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ABSTRACT. Consider two problems about an unknown probability distribution 𝑝:
1. How many samples from 𝑝 are required to test if 𝑝 is supported on 𝑛 elements or not?

Specifically, given samples from 𝑝, determine whether it is supported on at most 𝑛 elements,
or it is “𝜀-far” (in total variation distance) from being supported on 𝑛 elements.

2. Given 𝑚 samples from 𝑝, what is the largest lower bound on its support size that we can
produce?

The best known upper bound for problem (1) uses a general algorithm for learning the histogram
of the distribution 𝑝, which requires Θ( 𝑛

𝜀2 log 𝑛) samples. We show that testing can be done more
efficiently than learning the histogram, using only 𝑂( 𝑛

𝜀 log 𝑛 log(1/𝜀)) samples, nearly matching
the best known lower bound of Ω( 𝑛

𝜀 log 𝑛). This algorithm also provides a better solution to
problem (2), producing larger lower bounds on support size than what follows from previous
work. The proof relies on an analysis of Chebyshev polynomial approximations outside the
range where they are designed to be good approximations, and the paper is intended as an
accessible self-contained exposition of the Chebyshev polynomial method.
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1. Introduction

Sadly, it is often necessary to make decisions based on probability distributions. For example,
you may need to make a decision based on the support size of an unknown distribution:

EXAMPLE 1.1. There is a population of fish in the lake, which may be described as a probability
distribution 𝑝 over the set of possible fish species. You want to preserve a specimen of each
species. You have no idea how many fish or fish species there are, and you only have 10000
sample jars. Is that enough, or should you buy more? You would like to decide between:

1. There are at most 10000 species of fish in the lake. (You have enough jars.)
2. Any collection of 10000 species will miss at least 0.1% of the population, i.e. 0.1% of the

fish will belong to species not in the collection. (You need more jars.)

The näıve strategy is to sample random fish until you have filled all the jars, and if you continue
to see new species, buy more jars. Of course, you prefer to predict in advance if you need more
jars. How many fish do you need to sample before you can make this decision (and be correct
with probability at least 99%)? ■

The best known algorithms for making this type of decision work by learning the histogram
of the distribution (the unordered multiset of nonzero probabilities densities {𝑝𝑖 |𝑝𝑖 ≠ 0}). In
this paper we show there is a more sample-efficient way to do it. Formally, the problem is
to distinguish between distributions with support size at most 𝑛, and those which are 𝜀-far
from having support size at most 𝑛. We say 𝑝 is 𝜀-far from having support size at most 𝑛 when,
for every probability distribution 𝑞 with support size | supp(𝑞) | ≤ 𝑛, the total variation (TV)
distance between 𝑝 and 𝑞 is distTV(𝑝, 𝑞) > 𝜀. Then:

DEF IN IT ION 1.2 (Testing Support Size). A support-size tester with sample complexity𝑚(𝑛, 𝜀, 𝜎)
is an algorithm 𝐴 which takes as input the parameters 𝑛 ∈ N, 𝜀 ∈ (0, 1), and 𝜎 ∈ (0, 1). It draws
a multiset 𝑺 of 𝑚 = 𝑚(𝑛, 𝜀, 𝜎) independent samples from an unknown probability distribution
𝑝 over N, and its output must satisfy:

1. If | supp(𝑝) | ≤ 𝑛 then P
𝑺
[𝐴(𝑺) outputs Accept] ≥ 𝜎; and

2. If 𝑝 is 𝜀-far from having support size at most 𝑛, then P
𝑺
[𝐴(𝑺) outputs Reject] ≥ 𝜎.

Unless otherwise noted, we set 𝜎 = 3/4.

