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ABSTRACT. We prove that isomorphism of tournaments of twin width at most k can be
decided in time k°1°8K)n0(1) This implies that the isomorphism problem for classes of tourna-
ments of bounded or moderately growing twin width is in polynomial time. By comparison,
there are classes of undirected graphs of bounded twin width that are isomorphism complete,
that is, the isomorphism problem for the classes is as hard as the general graph isomorphism
problem. Twin width is a graph parameter that has been introduced only recently (Bonnet et
al., J. ACM 2022), but has received a lot of attention in structural graph theory since then. On
directed graphs, it is functionally smaller than clique width. We prove that on tournaments
(but not on general directed graphs) it is also functionally smaller than directed tree width (and
thus, the same also holds for cut width and directed path width). Hence, our result implies that
tournament isomorphism testing is also fixed-parameter tractable when parameterized by any
of these parameters.

Our isomorphism algorithm heavily employs group-theoretic techniques. This seems to be
necessary: as a second main result, we show that the combinatorial Weisfeiler-Leman algorithm
does not decide isomorphism of tournaments of twin width at most 35 if its dimension is o(n).

(Throughout this abstract, n is the order of the input graphs.)
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1. Introduction

The tournament isomorphism problem (TI) was recognized as a particularly interesting special
case of the graph isomorphism problem (GI) early-on. Already in 1983, Babai and Luks [3]
proved that TI is solvable in time n®1°8™; it took 33 more years for Babai [2] to prove that the
general GI is in quasi-polynomial time. An important fact that makes TI more accessible than
GI is that tournaments always have solvable automorphism groups. This is a consequence
of the observation that the automorphism groups of tournaments have odd order and the
famous Feit-Thompson Theorem [21] stating that all groups of odd order are solvable. However,
even Babai’s powerful new machinery did not help us to improve the upper bound for TI, as
one might have hoped. But TI is not only special from a group-theoretic perspective. Another
remarkable result, due to Schweitzer [50], states that TI reduces to the problem of deciding
whether a tournament has a nontrivial automorphism; the so-called rigidity problem. It is an
open question whether the same holds for general graphs.

While there is an extensive literature on GI restricted to classes of graphs (see [30, 45] for
recent surveys), remarkably little is known for restrictions of TI. Ponomarenko [47] proved that
TI is in polynomial time for tournaments whose automorphism group contains a regular cyclic
subgroup, and recently Arvind, Ponomarenko, and Ryabov [1] proved that TI is in polynomial
time for edge-colored tournaments where at least one edge color induces a (strongly) connected
spanning subgraph of bounded degree (even fixed-parameter tractable when parameterized by
the out-degree). While both of these results are very interesting from a technical perspective,
they consider classes of tournaments that would hardly be called natural from a graph-theoretic
point of view. Natural graph parameters that have played a central role in the structural
theory of tournaments developed by Chudnovsky, Seymour and others [14, 15, 16, 17, 22] are cut
width and path width. The more recent theory of structural sparsity [23, 24, 41, 42] highlights
clique width and twin width. Here twin width is the key parameter. Not only is it functionally
smaller than the other parameters, which means that if cut width, path width, or clique width is
bounded, then twin width is bounded as well, it is also known [26] that a class of tournaments
has bounded twin width if and only if it has a property known as monadic dependence (NIP).
Dependence is a key property studied in classical model theory. A class of graphs is monadically
dependent if and only if all set systems definable in this class by a first-order transduction have
bounded VC dimension. This property seems to characterize precisely the graph classes that are
regarded as structurally sparse. Since twin width of graphs and binary relational structures has
been introduced in [12], it received a lot of attention in algorithmic structural graph theory [6,
7,8,9,10,11, 24, 25, 26, 34, 53]. (We defer the somewhat unwieldy definition of twin width to
Section 2.3.) Our main result states that tournament isomorphism is fixed-parameter tractable

when parameterized by twin width.
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THEOREM 1.1. The isomorphism problem for tournaments of twin width at most k can be solved
in time k008K . nO(1),

Interestingly, isomorphism testing for undirected graphs of bounded twin width at most 4
is as hard as the general GI. This follows easily from the fact that a [21og n]-subdivision of every
graph with n vertices has twin width at most 4 [4]. Once more, this demonstrates the special
role of the tournament isomorphism problem, though here the reason is not group-theoretic,
but purely combinatorial.

Note that the dependence on the twin width k of the algorithm in Theorem 1.1 is subexpo-
nential, so our result implies that TI is in polynomial time even for tournaments of twin width
20(Vlogn) since twin width is functionally smaller than clique width, our result implies that TI
is also fixed-parameter tractable when parameterized by clique width. Additionally, we prove
(Corollary 6.5) that the twin width of a tournament is functionally smaller than its directed tree
width, a graph parameter originally introduced in [36]. Since the directed tree width of every
directed graph is smaller than its cut width or directed path width, the same also holds for these
two parameters. Hence, TI is fixed-parameter tractable also when parameterized by directed
tree width, directed path width or cut width. To the best of our knowledge, this was not known
for any of these parameters. The fact that twin width is functionally smaller than directed tree
width, directed path width and cut width on tournaments is interesting in its own right, because
this result does not extend to general directed graphs (for any of the three parameters).

Our proof of Theorem 1.1 heavily relies on group-theoretic techniques. In a nutshell, we
show that bounded twin width allows us to cover a tournament by a sequence of directed graphs
that have a property resembling bounded degree sufficiently closely to apply a group-theoretic
machinery going back to Luks [38] and developed to great depth since then (see, e.g., [2, 3, 31,
40, 44]). Specifically, we generalize arguments that have been introduced by Arvind et al. [1]
for TI on edge-colored tournaments where at least one edge color induces a spanning subgraph
of bounded out-degree.

Yet one may wonder if this heavy machinery is even needed to prove our theorem, in
particular in view of the fact that on many natural graph classes, including, for example,
undirected graphs of bounded clique width [28], the purely combinatorial Weisfeiler-Leman
algorithm is sufficient to decide isomorphism (see, e.g., [27, 37]). We prove that this is not the
case for tournaments of bounded twin width.

THEOREM 1.2. For every k > 2 there are non-isomorphic tournaments Ty and T, of order
[V (Tk)| = [V(T})| = O(k) and twin width at most 35 that are not distinguished by the k-dimensional
Weisfeiler-Leman algorithm.

We remark that it was known before that the Weisfeiler-Leman algorithm fails to decide
tournament isomorphism. Indeed, Dawar and Kopczynski (unpublished) proved that for every
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k > 2 there are non-isomorphic tournaments Ux and U, of order |V (Ux)| = [V(U,)| = O(k)
that are not distinguished by the k-dimensional Weisfeiler-Leman algorithm. Theorem 1.2
strengthens this result by constructing tournaments where additionally the twin width is
bounded by a fixed constant.

The paper is organized as follows. After introducing the necessary preliminaries in Sec-
tion 2, Theorem 1.1 is proved in Sections 3 and 4. First, we give our main combinatorial
arguments in Section 3. After that, the mainly group-theoretic isomorphism algorithm of Theo-
rem 1.1 is presented in Section 4. Theorem 1.2 is proved in Section 5. Finally, in Section 6 we
compare twin width to other width measures for directed graphs.

2. Preliminaries

21 Graphs

Graphs in this paper are usually directed. We often emphasize this by calling them “digraphs”.
However, when we make general statements about graphs, this refers to directed graphs and
includes undirected graphs a special case (directed graphs with a symmetric edge relation).
We denote the vertex set of a graph G by V(G) and the edge relation by E(G). The vertex set
V(G) is always finite and non-empty. The edge relation is always anti-reflexive, that is, graphs
are loop-free, and there are no parallel edges. For a digraph G and a vertex v € V(G), we
denote the set of out-neighbors and in-neighbors of v by N, (v) and N_(v), respectively. Also,
the out-degree and in-degree of v are denoted by deg, (v) := |[N;(v)| and deg_(v) = |[N_(v)],
respectively. Furthermore, E,(v) and E_(v) denote the set of outgoing and incoming edges into
v, respectively. For X C V(G), we write G[X] to denote the subgraph of G induced on X. For
two sets X,Y C V(G) we write Eg(X,Y) := {(v,w) € E(G) | v € X,w € Y} to denote the set of
directed edges from X to Y.

Let G be an undirected graph. A directed graph G is an orientation of G if, for every
undirected edge {v, w} € E(G), exactly one of (v, w) and (w, v) is an edge of G, and there are no
other edges present in G. A tournament is an orientation of a complete graph.

A tournament T is regular if deg, (v) = deg,(w) for all v, w € V(T). In this case, deg, (v) =
deg_(v) = w for all v € V(T). This implies that every regular tournament has an odd
number of vertices.

Let G1, G, be two graphs. An isomorphism from G, to G, is a bijection ¢: V(G1) — V(G,)
such that (v,w) € E(G,) if and only if (¢(v), p(w)) € E(G,) for all v,w € V(Gy). We write
¢: G1) = G, to denote that ¢ is an isomorphism from G; to G,. Also, Iso(Gq, G) denotes the set
of all isomorphisms from G; to G,. The graphs G, and G, are isomorphic if Iso(G1, G2) # 0. The
automorphism group of G, is Aut(G,) := Iso(G1, Gq).

An arc coloring of a digraph G is a mapping A: (E(G) U {(v,v) | v € V(G)}) — C for some
set C of “colors”. An arc-colored graph is a triple G = (V, E, A), where (V,E) is a graph an A an
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arc coloring of (V, E). Isomorphisms between arc-colored graphs are required to preserve the

coloring.

2.2 Partitions and Colorings

Let S be a finite set. A partition of S is a set £ C 25 whose elements we refer to as parts, such
that any two parts are mutually disjoint, and the union of all parts is S. A partition P refines
another partition Q, denoted by £ < @Q, if for all P € # there is some Q € Q such that P C Q.
We say a partition P is trivial if || = 1, which means that the only part is S, and it is discrete if
|P|=1forallP € P.

Every mapping x: S — C, for some set C, induces a partition P, of S into the sets y*(c)
for all ¢ in the range of y. In this context, we think of y as a “coloring” of S, the elements ¢ € C as
“colors”, and the parts y~1(c) of the partition as “color classes”. If y’: S — C’ is another coloring,
then we say that y refines x’, denoted by y < x/, if P, < #,.. The colorings are equivalent (we
write y = Y)if y < y’and y < x/,i.e, Py = Py.

2.3 Twin Width

Twin width [12] is defined for binary relational structures, which in this paper are mostly
directed graphs. We need one distinguished binary relation symbol E .4 that plays a special
role in the definition of twin width. Following [12], we refer to elements of E,.q as red edges. For
every structure A, we assume the relation E,.q(A) to be symmetric and anti-reflexive, that is,
the edge relation of an undirected graph, and we refer to the maximum degree of this graph
as the red degree of A. If E(eq(A) is not explicitly defined, we assume E;.q(A) = @ (and the red
degree of A is 0).

