds to a prime ideal p C Ok
dividing p. Under the normalisation above, we have |x|, = |x|, = p~»®)/& where e, is the
ramification index; the exponent of p in the prime ideal decomposition of p in Ok. Define
dy = [Ky : Qp] where Ky, Q, are the completions of K, Q with respect to | - |, | - |, respectively.

If x € K and [K : Q] = D, we define the absolute logarithmic height of x (or just height for
short) as

1
h(x) = - > dylog max{|x|,, 1}.

veMg

It is known that the height depends only on x, not the choice of number field K. The height
satisfies the following properties, found in [24, Sections 3.2, 3.5].

PROPOSITION 2.2. For any algebraic numbers a4, oy with oy # 0, for any n € Z and any
absolute value | - |, on Q(oaq) we have

1. h(oqag) < h(aq) +h(ag),

2. h(a; +az) <log2+h(aq) + h(ay),

3. h(aj) = |n|h(a).

4. —[Q(a1) : QJh(aq) <logloa|y < [Q(aq) : Qlh(c1)
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2.2 Linear recurrence sequences

Consider a Q-LRS u of order d satisfying (1); define its characteristic polynomial as g(X) =
X% - q4_1 X941 —... - qp, and call the distinct roots {A4,..., As} of g the characteristic roots of u.
If A;/A; is aroot of unity for some i # j, call u degenerate, otherwise say u is non-degenerate. By
[11, Theorem 1.2], any Q-LRS may be effectively decomposed into a finite number of subsequences
which are all either identically zero or non-degenerate. Therefore, the Skolem Problem reduces
to the non-degenerate case.

For K a number field containing u and its characteristic roots, given any absolute value
| - |[von K, if |A;|y > |A;]y for all j then we say A; is dominant with respect to | - |,. It is well known

that u admits an exponential polynomial representation
S

Uy = Z Pi(n)A}
i=1

where each P; € K[X] is a polynomial with degree one less than the multiplicity of A; as a root
of g.

3. Linearforms inlogarithms and the MSTV class
In this section we give a brief overview of the results of [20, 22] and the methods used therein.

3.1 Linear forms in logarithms

The fundamental result used in these papers is Baker’s theorem on linear forms in logarithms
[3], and its analogue for non-Archimedean absolute values. This yields a lower bound on
expressions of the form |ocl1’1 e a’s’s — 1|, for algebraic numbers a4, ..., o and integers by, ..., bs
such that all’l e als’s — 1 # 0. The original inequality, proven for the usual absolute value on C,
has since been improved upon, with various forms existing in the literature. For | - |, the usual

absolute value on C, we present the following formulation by Matveev [16, Corollary 2.3].

THEOREM 3.1 (Matveev). Let a4, ..., s be non-zero complex algebraic numbers contained
in a number field of degree D and log «y, . . ., 1og as some determination of their logarithms. Let
bi,...,bs € Z be such that

A=Dbilogoq,+---+bslogas #0.
Further;, let A4, ..., As, B be real numbers such that

A; > max{Dh(«;),|log «;[,0.16} (j=1,...,s)
B:maX{|b1|,---,|bS|}‘
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Then
IA] > exp (—2“*201)2,41 ... As(1+1og D)(1 +1ogB)) .
For | - |, non-Archimedean, we have the following result of Yu [25, Theorem 1].2

THEOREM 3.2 (Yu). Let aq, ..., Qs be non-zero algebraic numbers contained in a number field
K of degree D. Let p C Ok be a prime ideal lying above integer prime p, such that vy(«;) = 0 for
i=1,...,s.Lethy,...,bs € Z be such that

- b bs
E=o'...a°—1#0.
Further, let A4, ..., As, B be real numbers such that

Aj > max{h(«j),logp} (j=1,...,9)
B > max{|by|,...,|bs|,3}.

Then

where C > 0 is some constant depending effectively on s, D and p.

3.2 The MSTV class

The crux of the approach in [20, 22] is to use Baker’s theory of linear forms in logarithms to
prove lower bounds on exponential sums. For an excellent expository note which elaborates
on all the details of the results of [20, 22], see [7]. Here, we intend only to give a brief overview.
In particular, the following results are key.