Testing support size is a basic statistical decision problem (see e.g. the textbook [12, §11.4]
and recent work [18, 2, 3, 26]) that underlies many other commonly studied tasks. For example,
it is a decision version of the problem of estimating support size – a problem whose history dates
back to Fisher [11], Goodman [20], and Good & Turing [19]; see [7] for a survey, and more recent
work including [30, 33, 34, 37, 25]. Testing support size is also important for understanding the
testing vs. learning question in property testing.
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1.1 Testing vs. Learning Distributions
Testing support size is a distribution testing problem, which is a type of property testing. A basic
technique in property testing is the testing-by-learning approach of [15], where the tester learns
an approximation of the input and makes its decision based on this approximation. One of the
guiding questions in property testing is: When can this technique be beaten?

It requires Θ(𝑛/𝜀2) samples to learn a distribution 𝑝 over domain [𝑛], up to TV distance 𝜀
(see e.g. the survey [8]). Remarkable and surprising recent work [33, 34, 21, 24] proves that the
histogram of distributions 𝑝 over [𝑛] can be learned with only Θ( 𝑛

𝜀2 log 𝑛) samples — a vanishing
fraction of the domain. This means one can test the support size – or perform several other
tasks – using 𝑂( 𝑛

𝜀2 log 𝑛) samples to learn the histogram. As noted in the textbook [12] and recent
work [18, 3], this testing-by-learning algorithm gives the best known upper bound for testing
support size when the true support size is promised to satisfy | supp(𝑝) | = 𝑂(𝑛). Without this
promise there does not appear to be a simple way to obtain a similar bound from known results
(see [18, pp.21] and the discussion in Appendix C, where we sketch arguments to obtain bounds
of 𝑂( 𝑛

𝜀3 log 𝑛) from [35]). We show that the testing-by-learning algorithm can be beaten, while
also removing any restriction on the true support size:

THEOREM 1.3. For all 𝑛 ∈ N and 𝜀 ∈ (0, 1), the sample complexity of testing support size of an
unknown distribution 𝑝 (over any countable domain) is at most

𝑚(𝑛, 𝜀) = 𝑂
(

𝑛

𝜀 log 𝑛
· min {log(1/𝜀), log 𝑛}

)
.

In terms of Example 1.1, if you have 𝑛 jars, you can decide whether to buy more jars
after taking𝑂( 𝑛

𝜀 log 𝑛 log(1/𝜀)) samples, filling less than a sublinear𝑂( log(1/𝜀)
𝜀 log 𝑛 )-fraction of the jars.

Theorem 1.3 nearly matches the best known lower bound of Ω( 𝑛
𝜀 log 𝑛) (which can be deduced

from lower bounds of [33, 37]). An important note about this problem is that, in the setting of
Theorem 1.3, the related problem of estimating the support size is impossible: the unknown
support size of 𝑝 is unbounded and the probability densities 𝑝𝑖 can be arbitrarily small. If
one makes assumptions to avoid these issues, then there are tight bounds of Θ( 𝑘

log 𝑘 log2(1/𝜀))
for estimating the support size up to ±𝜀𝑘 when each nonzero density 𝑝𝑖 is promised to satisfy
𝑝𝑖 > 1/𝑘 [37, 25] (see also [30, 33, 1, 34]). Recalling Example 1.1, 𝑘 would be the total number of
fish in the lake, whereas in our results 𝑛 is the number of species.

1.2 Good Lower Bounds on Support Size
Quoting I. J. Good in [7], “I don’t believe it is usually possible to estimate the number of unseen
species [i.e. support size]. . . but only an approximate lower bound to that number.” So, in lieu of
an estimate, what is the best lower bound we can get?
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QUEST ION 1.4. Given 𝑚 samples from a distribution 𝑝 and parameter 𝜀 ∈ (0, 1), what is the
biggest number 𝑆 that we can output, while still satisfying 𝑆 ≤ (1 + 𝜀) | supp(𝑝) |?