Let A = (V(A),Ri(A),...,Rx(A)) be a binary relational structure, where V(A) is a non-
empty finite vertex set and R;(A) C (V(A))? are binary relations on V(A) (possibly, R; = Eyeq for
some i € [k]). We call a pair (X,Y) of disjoint subsets of V(A) homogeneous if for all x,x" € X,
and all y, y’ € Y it holds that

(1) (x,y) €Ri(A) & (X', y') € Ri(A) and (y,x) € Ri(A) & (y',x") e Rj(A) for alli € [k],

and
(i) (X: y) ¢ Ered(A) and ()’: X) ¢ Ered(A)-

For a partition  of V(A), we define A/% to be the structure with vertex set V(A/®) := £ and
relations

Ri(A/P) = {(X,Y) € P*| (X,Y) is homogeneous and X X Y C R;(A)}
for all R; # Eeq, and

Ered(A/P) = {(X,Y) € P* | (X,Y) is not homogeneous and X # Y}.
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A contraction sequence for A is a sequence of partitions P4, ..., P, of V(A) such that £, = {{v} |
v € V(A)} is the discrete partition, $, = {V(A)} is the trivial partition, and for everyi € [n — 1]
the partition #;,; is obtained from #; by merging two parts, i.e., there are distinct P, P’ € P;
such that ;.1 = {P U P’} U ($; \ {P,P’'}). The width of a contraction sequence #4,..., P, of
A is the minimum k such that for every i € [n] the structure A/%; has red degree at most k.
The twin width of A, denoted by tww(A), is the minimum k > 0 such that A has a contraction
sequence of width k.

Note that red edges are introduced as we contract parts of the partitions. However, the
structure A we start with may already have red edges, which then have direct impact on its
twin width. In particular, the twin width of a graph G may be smaller than the twin width of
the structure G™ obtained from G by coloring all edges red. This fact is used later.

We also remark that for our isomorphism algorithms, we never have to compute a con-
traction sequence of minimum width or the twin width.

We state two simple lemmas on basic properties of twin width.

LEMMA 2.1 ([12]). Let A be a binary relational structure and X C V(A). Then tww(A[X]) <
tww(A).

LEMMA 2.2, Let A be a structure over the vocabulary t. Then there is a linear order < on V(A)
such that tww(A, <) = tww(A).

PROOF. LetPy,..., %P, be acontraction sequence for A. Note that for every i € [n] the partition
#; has exactly n+1 — i parts P;1,...,Pin+1-i- We may choose the indices in such a way that
if ; is obtained from #;_; by merging the parts P;_1 j, and P;_q j, to P; ; = P;_q,j, U P;_1 j, then
J1=J,J2=J+1,Pix = Pi_yx for k < jand P;x = Pj_1x+1 for k > j. Let < be the linear order
induced by the partition $; (wWhose parts have size 1). Then for alli € [n], the parts of #;
are consecutive intervals of <, which means that all pairs (P; j, P; x) of distinct parts of #; are

homogeneous for the relation <. This implies tww(A, <) = tww(A). u

2.4 Weisfeiler-Leman

In this section, we describe the k-dimensional Weisfeiler-Leman algorithm (k-WL). The algo-
rithm has been originally introduced in its 2-dimensional form by Weisfeiler and Leman [55]
(see also [54]). The k-dimensional version, coloring k-tuples, was introduced later by Babai and
Mathon (see [13]).

Fixk > 2,and let G be a graph. Fori > 0, we describe the coloring XE)G of (V(G))¥ computed
in the i-th iteration of k-WL. For i = 0, each tuple is colored with the isomorphism type of the
underlying ordered induced subgraph. So if H is another graph and v = (v1,..., k) € (V(G))k,

w=(wy,...,wg) € (V(H)), then Xf(’)f(\";) ~ Xﬁfj (w) if and only if, for all i, j € [k], it holds that
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vi =vj & w; =wjand (v;,vj) € E(G) & (w;,wj) € E(H). If G and H are arc-colored, then the
colors are also taken into account.

Now leti > 0. For v = (v4,...,Vx) we define
X8 ®) = (X (), Mi(D))

where
M) = (s GlwD), .o xE Glw/kD) |we Vo)

and v[w/i] := (vi,...,Vi-1, W, Vis1, . . ., Vk) is the tuple obtained from v b replacing the i-th entry
by w (and {{... }} denotes a multiset).

G

K, k, k,
Clearly, X(ifl) = X N

foralli > 0. So there is a unique minimal i, > 0 such that X = X?if)
and we write y®C := X?if) to denote the corresponding coloring.
The k-dimensional Weisfeiler-Leman algorithm takes as input a (possibly colored) graph G
and outputs (a coloring that is equivalent to) y*¢. This can be done in time O(k?n**!log n) [35].
Let H be a second graph. The k-dimensional Weisfeiler-Leman algorithm distinguishes G

and H if there is a color ¢ € C such that
{ve W@)* | xo@) = c}| #|{i e vimp* | ¥ @) = }|

We write G ~x H to denote that k-WL does not distinguish between G and H.
A graph G is k-WL-homogeneous if y*¢ (v, ...,v) = y*¢(w,...,w) for allv,w € V(G).

2.5 Group Theory

For a general background on group theory we refer to [49], whereas background on permutation
groups can be found in [20]. Also, basics facts on algorithms for permutation groups are given
in [51].

Basics for Permutation Groups. A permutation group acting on a set Q is a subgroup I' <
Sym(Q) of the symmetric group. The size of the permutation domain Q is called the degree of
I.IfQ = [n] :={1,...,n}, then we also write S,, instead of Sym(Q). For A C Qand y € T let
y(A4) = {y(a) | a € A}. The set A is I'-invariant if y(A) = Aforall y € I

Let 0: Q — Q’ be a bijection. We write I'0 := {y0 | y € I'} for the set of bijections from Q to
Q' obtained from concatenating a permutation from I and 6. Note that (y0)(a) = 6(y(«)) for
all a € Q.

A set S C T is a generating set for T if for every y € T there are &§4,...,8x € S such that
Yy = 61...6k. In order to perform computational tasks for permutation groups efficiently the
groups are represented by generating sets of small size (i.e., polynomial in the size of the
permutation domain). Indeed, most algorithms are based on so-called strong generating sets,
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which can be chosen of size quadratic in the size of the permutation domain of the group and
can be computed in polynomial time given an arbitrary generating set (see, e.g., [51]).

Group-Theoretic Methods for Isomorphism Testing. In this work, we shall be interested
in a particular subclass of permutation groups. Let I be a group and let y, § € I'. The commutator
of y and §is [y, §] = y~ 18§~ 1yS. The commutator subgroup [T,T] of ' is the unique subgroup of
I' generated by all commutators [y, §] for y,§ € I. Note that [T, '] is a normal subgroup of T
The derived series of T is the sequence of subgroups I'¥ > TV > T > . whereI'® := I'and
@D = 1O, 1] for all i > 0. A group I is solvable if there is some i > 0 such that I'V) is the
trivial group (i.e., it only contains the identity element).

By the Feit-Thompson Theorem every group of odd order is solvable. Also, for every
tournament T, the automorphism group Aut(T) has odd order. Indeed, Aut(T) cannot contain
an involution (a permutation of order 2), since every involution swaps some pair v, w of distinct

vertices and exactly one of (v, w), (w,v) is an edge of T. Together, we obtain the following:
THEOREM 2.3. Let T be a tournament. Then Aut(T) is solvable.
Next, we state several basic group-theoretic algorithms for isomorphism testing.

THEOREM 2.4 ([3, Theorem 4.1]). There is an algorithm that, given two tournaments Ty and Ty,
computes Iso(Ty, T») in time n°1°8™),

Note that Iso(Ty, T;) may be of size exponential in the number of vertices of T; and Ts.
However, if Ty and T, are isomorphic (i.e., Iso(Ty, Ty) # 0), we have Iso(Ty, Tz) = Aut(T;) @ where
@ € Iso(Ty,T,) is an arbitrary isomorphism from T; to T;. Hence, the set Iso(Ty, T;) can be
represented by a generating set for Aut(7;) of size polynomial in |V (T;)| and a single element
¢ € Iso(Ty, Tz). Let us stress at this point that all isomorphism sets computed by the various
algorithms discussed in this work are represented in this way.

Let G; and G, be two (colored) directed graphs. Also letI' < Sym(V(G1)) be a permutation
group and let 6: V(G1) — V(G3) be a bijection. We define

Isorg(G1, Go) = 1s0(G1,G2) NTO={p €0 | ¢: G, = G}

and Autr(G1) := Isor(Gq, G1). Note that Autr(G1) < I' and moreover, if Isorg(G1, G2) # 0, then
Isorg(G1, G2) = Autr(G1) o where ¢ € Isorg(Gy, Go) is an arbitrary isomorphism from G; to G.

THEOREM 2.5 ([3, Corollary 3.6]). Let Gy = (V1, E1, A1) and Gy = (V5, E5, A3) be two arc-colored
directed graphs. Also let T < Sym(Vy) be a solvable group and 0: Vi — V, a bijection. Then
Isorg(G1, G2) can be computed in polynomial time.

A hypergraph is a pair ‘H = (V,&) where V is a finite, non-empty set of vertices and
& ¢ 2V is a subset of the powerset of V. Two hypergraphs H; = (V1, &1) and H, = (V, &,) are
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isomorphic if there is a bijection ¢: V; — V; such that E € &, if and only if ¢(E) € &, for all
subsets E C V. We write ¢: H; = H, to denote that ¢ is an isomorphism from H; to H,. As
before, we write Iso(H, H>) to denote the set of all isomorphisms from #; to H,. Also, for a
permutation group I' < Sym(V;) and a bijection 8: V(G1) — V(G3), we define

Isorg(H1, Ho) == Iso(Hy, Ho) NTO={p € TO | ¢: Hy = H}

and Autp(H,) = Isor(Hi, Hr).

THEOREM 2.6 ([40]). Let H; = (V1,E1) and H, = (V,,E;) be two hypergraphs. Also let
I' < Sym(V7) be a solvable group and 6: V1 — V;, a bijection. Then Isorg(H1, H>) can be computed
in polynomial time.

Wreath Products. Finally, we describe wreath products of groups which repeatedly appear
within the main algorithm of this paper. For simplicity, we focus on the application cases
appearing in this work.

Let G4,...,G, be directed graphs with pairwise disjoint vertex sets V4, ..., V,. Also assume
that G; = G foralli, j € [£]. Then

Aut(Gj) = ¢ ' Aut(Gi) o = {9 yg | y € Aut(G;)}

for all ¢ € Iso(G;, Gj). Now let A < Sy be a permutation group with domain {1,..., £}. Also let
Vi=V3U---UV,. WedefineT' < Sym(V) to be the permutation group containing all elements
y € Sym(V) such that there are § € A and, for each i € [£], an isomorphism ¢; € Iso(G;, Gs(i))
such that for all v € V it holds that

y(v) = 9i(v)

where i € [£] is the unique index such that v € V;. The group I is the wreath product of Aut(G,)
by A. Observe that I' is solvable if and only if A and Aut(G,) are solvable.