THEOREM 3.3. Let by, by and a4, ay be algebraic numbers in a number field K of degree D such
that a1 /o, is not a root of unity. Let h = max{h(by), h(by)}, and let | - |, be any non-trivial absolute
value (let the underlying prime be p if this absolute value is non-Archimedean). Then there are
constants C1,C, > 0 depending effectively on p, D, ay, ay such that for alln > Cy(h + 1) we have

|b1od! + byodl|, > |og [Te~C2(h+D) logn 2)

THEOREM 3.4. Let by, by, b3 and a4, a2, a3 be algebraic numbers in a number field K of degree D
such that no quotient «;/a; is a root of unity for 1 <i < j < 3. Let h = max{h(b1), h(bz), h(b3)},
and let | - |, be an Archimedean absolute value. Suppose also that ||, = |az|, = |as|y. Then there
are constants C1,C, > 0 depending effectively on p, D, a1, &y such that for alln > Ci(h+ 1) we

2 The original papers [22] and [20] relied on results of a paper [21] by Van der Poorten for the non-Archimedean case.
However, this article is known to have substantial flaws, subsequently discovered and corrected by Yu.
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have

Ib1olt + byolt + bsall|y > |og e Ca R+ logn (3)

In the case of Archimedean absolute value, Theorem 3.3 is [20, Corollary 2], and Theorem
3.4 follows from combining [20, Theorems 4, 5]. The non-Archimedean case of Theorem 3.3
follows from the p-adic analogue of Baker’s theory; for completeness we detail a proof as the
exact statement is not found in [20].

PROOF OF THEOREM 3.3 IN THE NON-ARCHIMEDEAN CASE. Let|-|, = |-|p forprime
ideal p C Ok. First, note that by} + bza; = 0 implies that

az\"_ b
aq B bz.

Let a = az/a; and b = —by/b,. Then by Proposition 2.2 item 3,

_h)
n_h(a)°

Now, a result of Voutier [23, Corollary 2] shows that for any algebraic number S of degree D’

(4)

that is not a root of unity, we have

2
D'(log(3D))%

h(B) > (5)

Applying (5) with f = a, and using items 1, 3 from Proposition 2.2 on h(b) = h(—b1/b;), equation
(4) implies that

n < D(log(3D))°h.
Therefore, for n > D(log(3D))3h we have

=bla"-1+0.

[1]

Note that if |b‘“‘a(”|lD # 1, then |Z[, = 1 and (2) follows easily. So we only need to consider when
|b‘1oc”|p = 1. Suppose first that |a|, # 1. In this case, since log |a|, # 0, we have

log |bl,

- log |afy .
Since |a|, # 1, either |a|, > pV/® or |a|, < p~Y/%, meaning | log |a|,| > el—plog p. Thus, with items
1, 3, and 4 of Proposition 2.2 applied to log |b|, and h(b), we get

€p

2ey
Dh(b) < Dh

<
ns logp logp

2ep

15 Dh.

and so |E|, =1forn >
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Otherwise, |a|, = 1 and therefore |b|, = 1, so we may apply Theorem 3.2 to E to get that
for all n > max{D(log(3D))3h, 3}

Vp(E) < Cmax {h(b),log p} max {h(«x),log p}logn
<C'(h+1)logn (6)

2ep

e D,3),

for constants C, C’ depending only on p, D, aq, az. Thus, let C; = max {D(log(SD))3
then for all n > C;(h + 1) we have

|b10 + baty |y = |10 [p|Elp

> |O(1 |ge_th_v”(E)/e”

> |0(1 |ge—Cz(h+1) logn

for C, > 0 depending only on p, D, a1, a2, where in the second inequality we used Proposition
2.2 item 4, and in the third we used (6). Note we can take C; to depend on p rather than p by
taking the minimum of the constants over the finitely many prime ideals of Ok lying above

p. ]

We exhibit how Theorems 3.3 and 3.4 lead to decidability for a large class of LRS.

DEFINITION 3.5 (MSTV class). The Mignotte-Shorey-Tijdeman-Vereshchagin (MSTV) class
consists of all Q-LRS that have at most 3 dominant roots with respect to some Archimedean
absolute value, or at most 2 dominant roots with respect to some non-Archimedean absolute

value.

Note that this terminology was introduced in [14] for Z-LRS, our definition subsumes the
one given there.

THEOREM 3.6. The Skolem problem is decidable for all non-degenerate LRS in the MSTV class.

PROOF. Let u be a non-degenerate LRS in the MSTV class with distinct characteristic roots
A1, ..., As. For some absolute value | - |, and for some 1 < r < 3 we have

Mllv == |Ar|v > |Ar+1|v =2 Mslv-

As noted in Section 2.2, u admits the exponential polynomial representation

S
Uy = ) Py(m)AT (7)
i=1
for polynomials P, ..., P with algebraic coefficients. When ||, is any non-trivial absolute value

and r = 2, or when | - |, is Archimedean and r = 3, we apply Theorem 3.3 or 3.4 to >,;_; P;(n)A”
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to get computable constants Cq, C, > 0 such that foralln > C;(h+1)

r
Z Pi(n)A”
i=1

Note also that for r = 1 such an inequality is trivial. Moreover, by repeated application of

n —Cy|max{h(P;(n))}+1|logn
> |)(1|V€ ! .

v

items 1,2 of Proposition 2.2, we have max{h(P;(n))} < Cslogn for n > 2 and for some effective
1
constant C3 > 0 depending on the coefficients of each P;. Thus, we have foralln > C;(h+ 1)