Our algorithm can produce lower bounds as large as Ω( 𝜀
log(1/𝜀)𝑚 log𝑚) out of only 𝑚

samples. Let us formalize the quality of these lower bounds. A reasonable target for such a
“Good” lower bound 𝑆 is that it should exceed the 𝜀-effective support size, the smallest number
of elements covering 1 − 𝜀 probability mass:

DEF IN IT ION 1.5 (Effective support size). For any probability distribution 𝑝 over N and any
𝜀 ∈ (0, 1), we define the 𝜀-effective support size eff𝜀(𝑝) as the smallest number 𝑘 ∈ N such that
there exists distribution 𝑞 with | supp(𝑞) | = 𝑘 and distTV(𝑝, 𝑞) ≤ 𝜀.

With no assumptions on the distribution, the effective support size is a more natural target for
estimation, because it accounts for the fact that an arbitrarily large number of elements in the
support may comprise an arbitrarily small probability mass. Effective support size was used
in [9, 4], and algorithms for estimating it were analyzed in [14, 27, 13], but these algorithms
assume the algorithm can learn the probability densities 𝑝𝑖 by quering element 𝑖. Our algorithm
provides a Good lower bound using only samples:

COROLLARY 1.6. For all 𝑛 ∈ N and 𝜀 ∈ (0, 1), there is an algorithm which draws at most

𝑂

(
𝑛

𝜀 log 𝑛
· min{log(1/𝜀), log 𝑛}

)
samples from an arbitrary distribution 𝑝, and outputs a number 𝑆 which satisfies (with probability
at least 3/4)

min{eff𝜀(𝑝), 𝑛} ≤ 𝑆 ≤ (1 + 𝜀) | supp(𝑝) | .

We are not aware of any prior work focusing on this type of guarantee, although it seems quite
natural: the value 𝑆 output by the algorithm can be used for problems like Example 1.1 to
predict the resources required for a task depending on support size. The algorithm will tell us
either:

1. If 𝑆 < 𝑛 (which would be the case if we were promised, say, | supp(𝑝) | < 𝑛/2), then 𝑆 units
(jars) suffice to cover the distribution up to the removal of 𝜀 mass, and fewer than ≈ 𝑆

units will fail to cover the whole distribution. Furthermore, we obtain this estimate using
fewer samples than required to learn the histogram.

2. If 𝑆 ≥ 𝑛, then we have learned that we need more than ≈ 𝑆 units to cover the distribution.

Let us translate this result into an answer for Question 1.4. For a fixed sample size𝑚, the näıve ap-
proach, taking 𝑆 to be the number of unique elements appearing in the sample, produces a lower
bound 𝑆 ≤ | supp(𝑝) | that exceeds min{eff𝜀(𝑝),Θ(𝜀𝑚)} (see Proposition 2.2). The histogram
learners (if they were proved to succeed on this task without an assumption on true support
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size) produce a lower bound 𝑆 ≤ (1 + 𝜀) | supp(𝑝) | that exceeds min{eff𝜀(𝑝),Θ(𝜀2𝑚 log𝑚)}. Our
algorithm improves this lower bound up to min{eff𝜀(𝑝),Θ( 𝜀

log(1/𝜀)𝑚 log𝑚)}.

1.3 Testing vs. Learning Boolean Functions
Testing support size of distributions is also important for understanding testing vs. learning of
Boolean functions. Arguably the most well understood model of learning is the distribution-free
sample-based PAC model: The algorithm receives samples of the form (𝑥, 𝑓 (𝑥)) where 𝑥 ∼ 𝑝

is drawn from an unknown distribution, and labeled by an unknown function 𝑓 : X → {0, 1},
which is promised to belong to a hypothesis class H . The algorithm should output a function
𝑔 ∈ H such that P𝑥∼𝑝[ 𝑓 (𝑥) ≠ 𝑔 (𝑥)] ≤ 𝜀. (Requiring 𝑔 ∈ H is called proper PAC learning.)