Now let Sy, ..., Sy be generating sets for Aut(G,), ..., Aut(Gy), respectively. Also let S, be a
generating set for A. Then we obtain a generating set Sr as follows. For every y; € S; we define y;
to be the extension of y; to V which fixes all elements outside of V;. More formally, y;(v) = y;(v)
for every v € V;, and y;(v) = v for everyv € V \ V;. Let S; := {y; | yi € Si}.

Additionally, for every § € Sy, we fix an element ¢; € Iso(G;, Gs(;)) for every i € [£]. We
set §"(v) = @;(v) for every v € V where i € [£] is the unique index such thatv € V;. Let
Sy = {6" | 6 € Sp}. Then

Sr=8]U---US,US;

is a generating of I'. Note that Sy can be computed in polynomial time given the generating sets
51, . ,Sg and SA.
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3. Small Degree Partition Sequences

In the following, we design an isomorphism test for tournaments of twin width k which runs in
time k9108 n0(M) On a high level, the algorithm essentially proceeds in three phases. First, we
use well-established group-theoretic methods going back to [3, 38] to reduce to the case where
both input tournaments are 2-WL-homogeneous (without increasing the twin width). In the
second step, we identify a substructure of an input tournament T (that is 2-WL-homogeneous)
that has some kind of bounded-degree property. More concretely, we apply the 2-dimensional
Weisfeiler-Leman algorithm and compute a sequence of colors ¢y, .. ., ¢p in the image of the 2-WL
coloring y>T so that the subgraph induced by all edges with a color from c, ..., ¢, has a certain
type of bounded-degree property. After that, we rely on the computed bounded-degree structure
to determine isomorphisms based on the group-theoretic graph isomorphism machinery. Similar
tools have also been used in [1] to solve isomorphism of k-spanning tournaments. However,
as we shall see below, the bounded-degree property guaranteed by the second step is weaker
than the notion of k-spanning tournaments, which requires us to further extend the methods
from [1].

In this section, we implement the second phase and prove the key combinatorial lemma
(Lemma 3.6) underlying our isomorphism algorithm. Our arguments rely on the notion of mixed
neighbors for a pair of vertices. For a pair v, w € V(T) of vertices we let

M(v,w) = (N_(v) N N+(w)) U (N+(v) N N_(w)). 1)

We call the elements of M (v, w) the mixed neighbors of (v, w), and we call md(v, w) := |M (v, w)|
the mixed degree of (v, w). The following simple observation links the mixed degree to twin
width.

OBSERVATION 3.1. There is an edge (v,w) € E(T) such that md(v,w) < tww(T).

PROOF. Letk := tww(T) andlet%y,..., P, beacontraction sequence of T of width k. Let {v, w}
be the unique 2-element part in ;. Then md (v, w) = md(w, v) < k, and either (v,w) € E(T) or
(w,v) € E(T). u

In the following, let G be the directed graph with vertex set V(Gr) := V(T) and edge set
E(G7) = {(v,w) € E(T) | md(v,w) < tww(T)}. The next lemma implies that Gr has maximum
out-degree at most 2 - tww(T) + 1.

LEMMA 3.2. Suppose k > 1. Let T be a tournament and let v € V(T). Also let
W :={w e N,(v) | md(v,w) < k}.

Then |W| < 2k + 1.
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PROOF. Let £ := |W|. The induced subtournament T[W] has a vertex w of in-degree at least
(£—-1)/2.Since md(v,w) < k and (v,w’) € E(T) for all w’ € W, we have

{w' e W | (w,w) € E(T)}| <k.
Thus £ < k, which implies that [W| = € < 2k + 1. m

So Gt is a subgraph of T of maximum out-degree d := 2-tww(T)+1. We remark that similar
arguments also show that Gy has maximum in-degree at most d (technically, this property is not
required by our algorithm, but it is helpful for the following explanations). Now, first suppose
that Gr is strongly connected. Then the edges of Gr define a (strongly) connected spanning
subgraph of maximum degree 2d (in-degree plus out-degree). In this situation, we can directly
use the algorithm from [1] to test isomorphism in time d°1°€9)p0M),

So suppose Gr is not strongly connected. If T is 2-WL-homogeneous, then G7 is also not
weakly connected (i.e., the undirected version of Gy is not connected); see Lemma 3.5. In this
case, the basic idea is to identify further edges to be added to decrease the number of connected
components while keeping some kind of bounded-degree property.

In the following, let Q be a partition of V(T) that is non-trivial, that is, has at least two
parts. The reader is encouraged to think of Q as the partition into the (weakly) connected
components of G7, but the following results hold for any non-trivial partition Q. We call an edge
(v,V') € E(T) cross-cluster with respect to Q if it connects distinct Q, Q' € Q. For a cross-cluster

edge (v,V) withQ > v,Q’ > V/, we let

Ma(w,v) = {Q" € Q\ {Q.Q'} | Q" N M(v,V) # 0}

and mdgq(v,V') = [IMqg(v,V)|.

The next two lemmas generalize Observation 3.1 and Lemma 3.2.

LEMMA 3.3. Let T be a tournament and suppose Q is a non-trivial partition of V(T). Then there
is a cross-cluster edge (v,w) € E(T) such that mdg(v,w) < tww(T).

PROOF. Let k := tww(T) and let P4, ..., %y be a contraction sequence of T of width k. Note
that P; refines Q and #, does not refine Q, because Q is nontrivial. Let i > 1 be minimal such
that $;,1 does not refine Q.

Let P, P’ € P; denote the parts merged in the step from #; to £;,1. Since P; refines Q, there
are Q,Q" € Q such that P C Q and P’ C Q. Moreover, Q # Q’, because #;;1 does not refine Q.
We pick arbitrary elements v € P and w € P’ such that (v,w) € E(T) (if (w,v) € E(T), we swap
the roles of P and P’). Then (v, w) is a cross-cluster edge with respect to Q.

Let Pq,...,Py be alist of all P” € P;,1 \ {P U P’} such that the pair (P U P’, P”) is not
homogeneous. Then k’ < k by the definition of twin width. Since #; \ {P, P’} = P11 \ {P U P’}
and P; refines Q, there are Qq,...,Qr € Q suchthat P; C Q; for alli € [K].
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Now letQ” € Q\ {Q,Q’,Q1,..., Qi }. Suppose for contradiction that Q” N M (v, w) # 0, and
pick an element w’ € Q” N M(v,w). Then thereisa P” € #; \ {P,P’,P1,...,Px} = Pis1 \ {P U
P’',Pq,...,Pr} such that w € P”. But then the pair (P U P’, P”) is not homogeneous, which is a
contradiction. So Q” N M (v, w) = (. This implies that Mg(v,w) C {Q4,...,Qx }. In particular,
mdg(v,w) < k' < k. |

LEMMA 3.4. Suppose k > 1. Let T be a tournament and let Q be a non-trivial partition of V(T).
AlsoletQ e Qandv € Q. Let

W ={Q0"€eQ\{Q} | IweQ: (v,w) € E(T) Amdg(v,w) < k}.

Then |['W| < 2k + 1.

The proof is very similar to the proof of Lemma 3.2.

PROOF. Let ¢ := |W| and suppose ‘W = {Q1,...,Q¢}. For everyi € [£] pick an element
w; € Q; such that (v, w;) € E(T) and mdgq (v, w;) < k. We define W := {wy,...,w,}. Then there
is some w € W such that

[{(w eW | (W,w)eED} 2 ——,

because the induced subtournament T[W] has a vertex of in-degree at least (£ —1)/2.
Since mdg (v, w) < k and (v,w’) € E(T) for all w’ € W, it follows that

Hw e W | (W,w) e E(T)}| <k.
Thus £ < k, which implies that |[W| = ¢ < 2k + 1. m

Now, suppose we color all edges (v,w) of T with md(v,w) < tww(T) using the color
c1 = blue (see Figure 1). Let Q; be the partition into the (weakly) connected components
of the graph induced by the blue edges and suppose that Q; is non-trivial. We can compute
isomorphisms between the different parts of @Q; using the algorithm from [1]. Next, let us color
all cross-cluster edges (v, w) € E(T) with mdg (v, w) < tww(T) using the color ¢, = green. Then
every vertex has outgoing green edges to at most 2 tww(T') + 1 other parts of @Q; (see Lemma
3.4). However, since a vertex may have an unbounded number of green neighbors in a single
part, the out-degree of the graph induced by the green edges may be unbounded. So it is not
possible to use the algorithm from [1] as a black-box on the components induced by blue and
green edges. Luckily, the methods used in [1] can be extended to work even in this more general
setting (see Section 4). So if the graph induced by the blue and green edges is connected, then we
are again done. Otherwise, we let Q, denote the partition into (weakly) connected components
of the graph induced by the blue and green edges. Now, we can continue in the same fashion
identifying colors c3, ¢4, ... and corresponding partitions Qs, Q4, ... until the graph induced by
all edges of colors ¢y, ..., ¢, is eventually connected.
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Figure 1. The figure shows part of a tournament 7. The colors ¢; and ¢, are shown in blue and green,
respectively. Also, the parts of the partition @, are highlighted in gray. Note that only green edges,
which are outgoing from the middle part, are shown.

Below, we provide a lemma that computes the corresponding sequence of partitions and
edge colors using 2-WL. To state the lemma in its cleanest form, we restrict our attention to
tournaments that are 2-WL-homogeneous. Recall that a tournament T is 2-WL-homogeneous if
for all v, w € V(T) is holds that y*>T (v, v) = x> (w, w).

We also require another piece of notation. For a directed graph G and a set of colors
C € {x*S(v,w) | (v,w) € E(G)} we write G[C] for the directed graph with vertex set V(G[C]) :=
V(G) and edge set

E(G[C)) = {(v,w) € E(G) | * € C}.

To prove Lemma 3.6 we need the following lemma about the connected components of the
graphs G[C].

LEMMA 3.5. Let G be a 2-WL-homogeneous graph, and let C be a set of colors in the range of
x>C. Then the weakly connected components of G[C] equal the strongly connected components

of G[C].

PROOF. Let A be a weakly connected component of G[C] and suppose towards a contradiction
that A is not strongly connected in G[C]. Let By, ..., By be the strongly connected components
of G[C] within A. We may assume that By, ..., By are ordered topologically, i.e., there is an edge
in G[C] from a vertex in B; to a vertex in Bj only if i < j. Now consider B := By,i.e, BC Aisa
strongly connected component of G[C] such that no edges of a color from C are incoming into
B. Also, let w € A\ B denote a vertex such that there is a directed path from v to w for every
v € B. Also, fix a vertex v € B.
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Now, let C™ denote the set of all colors y*¢ (x, y) where x, y € V(G) are distinct vertices
such that there is a path from x to y in G[C], but no path from y to x. By the properties of 2-WL,
for every x, y € V(G) such that y*>%(x, y) € C, there is a path from x to y in G[C], but no path
from y to x.