Zr:Pi(n)A? Zs: Pi(n)A?
i=1

i=r+1
for some effective C4, Cs,Cg > 0. Since |A1], > |Ar41]v, the first term of the right-hand side of

|un| > > Mllce_al(logn)z - C5nC6|Ar+1|\r;l (8)

v v

(8) grows faster than the second and one may therefore compute C; > 0 such that |u,| > 0 for
all n > Cy. Decidability of the Skolem Problem immediately follows as then one only needs to
check whether u, = 0 foreach 0 < n < C5. ]

In [14] it is written that the Skolem Problem is known to be decidable for all Z-LRS in the
MSTV class. This is not true. This is because Theorems 3.3 and 3.4 only apply to non-degenerate
LRS in the MSTV class and, while every LRS can be written as the interleaving of non-degenerate
subsequences, crucially the MSTV class is not closed under taking subsequences. Indeed, let v
be an arbitrary non-degenerate LRS, and let A be an algebraic number whose modulus is larger
than any characteristic root of v. Defining

Up = A" = (=)" + vy,

we see that u has 2 dominant roots in modulus, yet uy, = vo,. Since v was arbitrary, we see
(Uzn),, Need not lie in the MSTV class.

Fortunately, it is easy to see that the main results of [14] (decidability of low order reversible
sequences, and order 5 sequences assuming the Skolem Conjecture) is not affected by this
oversight.

4. The Skolem Problem at order 4

Our aim is to prove the following:

THEOREM 4.1. The Skolem problem is decidable for all algebraic LRS with at most 4 distinct
characteristic roots. In particular, decidability holds for all algebraic LRS of order d < 4.

For this we require the following basic result of Kronecker [12]:

THEOREM 4.2 (Kronecker). Let a be a non-zero algebraic integer. If all Galois conjugates of o
lie in the unit disc {z € C : |z| < 1} then «a is a root of unity.



9/ 1

TheoretiCS Skolem Problem on Order-4 Linear Recurrence Sequences

Theorem 4.1 follows immediately from the following lemma.

LEMMA 4.3. Givenalgebraic numbers A1, Ay, A3, A4, let K be the Galois closure of Q(Aq, Az, A3, Ag).
If A1, Ay, A3, A4 are all dominant with respect to every Archimedean absolute value on K, and for
every non-Archimedean absolute value | - |, at least 3 of the A; are dominant with respect to | - |,,
then for alli # j, we have A;/A; is a root of unity.

PROOF. Since all the A; are dominant with respect to every Archimedean absolute value on K,

we have
lo(A1)] = [0(A2)] = [0(A3)] = [0(A4)] (9)
for all o € Gal(K/Q) from which it follows (taking o to be the identity) that
M1 = Aoz = A3As = Aada
and so for every prime ideal p C Ok we have
|alplA1ly = [A2lpl A2lp = (23]l Aslp = |Aalp| Aalp. (10)
For a fixed prime ideal p C Ok, by assumption we have (up to relabelling)
Al = [Azly = [A3lp = |Aalp. (11)

Suppose that exactly 3 of the A; were dominant with respect to | - |, so the inequality in (11)
was strict. Then together with (10) this forces

M_4|p > |/1_1|p = |/\_2|p = |A_3|p

But the absolute value | - |, defined by |x|, = |X|, is non-Archimedean, and A4 is dominant with
respect to | - |, contradicting our assumption that at least 3 of the A; are dominant with respect
to every non-Archimedean absolute value. So in fact the inequality in (11) must be an equality,
i.e. for every prime ideal p C Ok we have

|)‘1|p = |)(2|p = |/13|p = |/\4|p-

Thus vy(A;) = vp(A;) for all prime ideals p C Ok, so by Theorem 2.1 we have equality of
fractional ideals A;0x = A;Ok. Therefore ;—;OK = Ok and so ;—; is an algebraic integer (in fact, a
unit of Og) for each i # j. Also, (9) implies that |o (4;/A;)| = 1 for all o € Gal(K/Q). Therefore,
we may apply Kronecker’s Theorem 4.2 to conclude that A;/A; is a root of unity. ]

PROOF OF THEOREM 4.1. Let u be an algebraic LRS with at most 4 distinct characteristic
roots. As noted in Section 2.2, one can effectively split u into non-degenerate subsequences, and
since each subsequence also has at most 4 distinct characteristic roots, we may assume u is
non-degenerate. By Lemma 4.3 applied to the characteristic roots of u and by non-degeneracy
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of u we conclude that u lies in the MSTV class and so has decidable Skolem problem by Theorem
3.6. u

REMARK 4.4. Explicitly, what we have shown is that every non-degenerate algebraic LRS
with at most 4 distinct characteristic roots is in the MSTV class.
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