Whereas the PAC learner assumes the input 𝑓 belongs to the hypothesis class H , a tester
for H is an algorithm which tests this assumption:

DEF IN IT ION 1.7 (Distribution-free sample-based testing; see formal Definition 5.1). Given
labeled samples (𝑥, 𝑓 (𝑥)) with 𝑥 ∼ 𝑝 drawn from unknown distribution 𝑝 and labeled by
unknown function 𝑓 , decide whether (1) 𝑓 ∈ H or (2) 𝑓 is 𝜀-far from all functions 𝑔 ∈ H ,
meaning P

𝑥∼𝑝
[ 𝑓 (𝑥) ≠ 𝑔 (𝑥)] ≥ 𝜀.

Testing H can be done by running a proper PAC learner and checking if it worked [15].
One motivation for testing algorithms is to aid in model selection, i.e. choosing an appropriate
hypothesis class H for learning. To be useful for this, the tester should be more efficient than the
learner. The sample complexity of proper PAC learning is between Ω(VC/𝜀) and 𝑂( VC

𝜀 log(1/𝜀)),
where VC is the VC dimension of H (and there are examples where either bound is tight) [6, 23,22]. But there is no similar characterization of the sample complexity for testing, and it is not
known when it is possible to do better than the testing-by-PAC-learning method.

In fact, very little is known about property testing in the distribution-free sample-based
setting, and there are not many positive results (see e.g. [16, 12, 31, 5, 32]). For example, the basic
class H𝑛 of functions 𝑓 : N→ {0, 1} with | 𝑓 −1(1) | ≤ 𝑛 has a tight bound of Θ(VC/𝜀) for proper
learning with samples, but for testing with samples, tight bounds in terms of both VC and 𝜀
are not known1. Using the lower bounds of [34, 37] for support size estimation, [5] show lower
bounds of the form Ω( VC

𝜀 log VC) for this class and several others (e.g. halfspaces, 𝑘-alternating
functions &c.). This still leaves room for interesting upper bounds: any bound of 𝑜(VC/𝜀) means
that the tester is doing something significantly different from testing-by-PAC-learning.

Indeed, [16] show an upper bound of 𝑂( VC
𝜀2 log VC) samples for testing H𝑛 (with the extra

promise that 𝑓 −1(1) ⊂ [2𝑛]), by learning the distribution instead of the function: their algorithm
learns the histogram of the underlying distribution 𝑝 on the subdomain 𝑓 −1(1), with some
adjustments to handle the fact that the probability mass of 𝑝 inside 𝑓 −1(1) may be small. This

1 If the domain N is replaced with [𝐶𝑛] for constant 𝐶, and queries are allowed, then 𝑂(1/𝜀2) queries suffice.
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shows that the lower bound of [5] from support-size estimation is sometimes tight in terms of
the VC dimension, and hints at a closer connection to distribution testing. We give a simple proof
of a tighter and cleaner relationship – that testing support size of distributions and functions
are essentially the same problem.

THEOREM 1.8 (Equivalence of testing support size for distributions and functions). Let
𝑚DIST(𝑛, 𝜀, 𝜎) be the sample complexity for testing support size with success probability 𝜎. Let
𝑚FUN(𝑛, 𝜀, 𝜎) be the sample complexity for distribution-free sample-based testing H𝑛 with success
probability 𝜎. Then ∀ 𝑛 ∈ N, 𝜀, 𝜎 ∈ (0, 1), and 𝜉 ∈ (0, 1 − 𝜎),

𝑚DIST(𝑛, 𝜀, 𝜎) ≤ 𝑚FUN(𝑛, 𝜀, 𝜎) ≤ 𝑚DIST(𝑛, 𝜀, 𝜎 + 𝜉) + 𝑂
(

log(1/𝜉)
𝜀

)
.

With Theorem 1.3, this improves the best upper bound for testing H𝑛 from 𝑂( VC
𝜀2 log VC) [16]

to𝑂( VC
𝜀 log VC log(1/𝜀)). So, not only can H𝑛 be tested more efficiently than learned, but even more

efficiently than the histogram of the underlying distribution can be learned.
We note also that there are reductions from testing the class H𝑛 to testing several other

classes like 𝑘-alternating functions, halfspaces, and decision trees [5, 10], which emphasizes
the role of testing support size of distributions to the testing vs. learning question for Boolean
functions.