By definition, we have that y*>% (v, w) € C™, but there is no u € V(G) such that y>°(u,v) €
C™ (no edges of a color from C are incoming into B). It follows that ¢ (v, v) # x> (w, w) which
is a contradiction. u

LEMMA 3.6. Let T be a 2-WL-homogeneous tournament of twin width tww(T) < k. Then there
is a sequence of partitions {{v} |ve V(T)} = Qqo,...,Qe ={V(T)} of V(T) where Q;_1 refines Q;

for all i, and a sequence of colors c1, .. ., ¢; in the range of x*T such that
1. Q;isthe partition into the strongly connected components of T [{cy, ..., Ci}]| foreveryi € [£],
and

2. foreveryi € [£] and every v € V(T) it holds that

{Qe@1|aweQ: x> (v,w) =} < 2k+1.

Moreover; there is a polynomial-time algorithm that, given a tournament T and an integer k > 1,
computes the desired sequences Qq, ...,Qp and cy, ..., c; or concludes that tww(T) > k.

PROOF. We set Qy = {{v} | v € V(T)} and inductively define a sequence of partitions and
colors as follows. Let i > 0 and suppose we already defined partitions Qp < - -+ < Q; and colors
C1,...,Ci. If @ = {V(T)}, we set £ := i and complete both sequences. Otherwise, there is a
cross-cluster edge (vi41, wiy1) with respect to @; such that mdg, (vi+1, Wir1) < k by Lemma 3.3.
We set Cjyq = )(Z’T(vi+1, wiy1) and define Qi to be the set of weakly connected components of
T[cy,...,cCiy1]- By Lemma 3.5, these are also the strongly connected components.

First observe that Q; < Q;;1 since (vi41, Wi41) is a cross-cluster edge with respect to @;, and
Vi+1, Wi41 are contained in the same part of Q;; by Lemma 3.5. Also, Property 1 is satisfied by
definition. For Property 2 note that every edge (v, w) € E(T) such that y*(v,w) = ci41 is a
cross-cluster edge with respect to Q;. So Property 2 follows directly from Lemma 3.4.

Finally, it is clear from the description above that @y < --- < Qp and ¢y, ..., cy can be
computed in polynomial time, or we conclude that tww(T) > k. |

4. The lsomorphism Algorithm

Based on the structural insights summarized in Lemma 3.6, we now design an isomorphism

test for tournaments of small twin width.
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The strategy of our algorithm is the following. We are given two tournaments 7; and
T,, and we want to compute Iso(Ty, Tz). First, we reduce to the case where both T; and T; are
2-WL-homogeneous.

Towards this end, we start by applying 2-WL and, for j = 1, 2, compute the coloring
x>Ti. If 2-WL distinguishes the two tournaments, we can immediately conclude that they are
non-isomorphic and return Iso(Ty, T) = 0.

So suppose that 2-WL does not distinguish the tournaments. Then T; is 2-WL-homogeneous
if and only if T, is 2-WL-homogeneous.

If T; and T, are not 2-WL-homogeneous, we rely on the following standard argument. Let
C1,...,Cp be the vertex colors. Fori € [p] and j = 1,2, let P;; be the set of all v € V(Tj) such
that y>%i (v, v) = ¢;. We recursively compute the sets A; := Iso(T;[Py,], Tz[P2,;]) for all i € [p].
If there is some i € [p] such that A; = 0, then T; and T, are non-isomorphic, and we return
Iso(Ty, Tz) = 0. Otherwise, the set A; is a coset of I'; := Aut(T;[P1,;]) for alli € [p], i.e., A; =T;6;
for some bijection 6;: P1; — Py;. As the automorphism group of a tournament, I'; is solvable
(see Theorem 2.3). Moreover, since the color classes Pq; are invariant under automorphisms
of T}, the automorphism group I' := Aut(Th) is a subgroup of the direct product [[; [';, which
is also a solvable group. Also, Iso(Ty, T;) € I'6@ where 0: V(T;) — V(T>) is the unique bijection
defined via 6(v) := 6;(v) for all v € V(T1), where i € [p] is the unique index such thatv € Py ;.
So Iso(Ty, Tz) = Isorg(Ty, T2) can be computed in polynomial time using Theorem 2.5.

So we may assume that T; and T; are 2-WL-homogeneous. In this case, we apply Lemma 3.6
and obtain colors c¢y,...,¢, and, for j = 1,2, a partition sequence {{v} | v € V(T})} =
Qj0,-..,Qje = {V(T})} where Q;;_; refines Q;; for alli € [¢£].

Now, we iteratively compute for i = 0,..., € the sets Iso(T;[Q], Ty [Q’]) for all j, j* € {1, 2}
and all Q € Q;; and Q" € Qj;. For i = 0 this is trivial since all parts have size 1. The next
lemma describes the key subroutine of the main algorithm which allows us to compute the
isomorphism sets for level i € [£] given all the sets for level i — 1. Note that, on the last level ¢,
we compute the set Iso(Ty, Tz) since Q; . = {V(T})} for both j € {1, 2}.

To state the lemma, we need additional terminology. Let T = (V, E, A) be an arc-colored
tournament. A partition Q of V is A-definable if there is a set of colors C C {A(v,w) | v =
wV (v,w) € E} such that

VegqwWw & A(v,w) eC

for all v,w € V such that v = w or (v,w) € E. We also say that Q is A-defined by C. If Q is
A-defined by C then we can partition the colors in the range of A into the colors in C, which we
call intra-cluster colors, and the remaining colors, which we call cross-cluster colors. Note that
if a color c is intra-cluster, then for all (v, w) € E with A(v, w) = c it holds that v, w € Q for some
Q € @, and if c is cross-cluster, then for all (v, w) € E with A(v,w) = c it holds that (v,w) is a
cross-cluster edge, that is, v € Q and w € Q’ for distinct Q, Q" € Q.
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LEMMA 4.1. There is an algorithm that, given
(A) anintegerd > 1;
(B) two arc-colored tournaments Ty = (V1, E1, A1) and Ty = (Vy, E3, A3);
(C) asetof colors C and for j = 1,2 a partition Q; of V; that is A;-defined by C;
(D) a color c* that is cross-cluster with respect to Q; for j = 1,2 and
— forevery v € V; it holds that

{QeQj|3weQ: (vyw) € Ej A Aj(v,w) = c*}

<d,

— for
Fi={(QQ)eQ}|Q#Q,3weQw € Q: (w,w) € Ej A };(w,w) = ¢’}

the directed graph G; = (Qj, F) is strongly connected;
(E) Iso (T;[Q], Ty [Q']) for every j,j’ € {1,2} and every Q € Q}, Q' € Q;,

computes Iso(Ty, T,) in time d°1°8 4 . o),

PROOF. The algorithm fixes an arbitrary vertex r, € V;. For every r, € V, we compute the set
Iso((T1,11), (T, 7)) of all isomorphisms ¢ € Iso(Ty, T;) such that ¢(r;) = r,. Observe that

50(T3, ) = |_J Is0((T1, 11), (T, 7).

ryeVy

So for the remainder of the proof, let us also fix some r, € V. Let R; € Q; be the unique set
such that r; € Ry, and similarly let R, € @, be the unique set such that r, € R;.
We compute sets Iso((Ty[Wq,],7r1), (T2[W>,;],1r2)) for increasingly larger subsets Ry C

Wi € Vs and Ry € W; C V,. In other words, in each iteration i > 0, we build increasingly
larger “windows” W; 1 and W; ; and compute all isomorphisms between the sub-tournaments
induced by W; 1 and W; ,. To obtain W;;1 1 and Wiy 7 in iteration i + 1, we add a positive number
of vertices to W; 1 and W; » and update the isomorphism set computed in the previous round to
take the newly added vertices into account. Throughout, we maintain the property that

(I.1) there is some {R;} € W;; C Q; such that W;; = [J Wj;, and

(I.2) @(Wy;) = Wy, for every ¢ € Iso((T1,11), (T2, 12))

for everyi > 0.

Eventually, the algorithm either concludes that Iso((T1,11), (T3, r2)) = @ and terminates,
or it reaches a point where W;; = V3 and W; ; = V, which gives the desired isomorphism set
Is0((T1, 1), (T2, 12)).

For the base case i = 0 we initialize ‘W, := {R;} for both j € {1, 2}. Also, we set W := R;.
This means we are given the set I',0; = Iso(T1[W1,0], T2[W2,]) as part of the input. Observe
that I’ is solvable by Theorem 2.3. So

Lo0p = Iso((T1[W1p], 1), (T2[W20],12))
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u
Ll,i+1

u/
Ll,i+1

Figure 2. The figure shows the sets W (orange), U, (blue) and L7, ; computed in the proof of

Lemma 4.1. The color ¢* is shown in green and gray regions depict parts of the partition Q.

can be computed in polynomial time using Theorem 2.5.
So assumei > 0 and let Wy ; C V3 and W,; C V; be two sets satisfying (I.1) and (1.2). Also

suppose we have already computed the set
Ii6; == Iso((T1[W1,i], 1), (T2[W2,i], 12)). (2)

We may assume the isomorphism set is non-empty; otherwise Iso((T1,11), (T3, 12)) = 0 by
Invariant (I.2) and we terminate. For j € {1, 2} let

Uji = {ue Wi | dw € V; \ Wij;: (u,w) € Ej A Aj(u, w) =c*}.

Note that U;; # 0 for both j € {1, 2} by Property (D). Also, for every j € {1,2} and u € U;;, we
define

f={0e@\ Wi | 3we Q: (ww) € EjAAj(u,w) =c}.

We have
|‘£}'{i+1| <d

by Property (D). We define
L;'l,i+1 = U ‘L;’l,i+1
and the tournament

Ti = (LY ]

for every j € {1,2} and u € U;;. A visualization is also given in Figure 2.

CLAIM 4.2. For every j,j' € {1,2} and every u € Uj;, u' € Uj; the set Iso(TJ?‘, T]?f') can be

computed in time d°1°8 9 . o),
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W LY

Proof. Fix j,j’ € {1,2} and u € Uj;, w’ € Uj;. We define £ = L vl

Jir1 (i.e., we take the

disjoint union of the two sets).

For each Q € £ we fix an orbit Ay C Q of the group Aut(7,[Q]), where b € {j, j’} is the
unique index such that Q € @y, subject to the following compatibility condition: If b, b’ € {J, j'},
Qe LNAy,Q € LNQAy,and ¢ € Iso(Tp[Q], Ty [Q’]) then ¢(Ag) = Ay To see that this is
possible, recall that if ¢ € Iso(T,[Q], Ty [Q’]) then ¢! Aut(T;[Q])¢ = Aut(Ty [Q’]). Observe that
|Apl is odd for every Q € L.

We define the tournament T with vertex set V(T) = .E}‘l. ., and edge set

E(T) = {(Q.Q) | IEr, (40, 40| > |Er,(Agr, Ag)l}-

Similarly, we define the tournament T’ with vertex set V(T’) = L;‘ i, and edge set

E(T) = {(Q.Q) | IEr, (40, A0)| > IEr, (Ag:, Ag)I|.

Also, we color the vertices of both tournaments in such a way that vertices Q, Q" € L receive
the same color if and only if Iso(T,[Q], Ty [Q’]) # 0, where b, b’ € {j, j’} are the unique indices
such that Q € Qp and Q' € Qy .