1.4 Techniques and Open Problems
The first part of our proof closely follows the optimal upper bound of [37] for the support size
estimation problem. In short, if domain element 𝑖 has probability density 𝑝𝑖 and appears 𝑁𝑖
times in the sample, the estimator of [37] outputs

∑
𝑖 𝑓 (𝑁𝑖), where 𝑓 (𝑁𝑖) is constructed such

that E [ 𝑓 (𝑵 𝑖)] = 𝑄(𝑝𝑖) where 𝑄(𝑝𝑖) is a function satisfying 𝑄(𝑝𝑖) ≈ 1 [𝑝𝑖 > 0]. If this can be
done, then

E

[∑︁
𝑖

𝑓 (𝑵 𝑖)
]
=

∑︁
𝑖

𝑄(𝑝𝑖) ≈ | supp(𝑝) |.

They make the necessary assumption that every nonzero density satisfies 𝑝𝑖 > 1/𝑛, allowing
them to use Chebyshev polynomials to define a suitable𝑄 where𝑄(𝑝𝑖) ≈ 1 [𝑝𝑖 > 1/𝑛]. Section 2
explains why Chebyshev polynomials arise naturally.

We follow the same strategy, although we no longer have any assumption on the nonzero
densities. We construct a Chebyshev polynomial approximation 𝑄(𝑝𝑖) ≈ 1 [𝑝𝑖 > ℓ] for carefully
chosen ℓ (depending on 𝜀 and 𝑛). The main challenge is to account for the densities 0 < 𝑝𝑖 < ℓ,
where the Chebyshev polynomial is not “designed” to be a good approximation, i.e. 𝑄(𝑝𝑖) 0
1 [𝑝𝑖 > 0].

Main idea: We establish a tradeoff between the number of “heavy elements” with 𝑝𝑖 > ℓ (on
which the polynomial approximation satisfies 𝑄(𝑝𝑖) ≈ 1), and the value of the estimator on the
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“light elements” with 𝑝𝑖 ≤ ℓ. This is proved in Section 3.6, with an easier version giving a worse
bound in Section 3.5. The easier version uses concavity of 𝑄 on (0, ℓ) to show 𝑄(𝑝𝑖) ≳ 𝑝𝑖/ℓ
(Proposition 3.14). In this case, we use ℓ ≈ 𝜀/𝑛. This gives us a tradeoff of the form∑︁

𝑖

𝑄(𝑝𝑖) ≈ #{heavy elements} + 𝑛
𝜀

∑︁
light 𝑖

𝑝𝑖 . (1)

Then, what remains to show is that, when 𝑝 is 𝜀-far from | supp(𝑝) | ≤ 𝑛, this quantity is large
(and then bound the variance of the estimator, which depends on the degree of the polynomial
approximation). To get a better bound on the sample size and prove our main theorem, we use
a different setting of parameters in our polynomial approximation, and we establish a more
complicated tradeoff than Equation (1) (see Proposition 3.25), essentially∑︁

𝑖

𝑄(𝑝𝑖) ≥
(
𝑛 + 𝜀

𝑝∗

)
𝑄(𝑝∗), (2)

where 𝑝∗ is the 𝑛𝑡ℎ largest density and 𝜀 is the distance to | supp(𝑝) | ≤ 𝑛, and we characterize
the worst-case behaviour of this tradeoff.

Open questions. The sample complexity upper bound from Theorem 1.3 leaves a small gap
compared to the best known lower bound of Ω( 𝑛

𝜀 log 𝑛) from [33, 37]. Can we close this gap?
We remark that our proof strategy does not allow us to improve any of our parameters (see
Remark 3.31), and therefore we suspect that our upper bound is tight, unless there is a better
algorithmic strategy (say, a non-linear estimator).