Observe that [V(T)| < d and |V(T’)| < d. So we can compute the set Iso(T,T’) in time
d%1gd) by Theorem 2.4. If Iso(T,T’) = 0 then also Iso(T].”, T]’:f') = () and we are done. So suppose
that Iso(T,T’) # 0, and let us write

AQ = Iso(f, T’),

ie, A= Aut(T) and 6 € Iso(T, T).

We define A < Sym(LS?’l. 1) to be the permutation group containing all elements § €

Sym(L;.‘,l.H) such that there are § € A and, for every Q € L;l,i+1’ some @¢ € Iso(T;[Q], T; [g(Q)])
such that

5(v) = 9o(v)

forallv € L;.‘l. .4 Where Q € .[j;.‘l. .1 1s the unique element such that v € Q. Observe that A is
solvable since it is a wreath product of solvable groups (see Theorem 2.3). Moreover, a generating
set for A can be computed in polynomial time (see Section 2.5 for details).

Next, we define a bijection 0: L;"i " ~—> L;‘l ., as follows. For each Q € L}"i .1 bick an
arbitrary isomorphism ¢¢ € Iso(T;[Q], Tj[0(Q)]). Then, set

6(v) = @o(v)

forallv e L;."l. ., Where Q € L}"i .1 s the unique element such that v € Q. We have that

Iso(T}', T}; ) C A6.
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So
Iso(T}, T}f’) = Isopg (T, T}f’)

can be computed in polynomial time using Theorem 2.5. L

Let U; = Uji; U Uy;. We define an equivalence relation ~ on U; by setting u ~ u’ if
Iso(T].”, T]?f') # 0 where j, j’ € {1, 2} are the unique indices such thatu € U;; and u’ € U} ;. We
pick an arbitrary equivalence class U C U; of the relation ~. Let U;"i = Uj; N U/ for every
j € {1,2}. Also, let

Liga = | ) L¥iy

ueu:.
Ji

for every j € {1, 2}.
CLAIM 4.3. (p(Ui“’l.) = U;’i and ¢(L1,i+1) = Loi+1 for every ¢ € Iso((T1,11), (To,12)).

Proof. Let ¢ € Iso((Ty,11), (T, 12)). By (1.2) we get that ¢(Wy;) = W,;. This implies that
@(Uy,i) = Uy,

Letu € Uj ;. Then ¢ restricts to an isomorphism from T}’ to TZ‘/’ ™ In particular, u ~ ¢ (u)
which implies that ¢(u) € U;,r So go(Uil.) C U;,i. Also note that go(Lll‘,l. )= Lffﬁ So ¢(Ly,i4+1) C
Lis1-

=14y

In the other direction, let u’ € Uy .. Then ¢! restricts to an isomorphism from Tf’ ) to
T,. In particular,lgo‘1(u’) ~ 1’ which implies that ™1 (v’) € Uil.. So U;’l. - go(Ui“,l.). Also note that
o (LY ,,) = Lf .50 Lyjur € @(Lyin)- &

If|UT,| # |U; .| or |Lyisa| # |Laisa| then Iso((T, r1), (T2, 72)) = @ and the algorithm termi-
nates. So suppose that |U7 .| = |U; ;| and |Ly 1] = |Loi+1]. We set

Wiiv1 == WjiULjin
for both j € {1, 2}. Clearly, (I.1) and (I.2) remain satisfied using Claim 4.3. It remains to compute
Iso((Th [Wh,it1], 1), (T2[Wais1],12)).

Recall that I';0; = Iso((T1[W1,],11), (T2[Wo,], 2)) denotes the isomorphism set computed in the
previous iteration; see Equation (2). We start by computing the set

T30 = Isor,p, ((T[W1,], 71, Uy ), (T[Wa,i], 12, Uy ;)

of all bijections from I';0; mapping Uil. to U;’l. in polynomial time using Theorem 2.6 (recall that

['; = Aut(T[Wy,], ry) is solvable by Theorem 2.3). As before, we may assume the isomorphism

set is non-empty; otherwise Iso((Ty,11), (T3, 2)) = 0 using Invariant (I.2) and we terminate.
Now, we consider the sets

Ajinn = {(w,w) |uel;

u
jpWe Lj,i+1}
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for both j € {1, 2}. Intuitively speaking, the reader is encouraged to view A, ;.1 as a disjoint

1 u
union over all sets Lj’l. o

between the sets Aq;,1 and Ay ;1. Afterwards, we “merge” elements in the sets A; ;4 with the

ue U]ikl.. The basic idea is to first compute suitable “isomorphisms”

same second coordinate to obtain the isomorphism set between L1 ;11 and Ly ;1.

CLAIMA4.4.
P(Agir1) = {(@W), o(w)) | (U, w) € Aris1} = Azjint

for every ¢ € Iso((Ty,11), (T, 12)).

Proof. Let ¢ € Iso((T1,11), (T2, T2)). Also let (u, w) € Ay 41. Then @(u) € U, by Claim 4.3. Also,
(LY ;) = Lfﬁﬁ In particular, o(w) € L?Efﬂ

In the other direction, let (W,w’) € Aj;y;. Then ¢ 1(u) € U;; by Claim 4.3. Also,
o NIV = L‘l";gul). In particular, ¢~ 1(w') € Lf;lrg”,). So we get that (¢~ (u), o~ (W) €

Atis1- 2

So we get that (¢(u), p(w)) € Ay ii1.

We now define A;11 < Sym(Aq,41) to be the permutation group containing all elements
6 € Sym(Ay,;41) suchthatthereisay € I'; and, foreachu € Uil., a permutation ¢, € Iso(TY, TV(”))
such that
5(u, w) = (y(u), pu(w))

for all (u, w) € Aq,41. Observe that A;,4 is solvable since it is a wreath product of solvable groups.
Also, a generating set for A;;; can be computed in polynomial time (see Section 2.5 for details).
We define a bijection 8;41: A1i41 — Az,i+1 as follows. For each u € U;‘l. pick an arbitrary

isomorphism ¢, € Iso(T}, Tz6 {(u)). Then, set
Sivi(u,w) = (Qf(u), Pu(w))

for all (u,w) € Ay is1-
For j € {1, 2} we define a hypergraph Hj .1 = (Aj i1, &;,iv1) Where

Ejivt = {{uw) € Ajiy | W =w} | wWeLjin}.

We compute

AL 160 = 180p,, 80, (Hiv1, Hojivn)
and the natural action A;:Llé‘;f‘ﬂ of A; +16§ L1 ON Ly iy (via the correspondence between L; ;1 and
Ejir1)-
We get that

I80((T1 [Wi,i41], 11), (T2[Wa,i41],12)) C T70; X A4 6

i i+1-i+1°

Indeed, let ¢ € Iso((T1[Wh,i+1],11), (T2[W2i41],12)). Then o(U;,) = Uy, (see Claim 4.3) and

7 N . _ * . . : ’ /
thus ¢lw,; € FiGi. Moreover, the action of ¢ on Ay ;41 = Ul,i X L1,i41 18 In A +15i .1 and thus
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@lr i € Af,,67,,- In combination, the mapping ¢ — (@|w,;, ¢|r,,,,) embeds the isomorphism

set Iso((T1 [W,i+1], 1), (T2[Wa,i41], 12)) into T0; X A7, 67 .

Since 1“; X Afﬂ is solvable, we can compute Iso((T; [W1,i+1], 1), (T2 [W2,i42],72)) in polyno-
mial time using Theorem 2.5.

This entire procedure is repeated until we reach the stage where W , = V3 and W, , = V, (or
the algorithm concludes that Iso((Ty,11), (T2, 2)) = 0). At this point the algorithm has computed
Iso((Ty,11), (T2, 12)) as desired. Note that £ < |V;| since in each iteration at least one element is
added, i.e.,, Wy ; C Wy 4 foralli € [€-1].

Also observe that all steps can be performed in polynomial time except for the subroutine
from Claim 4.2 which runs in time d°1°¢4) . 1) Qverall, this gives the desired bound on the

running time of the algorithm. u

Building on the subroutine from Lemma 4.1, we can now design an isomorphism test for
2-WL-homogeneous tournaments of bounded twin width.

LEMMA 4.5. There is an algorithm that, given 2-WL-homogeneous tournaments Ty and T, and
0(1)

an integer k > 1, either concludes that tww(Ty) > k or computes Iso(Ty, T,) in time k°(1°8%) . n
PROOF. We run 2-WL on T; and T,. If 2-WL distinguishes between T; and T, then we return
that Iso(Ty, Tz) = 0. So suppose that Ty ~; Ts.

For j € {1,2} we define an arc-coloring via A;(v,w) = y*Ti(v,w) for every (v,w) €
E(T) U {(v,v) | v e V(T)}. We write T"] = (V(Tj), E(T}), A;) for the corresponding arc-colored
version of T;.

We apply Lemma 3.6 to the graph T; and obtain a sequence of partitions {{v} | v e V(T1)} =
Qi < - < Qe ={V(T1)} of V(Ty) and a sequence of colors ¢, ...,cp € {Y>*T1(v,w) | (v,w) €
E(Ty)} satisfying Properties 1 and 2 (or tww(T7) > k). Also, we define Q,; to be the partition
into the strongly connected components of T [ cy, .. ., ¢;]. By the properties of the 2-dimensional
Weisfeiler-Leman algorithm we conclude that for every i € [£] and every v € V(T) it holds that

{Q € Qui—1 | Iw € Q: }*2(v,w) = ¢i}| < 2k +1,

i.e., Property 2 is also satisfied for the sequence Qo < -+ < Qa,¢.
Now, for every i € {0,...,%¢}, every j,j € {1,2}, and every Q € Q;;, Q" € Qj; we
inductively compute the set Iso(Tj[Q], T] [Q’]). For i = 0 this trivial since |Q| = |Q’| = 1.
Sosupposei € {0,...,£—-1},j,j € {1,2},and Q € Qji+1, Q' € Q) is1. Letd = 2k + 1. We
set Ty = Tj[Q] and T, = T] [Q’]. Also, we set

Q={Q€eQ;|QcQ}

and

Q={0ecQj;|QcQ}.



22 |/ 37 TheoretiCS M. Grohe, D. Neuen

Note that 51 is a partition of V(ﬁ) and éz is a partition of V(TZ). Finally, we set ¢* := ¢;;1 and
apply Lemma 4.1 to compute the set

Iso(T;[Q], Ty [Q']) = Iso(T3, Ty)

in time @0U0gd) . nO(1) = EOUogk) . nO(1) Ohserve that all isomorphism sets required in Lemma
4.1(E) have already been computed in the previous iteration.
Finally, observe that Q, = {V(T1)} and Q2. = {V(T2)}. So in iteration i = ¢ the algorithm
computes
Is0(Ty, To) = Is0(Ty, Ty).

To bound the running algorithm, one can observe that all steps can be performed in
polynomial time except for the subroutine in Lemma 4.1. However, this subroutine is only
called at most £ - (|V(Ty)| + |V(T»)|)? many times, which is polynomial in the input size, and
runs in time k1085 . n0(M) Qverall, this gives the desired running time. m

Finally, relying on well-established arguments, we can remove the restriction that all
vertices need to receive the same color under 2-WL to obtain Theorem 1.1. We reformulate our
main algorithmic result in a slightly more precise manner.

THEOREM 4.6. There is an algorithm that, given two tournaments Ty and T, and an integer
k > 1, either concludes that tww(T;) > k or computes Iso(Ty, T») in time k018K . n0(1),

PROOF. We run 2-WL on T; and Ty. If 2-WL distinguishes between T; and T, then we return
that Iso(Ty, T) = 0. So suppose that Ty ~; T.

Let Cy := {y*"1(v,v) | v € V(T1)} denote the set of vertex colors of the coloring y>™. For
c € Cyand j € {1, 2} we define

Xjc={veV(Ty | x*T(v,v) = c}.
For every ¢ € Cy we use the algorithm from Lemma 4.5 to compute the set
LcOc = Is0(T1[X1,c], T2 [Xo,c]).

If there is some ¢ € Cy for which the algorithm from Lemma 4.5 concludes that tww (77 [ X1 c]) >
k, then tww(T;) > k by Lemma 2.1.

Moreover, if there is a color ¢ € Cy such that Iso(T; [X1,c], T2[X2,c]) = 0, then Iso(T3, Tz) = 0.
Otherwise, let

I= X Te < Sym(V(T)

ceCy

and 0: V(T;) — V(T3) be the bijection defined via 8(v) := 6.(v) for the unique ¢ € Cy such that
vV € X1 Then
Iso(Ty, T») C T6.
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Moreover, the group I'; is solvable for every ¢ € Cy by Theorem 2.3. This implies that I is
solvable. So
Iso(T1, Tz) = Isore(T1, T2)

can be computed in polynomial time using Theorem 2.5. u

5. The WL-Dimension of Tournaments of Bounded Twin Width

In this section, we prove Theorem 1.2. The proof relies on well-known game-characterizations

of the Weisfeiler-Leman algorithm as well as the graph parameter tree width.

51 Games

First, we cover the cops-and-robber game that characterizes tree width of graphs. Fix some
integer k > 1. For an undirected graph G, we define the cops-and-robber game CopRob, (G) as
follows:

— The game has two players called Cops and Robber.

— The game proceeds in rounds, each of which is associated with a pair of positions (v, u)
with v € (V(G))“ and u € V(G).

— To determine the initial position, the Cops first choose a tuple v = (vy,...,Vx) € (V(G))k
and then the Robber chooses some vertex u € V(G) \ {vy,..., vk} (if no such u exists, the
Cops win the play). The initial position of the game is then set to (v, u).

— Each round consists of the following steps. Suppose the current position of the game is
(v,u) = ((v1,..., V), U).

(C) The Cops choose somei € [k] and V' € V(G).
(R) The Robber chooses a vertex u’ € V(G) such that there exists a path from u to v’ in the

graph G \ {v4,...,Vi_1, Vi1, ..., Vk}. After that, the game moves to the new position
((Vls e Vi—l: V,, Vi+1s e Vk)s u,)°
Ifu € {vy,...,vx} the Cops win. If there is no position of the play such that the Cops win,

then the Robber wins.

We say that the Cops (and the Robber, respectively) win CopRob, (G) if the Cops (and the
Robber, respectively) have a winning strategy for the game. We also say that k cops can catch a
robber on G if the Cops have a winning strategy in this game.

THEOREM 5.1 ([52]). An undirected graph G has tree width at most k if and only if k + 1 cops
can catch a robber on G.

Next, we discuss a game-theoretic characterization of the Weisfeiler-Leman algorithm.
Let k > 1. For graphs G and H on the same number of vertices, we define the bijective
k-pebble game BPx(G, H) as follows:
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— The game has two players called Spoiler and Duplicator.
— The game proceeds in rounds, each of which is associated with a pair of positions (v, w)
with v € (V(G))  and w € (V(H))".
— To determine the initial position, Duplicator plays a bijection f: (V(G))k — (V(H ))k and
Spoiler chooses some v € (V(G))k. The initial position of the game is then set to (v, f(V)).
— Each round consists of the following steps. Suppose the current position of the game is
(v,w) = ((vi,...,Vk), (W, ..., Wk)).
(S) Spoiler chooses some i € [Kk].
(D) Duplicator picks a bijection f: V(G) — V(H).
(S) Spoiler chooses v € V(G) and sets w = f(v). Then the game moves to position
(v[i/v],w[i/w]) where V[i/v] = (Vi,...,Vi—1,V, Vis1,...,Vk) is the tuple obtained
from v by replacing the i-th entry by v.
If mapping each v; to w; does not define an isomorphism of the induced subgraphs of
G and H, Spoiler wins the play. More precisely, Spoiler wins if there are i, j € [k] such
thatv; = v; & w; = wj or vv; € E(G) @ w;w; € E(H). If there is no position of the play
such that Spoiler wins, then Duplicator wins.

We say that Spoiler (and Duplicator, respectively) wins BPx(G, H) if Spoiler (and Duplicator,
respectively) has a winning strategy for the game. Also, for a position (v, w) with v € (V(G))k
andw € (V(H ))k, we say that Spoiler (and Duplicator, respectively) wins BPx (G, H) from position
(v, w) if Spoiler (and Duplicator, respectively) has a winning strategy for the game started at
position (v, w).

THEOREM 5.2 ([13, 33]). Suppose k > 2 and let G and H be two directed graphs. Then G ~x H
if and only if Duplicator wins the game BPy.1(G, H).

5.2 CFIl Graphs and Tournaments

To prove that the WL algorithm on its own is unable to determine isomorphisms between
tournaments of bounded twin width, we adapt a construction of Cai, Fiirer and Immerman [13].
Towards this end, we first describe a construction of directed graphs with large WL dimension,
and then argue how to translate those graphs into tournaments while preserving their WL
dimension.

More concretely, the Cai-Furer-Immerman (CFI) construction [13] takes an undirected
base graph G, and replaces every vertex with a certain gadget, and those gadgets are connected
along the edges of G. To obtain a lower bound on the WL dimension that is linear in the number
of vertices, one typically uses 3-regular expander graphs as a base graph (more precisely, we
require a bounded-degree graph G with tree width that is linear in the number of vertices). In
order to translate this construction to tournaments of small twin-width, we need to tackle some
hurdles. First of all, in the standard CFI construction, each gadget encodes a linear equation over
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Z, via its automorphism group. However, the automorphism group of a tournament always
has odd order (see the comments before Theorem 2.3). For this reason, we rely on a simple
variant of the gadgets that encode linear equations over Zs. At this point, we can employ a
simple idea to translate a CFI graph into a tournament: We fix a linear order < on the vertex
set of G (to be specified later), and represent edges of the CFI graph by a “forward” edge in
the tournament (i.e., an edge that points to the larger element in the linear order) whereas
non-edges are represented by “backward” edges.

To bound the twin width of the resulting tournament, the basic idea to build the contraction
sequence is to first contract each of the CFI gadgets to a single vertex. At this point, intuitively
speaking, we obtain (the tournament representation of) the trigraph G™9 obtained from G by
replacing every edge with a red edge. So, in order to bound the twin width, we choose G to be a
3-regular expander graph such that G"9 has small twin width; the existence of such graphs is
shown in [6]. Finally, for the contraction sequence of G to be compatible with the tournament
representation described above, we choose the linear order < so that the twin width of (G™9, <)
is small; this is possible by Lemma 2.2.

In the following, we formally describe the construction of tournaments with large WL
dimension. Let G be a connected, 3-regular undirected graph. Let G™Y denote the structure
obtained from G be replacing every edge with a red edge and let t := tww(G"9). By Lemma 2.2
there is some linear order < on V(G) such that

tww(G™9, <) = t. 3)

Also, let G be an arbitrary orientation of G.

We start by providing the basic CFI construction (where gadgets encode linear equations
over Zs3). We stress that the specific construction described below is heavily tailored towards
enabling the later translation into tournaments.

Recall that for every v € V(G) we denote by E, (v) the set of outgoing edges and E_(v) the
set of incoming edges in G. Also, we write E(v) to denote the set of incident (undirected) edges
in G. For a € Z3 we define

M) = {f B0 25| 3 f(mwh- Y f(wwh=a (mod3)|

(v,w)€E.(v) (w,v)eE_(v)

We also define F,(v) to contain all pairs (f, g) € (M4(v))? such that, for the minimal element
w € Ng(v) (with respect to <) such that f(vw) # g(vw), it holds that

fow)+1=g(vw) (mod 3).

Observe that, for every distinct f, g € My(v), either (f, g) € Fq(v) or (g, f) € Fq(v).
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Let a: V(G) — Zs be a function. We define the graph C FIg(é, <, o) with vertex set
V(CFI3(G, <) = | ] {v} X Mqg)(v)
veV(G)

and edge set

E(CFI3(G, <) = {{(v. /), (w,)} | yw € E(G) A F(w) = g(vw)}
U{(@ ). ve) | (£ € Fay)}.

Observe that CFIg(é, <, o) is a mixed graph, i.e., it contains both directed and undirected edges.
Also, we color the vertices of CFIg(é, <, ) using the coloring A: V(CFIg(é, <, ) — V(G) de-
fined via A(v, f) :=vforall (v, f) € V(CFIg(é, <,x)), i.e, each set {v} X My (v) forms a color
class under A.

Let us analyze the relevant properties of the graphs C FIg(é, <, ). We start by investigating
isomorphisms between the graphs CFIg(é, <, o) for different mappings a: V(G) — Zs.

LEMMA 5.3. Let a: V(G) — Zg be a function and let v,w € V(G) be distinct vertices. Also let P
be a path fromv tow inG. Let B: V(G) — Zs denote the function defined via

a(uy+1 (mod 3) ifu=v
B(w) =ia(u)-1 (mod3) ifu=w

o(u) otherwise
Then there is an isomorphism @ CF13(5, <, Q) = CFIg(é, <, B) such that

o, f) = (u, f)
forallu e V(G) \ V(P) and f € My (u).
PROOF. Let E(P) denote the set of directed edges on the path P (all edges are directed so that
we obtain a path from v to w). For every u € V(G) we define the function h,: E(u) — Z3 via
1 if (ww) € E(P) A (w ) € E(G)
if (w, ) € E(P) A (W,u) € E(G)
if (W,u) € E(P) A (i) € E(G) -
if (W, u) € E(P) A (W,u) € E(G)

hu({u,u')) =

- N

0 otherwise

We define o(u, f) = (u, f + hy) for all (i, f) € CFIg(é, <,a). It is easy to check that
Q: CFIg(é, <, 0) = CFIg(é, <, B) and the desired properties are satisfied. [



27 | 37 TheoretiCS Isomorphism for Tournaments of Small Twin Width

COROLLARY 5.4. Leta, B: V(G) — Zs be two functions such that

Z a(v) = Z B(v) (mod 3).

veV(G) veV(G)
Then CFI3(G, <, @) = CFI5(G, <, B).

PROOF. This follows from repeatedly applying Lemma 5.3 to gradually align the two functions
o and . u

Now fix an arbitrary vertex uy € V(G). For every p € Zs we define the mapping
ap: V(G) — Zz via ap(up) = pand ap(w) = 0forallw € V(G) \ {uo}.

LEMMA 5.5. CFI3(G, <, ap) % CFI3(G, <, oq).

PROOF. Let X := {(v,0gn)) | v € V(G)} where O, denotes the function that maps every
element in E(v) to 0. Note that (CFIg(é, <, p)) [X] is isomorphic to G and contains exactly one
vertex from each color class.

Now suppose towards a contradiction that ¢: CFIg(é, <,0p) = CFIg(é, <,0q). LetY =
¢ (X). Since @ is an isomorphism, the setY also contains exactly one vertex from every color class,
i.e, for every v € V(G) there is a unique f,, € M, (v)(v) such that (v, f,,) € Y. Also, f,({v,w}) =
fw({v, w}) for all edges {v,w} € E(G) because {(v, f,,), (W, fi)} € E(CFIg(é, <,a1)). This means
we can define combine all the mappings f,, v € V(G), into one assignment f: E(G) — Z3 via

fv,w}) = f({v,w}) = fw({v, w}).

For every v € V(G) it holds that
>, flwwh- > f{vwh) =0a(v) (mod 3).
(v,w)€E,(v) (w,v)eE_(v)
So
>l DL swwh- ) fvwh|= ) a(v) (mod3).
veV(G) \ (v,w)€E,(v) (w,v)eE_(v) veV(G)

However, we have that

>l D ftwwh- ) f{vwh|=0 (mod 3)

veV(G) \(v,w)eE (V) (Ww,v)EE_(v)

whereas

Z a1(v) =1 (mod 3).

veV(G)

This is a contradiction. [

Now, we analyze the WL algorithm on the graphs CFI3(G, <, &) for different functions
a: V(G) — Zs. Similar results have been obtained in prior works; see, e.g., [19, 43].
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LEMMA 5.6. Let k be an integer such that tw(G) > k+ 1. Also let a, B: V(G) — Z3 be two
functions. Then CFIg(é, <, Q) =k CF13(§, <, B).

PROOF. Using Corollary 5.4 it suffices to show that CFIg(é, <,0p) =k CFIg(é, <,0q) for all
p,q € Zs. In fact, since ~ is an equivalence relation, we only need to prove that CFIg(é, <
, 00) ~x CFI3(G, <,0q) forallq € {1, 2}.

So let us fix q € {1,2}. Since tw(G) > k + 1, the Robber has a winning strategy in the
cops-and-robber game CopRob,,,(G) by Theorem 5.1. We translate the winning strategy for
the Robber in CopRob,.,(G) into a winning strategy for Duplicator in the (k + 1)-bijective
pebble game played on CFIg(é, <, 0p) and CFIg(é, <, 0q). Using Theorem 5.2 this implies that
CFIg(é, <,00) ~k CFIg(é, <,0q) as desired.

For a tuple X = (xq,...,Xk1) € (V(CFI3(G, <, ap)))**!, we define A(X) = (v, ..., Vis1)
where v; € V(G) is the unique vertex such that x; € {v;} X My(v;).

We first construct the bijection f for the initialization round. Let v = (vq,...,Vk41) €
(V(G))**!, and consider a tuple X = (xq, . .., Xks1) € (V(CFI5(G, <, o) ))**! with A(X) = v. Now
let u be the vertex chosen by the Robber if the Cops initially place themselves on A(x). We
define o q: V(G) — Z3 via o q(u) = q and oy q(w) = 0 for allw € V(G) \ {u}. Let P be a path
from u to ug (recall that G is connected), and let ¢ denote the isomorphism from CF13(§, <, Oyq)
to CFIg(é, <, ag) constructed in Lemma 5.3. We set f(X) = (¢(x1), ..., @(Xk+1)). It is easy to see
that this gives a bijection f (we use the same isomorphism ¢ for all tuples x such that A(x) = v).
Observe that x; € V(CFIg(é, <, 0y,q)) since oy q(vi) =0 = ap(v;) for alli € [k +1].

Now, throughout the game, Duplicator maintains the following invariant. Let (X, y) denote
the current position. Then there is a vertex u € V(G) and a bijection ¢: CFIg(é, <, 0yq) —
CFIg(é, <, ) such that

— o(x) =Y,

— u does not appear in the tuple A(x), and

— the Robber wins from the position (A(x), u), i.e., if the Cops are placed on A(x) and the
Robber is on u.

Note that this condition is satisfied by construction after the initialization round. Also observe
that Duplicator never looses the game in such a position. Indeed, since u does not appear in
the tuple A(x), the graphs CFIg(é, <,0p) and CFIg(é, <, 0q,q) are identical when restricted to
vertices from X. Since ¢ is an isomorphism from CFI3(G, <, Qy,q) 1O CFI5(G, <, ag) and o(x) =y,
Duplicator does not loose in the position (X, y).

So it remains to show that Duplicator can maintain the above invariant in each round of
the (k + 1)-bijective pebble game. Suppose (X, y) is the current position. Also let (A(x), u) be
the associated position in the cops-and-robber game. Suppose that A(Xx) = (vy,..., Vks1).

Leti € [k + 1] denote the index chosen by Spoiler. We describe the bijection f chosen by
Duplicator. Let v € V(G). Let 1’ be the vertex the Robber moves to if the Cops choose i and v (i.e.,
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the i-th cop changes its position to v) in the position (A(x), u). Let P denote a path from u to v’
that avoids {vy, ..., Vis1} \ {vi}. Let ¥ denote the isomorphism from CFI(G, oy q) to CFI(G, ay,q)
constructed in Lemma 5.3. We set f(x) := ¢(¥(x)) for all x € {v} x My(v).

It is easy to see that f is a bijection. Let x denote the vertex chosen by Spoiler and let
y = f(x).Letx’ := x[i/x] and Yy’ := y[i/y], i.e., the pair (X’, y’) is the new position of the game.
Also, we set ¢’ := 1) o ¢ where 1 denotes the isomorphism from CFI(G, oy 4) to CFI(G, oy, ) used
in the definition of f(x).

We have ¢’(x) = y by definition. All the other entries of x’ are fixed by the mapping ¥ (see
Lemma 5.3) which overall implies that ¢’(x’) = y’. Also, u’ does not appear in the tuple A(x")
by construction, and the Robber wins from the position (A(x”), ).

So overall, this means that Duplicator can maintain the above invariant which provides
the desired winning strategy. u

Together, Lemmas 5.5 and 5.6 provide pairs of non-isomorphic graphs that are not dis-
tinguished by k-WL assuming tw(G) > k. Next, we argue how to turn these graphs into
tournaments.

We define the tournament T = T(é, <, ) with vertex set
V(T) = V(CFI3(G, <, @) = | ] {v} X Magy (v)
veV(G)

and edge set

ET) = {0 N8| (£.8) € Farm¥)]
(. P w.8)) |v < w A (v (W9} # E(CFIa(G, <, )]
{0, ) [v <w A (v (W) € E(CFI(G, <, )]

We argue that the relevant properties are preserved by this translation.

LEMMA 5.7. Let a, B: V(G) — Z3 be two functions. Then T(é, <,0) = T(é, <, B) if and only if
CFI5(G, <, a) = CFI5(G, <, B).

PROOF. The backward direction is immediately clear since T(é, <,a)and T (5, <, B) are de-
fined from CFIg(é, <,a) and CFIg(é, <, B), respectively, in an isomorphism-invariant manner.
Note that the linear order < on the vertex set of G is encoded into CFIg(é, <,a) and CFIg(é, <, B)
via the vertex-coloring.

Solet ¢: T(G, <,a) = T(G, <, B). The following claim provides the key tool.

CLAIM 5.8. For every (v, f) € V(T(é, <,Q)) there is some g € Mg, (v) such that ¢(v, f) =
(v, 8).
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Proof. Suppose V(G) = {v1,...,vs} wherev; < v;foralli < j € [n]. Fori < j we define

Xij = U {ve} X My(v,) (Vo)

i<f<j

and
Y= U {Ve} X Mgy, (Ve).

i<e<j

Also let X; := X;; and ¥; := Yi;. Let T, := T(G, <,a) and Ty := T(G, <, B).

We argue by induction that ¢(X;) = Y; for alli € [n]. So fix some i € [n] and suppose that
@(X;) =Y, forall j < i. In particular, ¢(X;n) = Yin.

Let w € X;. We have

IN-(W) N Xin| =4+ 3 [Neg(vi) N {Vit1,..., v}
Let € € {i,...,n} such that p(w) € Y,. Then
IN-(p(W)) NYin| =4+ (€£-1)-9—-3-|Ng(ve) N {Vi,...,Ve-1}| +3 - [Ng(ve) N {Vesr, ..., Vn}.
Moreover, using that ¢(X;) =Y; for all j < i, we get that
Ng(vi) N {vy,...,Vi-1} = Ng(ve) N {vy,...,Vi1}

which implies that
ING(vi) N {vi, ..., vn}| = [Ng(ve) N {vi,..., Vn}]

Also
|N—(W) mXi,n| = |N—((P(W)) N Ylnl
All this is only possible if £ =i using that G is 3-regular. So ¢(w) € Y; as desired. L
The claim immediately implies that ¢: CFIg(é, <, Q) = CFIg(é, <, B). u

LEMMA 5.9. Let k > 2 be an integer such that tw(G) > k+ 1. Also let a, B: V(G) — Z3 be two
functions. Then T(é, <, 0) ~g T(é, <, B).

PROOF. Let (v, w) be a winning position for Spoiler in the (k +1)-bijective pebble game played
on T(é, <,a) and T(é, <, B). Then (v, w) is also a winning position for Spoiler in the (k + 1)-
bijective pebble game played on CFlI3(G, <, &) and CFI5(G, <, B). So the lemma follows directly

from Lemma 5.6. [ |

To prove Theorem 1.2, we also need to bound the twin width of the resulting graph. Recall
that t := tww(G"™%) where G denotes the version of G where every edge is colored red.
Also recall that we defined the linear order < on V(G) in such a way that t = tww(G"™Y) =
tww (G, <) (see Equation (3)).
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LEMMA 5.10. For every function a: V(G) — Zs it holds that tww(T(é, <,a)) < max(35,t).

PROOF. Throughout the proof, we define M(v) = M) (v) for every v € V(G). Since G is
3-regular, we have that |[M(v)| =9 for every v € V(G). So |V(T(5, <)) =9-|V(G)|. Also note
that (M (v), M(w)) is homogeneous for all distinct v, w € V(G) such that {v,w} ¢ E(G).

We construct a partial contraction sequence as follows. Let n = |V(G)|. We define
P1, ..., Psn+1 arbitrarily such that Pgpq = {M(v) | v € V(G)}. Since G is 3-regular and
IM(v)| = 9 for every v € V(G), we conclude that (T(@, <,a))/P; has red degree at most
4-9—-1=35foreveryi € [8n+ 1]. Now observe that

twWw((T(G, <, @))/Pans1) < tww(G®%, <) =t.
It follows that tww(T (5, <,a)) < max(35,t) as desired. u

With Lemma 5.10 in hand, we apply the construction T (5, <, o) to a 3-regular base graph
G which has tree width linear in the number of vertices, but the twin width of G" is bounded.
The existence of such graphs has already been observed in [6]. More precisely, the following
theorem follows from combining the arguments from [6, Lemma 5.1] and the results from [5,
39].

THEOREM 5.11. There is a family of 3-regular graphs (Gp)n>1 such that
1. |[V(Gn)| = O(n),
2. tww(G"®9) < 6 (where G'*¢ denotes the version of G, where all edges are turned into red
edges), and
3. tw(Gp) =2 n

for everyn > 1.
Now, we are ready to give a proof for Theorem 1.2.

THEOREM 5.12. For every k > 2 there are non-isomorphic tournaments Ty and T, such that
1. [V(Ti)| = [V(T)| = O(k),
2. tww(Tk) < 35 and tww(T}) < 35, and
3. Tk =k Tlé'

PROOF. Let k > 2. Let Gi4+1 be the 3-regular graph obtained from Theorem 5.11. Note that

We also fix an arbitrary orientation 5k+1 of Gi;+1 and let Gl"{idl

where every edge is replaced by a red edge. We have t := tww(Glﬁdl) < 6 by Theorem 5.11. By

Lemma 2.2 there is some linear order < on V(Gg,1) such that tww(G,iidl, <) <t<6b.

Now fix an arbitrary ug € V(Gk41). For p € Z3 we define the mapping ay: V(Grs1) — Z3
via apy(ug) = p and a,(w) = 0 for all w € V(Gyy1) \ {up}. We define Ty = T(5k+1, <, 0p) and
p( )=1D p

denote the version of Gi,q
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T, = T(Grs1, <, 0t1). We have V(Ti)| = [V(T)| = 9 [V(Gr+1)| = O(k). Also, tww(Tx) < 35
and tww(T,) < 35 by Lemma 5.10. Finally, Ty # T, by Lemmas 5.5 and 5.7, and Ty ~¢ T, by
Lemma 5.9. [ |

6. Twin Width is Smaller Than Other Widths

In this section, we compare twin width with other natural width parameters of tournaments. If
f, g are mappings from (directed) graphs to the natural numbers, we say that f is functionally
smaller than g on a class C of graphs if for every k there is a k’ such that for all graphs G € C, if
g(G) < kthen f(G) < k’. We write f 3¢ g to denote that f is functionally smaller than g on C.
We omit the subscript ¢ if C is the class of all digraphs.

Natural width measures for directed graphs are cut width [14], directed path width, directed
tree width [36], and clique width [18] (see also [48] for width measures on directed graphs).
On the class of tournaments twin width turns out to be functionally smaller than all of these.
For clique width, it has already been shown in [12] that twin width is functionally smaller
than clique width on undirected graphs; the proof easily extends to arbitrary binary relational
structures and hence to tournaments.

We start by giving definitions for the other width measures.

Let G be a digraph. For a linear order < on V(G) and a vertex v € V(G), we let Sc(v) =
{w € V(G) | w < v} be the set of all vertices smaller than or equal to vin <. Let

$<(v) = |Eg(S<(v), V(G) \ S<(v))|

be the number of edges from S<(v) to its complement. The width of < is maxyey () S<(v), and
the cut width ctw(G) is the minimum over the width of all linear orders of V(G).

A directed path decomposition of a digraph G is a mapping 8: [p] — 2V(9, for some p € N,
such that for every vertex v € V(G) there are ¢,r € [p] such that

ve B(t) & £<t<r,

and for all edges (v, w) € E(G) there are ¢,r € [p] with £ < r such thatv € B(r) and w € B(¥).
The sets B(t), t € [p], are the bags of the decomposition. The width of the decomposition is
maXcc[p] |B(t)| — 1, and the directed path width dpw(G) is the minimum width of a directed path
decomposition of G.

A digraph R is a rooted directed tree if there is a vertex ry € V(R) such that for every
t € V(R) there is a unique directed walk from ry to t. Note that every rooted directed tree can
be obtained from an undirected tree by selecting a root ry and directing all edges away from
the root. For t € V(R) we denote by R; the unique induced subgraph of R rooted at t.

Let G be a digraph. A directed tree decomposition of G is a triple (R, 5,y) where R is a
rooted directed tree, f: V(R) — 2V(® and y: E(R) — 2V(® such that
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(D.1) {B(t) |t € V(R)} is a partition of V(G), and
(D.2) for every (s,t) € E(R) the set y(s, t) is a hitting set for all directed walks that start and
end in B(R;) := Uprev(r,) B(t') and contain a vertex outside of B(R;).

For t € V(R) we define I'(t) := B(t) U U(ssee(r) V(S 8') where E(t) denotes the set of edges
incident to t. The width of (R, B,y) is defined as

width(R, B,y) = trerba(ll}ei) IT(t)| — 1.

The directed tree width dtw(G) is the minimum width of a directed tree decomposition of G.
For the reader’s convenience, we include a proof of the following well-known inequalities.

PROPOSITION 6.1. For all digraphs G, it holds that
dtw(G) < dpw(G) < ctw(G).

PROOF. To prove that dtw(G) < dpw(G), let B: [p] — 2V(@ be a directed path decomposition
of G of width k. Let R be the rooted directed tree with vertex set V(R) = [p], E(R) = {(i,i—1) |
2 <i < p},androotry := p. (Thatis, Risthe path1,..., pinreverse order) We let 8'(1) = B(1),
and for2 <i < p,welet B/(i) := B(i) \ B(i—1) and y(i,i — 1) := B(i) n B(i — 1). It is easy to
show that (R, B’,y) is a directed tree decomposition of G of width k.

To prove that dpw(G) < ctw(G), let < be a linear order of G of width k. Without loss of
generality we may assume that V(G) = [n] and < is the natural linear order on [n]. For every
v € [n], let &, := max ({v} UN,(v)). Note that there are at most k vertices u < v such that &, > v.
We define B: [n] — 2V by B(i) := {ve V(G) | v <i < &}. Note that |B(i)| < k + 1. It is easy
to verify that f is a directed path decomposition of G of width at most k. ]

The proposition implies that dtw < dpw < ctw. The following example shows that
tww £ ctw and hence tww £ dpw and tww £ dtw on the class of all digraphs.

EXAMPLE 6.2. For every undirected graph G, let G be the digraph with vertex set V(G) :=
V(G) U E(G) and edge set

E(G) = {(e,v), (e,w) | e = (v,w) € E(G)}.

Suppose that V(G) = {vy,...,v,} and E(G) = {ey,...,en}. Let < be the linear order on V(G)
defined by v; < vjifandonlyifi < j,v; < ejforalli, j,and e; < e; ifand onlyifi < j. Since
there are only backward edges, the width of this linear order is 0. Hence, ctw((?) =0.
However; it is easy to see that the class of all digraphs G for arbitrary G has unbounded
twin width. L 4

In contrast to the last example, it turns out that on the class of tournaments, twin width is
functionally smaller than directed tree width. Actually, this even holds for the larger class of
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semi-complete graphs. A digraph G is semi-complete if for all distinct v, w € V(G) at least one of
the pairs (v, w), (w,v) is an edge. Note that every tournament is semi-complete. We argue that

tww < dtw, 4)

where S denotes the class of all semi-complete digraphs.
To prove (4), we rely on the following result which shows that dpw s dtw.

THEOREM 6.3 ([32, Proposition 5]). Let G be a semi-complete graph. Then
dpw(G) < 4(dtw(G) +2) + 7(dtw(G) + 2) — 1.

Hence, it suffices to show that, on the class of semi-complete digraphs, twin width is
functionally smaller than directed path width.

THEOREM 6.4. Let G be a semi-complete graph. Then tww(G) < dpw(G).

PROOF. Let G be a semi-complete graph of directed path width k, and let 8: [p] — 2") be a
directed path decomposition of G of width k. For every v € V(G), let r(v) € [p] be maximum

such thatv € B(r(v)). Let vy, ..., v, be an enumeration of V(G) such that for alli < j we have
r(vi) <r(vj).
We define a contraction sequence P4, ..., P, of G by contracting the vertices from left to

right. Formally, we define #; := {{v1,...,Vi},{Vi+1},...,{vn}} foralli € [n].

Consider the graph G/%;. Since P; := {v4,...,V;} is the only non-singleton part in #;, every
red edge in G/#; is incident to P;. Suppose {P;, {v;}} is a red edge in G/P; (for some j > i). Then
there are vertices v, w € P; = {vy,...,V;} such that (v, v;), (vj,w) € E(T). Letr := r(v;). Since
v = vy for some i’ < i, we have r(v) < r < r(v;). By the definition of path decompositions, since
(v,vj) € E(T) this implies v; € B(r).

So if an edge {P;, {v;}} isred in G/P;, then v; € B(r). Since we also have v; € f(r) and
|B(r)| < k+ 1, there can be at most k red edges. Hence, the width of Py, ...,P,isatmostk. m

Combining Theorems 6.3 and 6.4, we obtain the following corollary.

COROLLARY 6.5. Let G be a semi-complete graph. Then

tww(G) < 4(dtw(G) + 2) + 7(dtw(G) + 2) — 1.

Note that the corollary implies (4). We close this section with an example showing that
inequality (4) is strict even on tournaments, that is,

dtw £4 tww

where 7 denotes the class of all tournaments.



35/ 37 TheoretiCS

Isomorphism for Tournaments of Small Twin Width

EXAMPLE 6.6. For every n > 1, let T, be the tournament obtained by taking a cycle of length
2n + 1 and directing edges along the shorter path. Formally, we set V(T,) = {0,...,2n} and

E(Ty) = {(i,i+jmod 2n+1) | i €{0,...,2n},j € {1,...,n}}.

Then it is easy to show that tww(T,) < 1, but the directed tree width of the family of all Tj,
n > 1, is unbounded. *

7. Conclusion

We prove that the isomorphism problem for classes of tournaments of bounded (or slowly
growing) twin width is in polynomial time. Many algorithmic problems that can be solved
efficiently on (classes of) tournaments can also be solved efficiently on (corresponding classes
of) semi-complete graphs, that is, directed graphs where for every pair (v, w) of vertices at
least one of the pairs (v, w), (w,Vv) is an edge (see, e.g., [46]). Contrary to this, we remark that
isomorphism of semi-complete graphs of bounded twin width is GI-complete: we can reduce
isomorphism of oriented graphs to isomorphism of semi-complete graphs by replacing each
non-edge by a bidirectional edge. This reduction preserves twin with.

Classes of tournaments of bounded twin width are precisely the classes that are considered
to be structurally sparse. Formally, these are the classes that are monadically dependent, which
means that all set systems definable over the tournaments in such a class have bounded VC
dimension. The most natural set systems definable within a tournament are those consisting of
the in-neighbors of the vertices and of the out-neighbors of the vertices. Bounded twin width
implies that the VC dimension of these two set systems is bounded, but the converse does not
hold. It is easy to see that the VC dimensions of the in-neighbors and out-neighbors systems as
well as the set system consisting of the mixed neighbors of all edges are within a linear factor
of one another. As a natural next step, we may ask if isomorphism of tournaments where the

VC-dimension of these systems is bounded is in polynomial time.
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