We may also ask for a tolerant tester [29], i.e. an algorithm that accepts not only when
𝑝 has support size at most 𝑛, but also when 𝑝 is 𝜀′-close to such a distribution for some 𝜀′ <
𝜀. Equivalently, we wish to distinguish between eff𝜀′ (𝑝) ≤ 𝑛 and eff𝜀(𝑝) > 𝑛. Our tester
from Theorem 1.3, like any sample-based tester, enjoys the very small amount of tolerance
𝜀′ = Θ(1/𝑚(𝑛, 𝜀)). Under the promise that the true support size satisfies | supp(𝑝) | = 𝑂(𝑛),
algorithms for learning the histogram [33, 34, 21, 24] imply an upper bound of 𝑂

(
𝑛

(𝜀−𝜀′)2 log 𝑛

)
for tolerant testing of support size, and in Appendix C we discuss how the techniques of [35]
may plausibly allow one to drop the support size assumption at the cost of higher dependence
on 𝜀 − 𝜀′. Can we achieve 𝑛

log 𝑛 · 𝑂
(

1
(𝜀−𝜀′)2

)
?

1.5 Organization
One may treat the first part of our paper (up to Remark 3.8) as an alternative self-contained
exposition of [37], and we intend the paper to be as clear and accessible an explanation of the
Chebyshev polynomial method as possible (we also refer the reader to the textbook [38] on
polynomial methods in statistics).

Section 2 sets up the testing algorithm using generic parameters.
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Section 3 places Constraints I to IV on the parameters in order to guarantee the success of
the tester, and then in Section 3.5 we optimize the parameters to complete a weaker (but
simpler) version of Theorem 1.3. The stronger version follows by replacing Constraint IV
with the looser Constraint IVb in Section 3.6.

Section 4 proves that the algorithm outputs a lower bound on support size, Corollary 1.6.
Section 5 proves equivalence of testing support size of distributions and functions, Theorem 1.8.

2. Defining a Test Statistic

We begin by defining a “test statistic” 𝑆 which the tester will use to make its decision – the tester
will output Accept if 𝑆 is small and output Reject if it is large. But our test statistic will require
log(1/𝜀) < log(𝑛), so we first handle the case where the parameter 𝜀 is very small.

2.1 Small 𝜺
If 𝜀 is small enough that log(1/𝜀) = Ω(log 𝑛), we will use the following simple tester. This result
is folklore (appearing e.g. in [18, 2, 3]) but we include a proof for the sake of completeness. We
start with the following simple observation:

OBSERVAT ION 2 .1. For any 𝑛 ∈ N, 𝜀 ∈ (0, 1), and probability distribution 𝑝, 𝑝 is 𝜀-far from
having support size at most 𝑛 if and only if eff𝜀(𝑝) > 𝑛.

Using this observation, we give

PROPOS IT ION 2 .2. There is an algorithm which, given inputs 𝑛 ∈ N, 𝜀 ∈ (0, 1), and sample
access to an arbitrary distribution 𝑝, draws at most 𝑂(𝑛/𝜀) samples from 𝑝 and outputs a number
𝑺̂ which (with probability at least 3/4) satisfies

min{eff𝜀(𝑝), 𝑛} ≤ 𝑺̂ ≤ | supp(𝑝) | .

In particular, there is a support size tester using 𝑂(𝑛/𝜀) samples, obtained by running this algo-
rithm with parameters 𝑛 + 1, 𝜀 and outputting Accept if and only if 𝑺̂ ≤ 𝑛.

PROOF . Write 𝑘 ..= min{𝑛, eff𝜀(𝑝)}. Let 𝑚 ..= 10𝑛/𝜀. The algorithm draws 𝑚 independent
random samples from 𝑝 and outputs 𝑺̂, defined as the number of distinct domain elements in
the sample.

It is clear that 𝑺̂ ≤ | supp(𝑝) | with probability 1. To show that 𝑺̂ ≥ min{eff𝜀(𝑝), 𝑛}, suppose
we draw an infinite sequence of independent random samples 𝑺 = {𝒔1, 𝒔2, . . . } from 𝑝. For
each 𝑖 ∈ N, define the random variable 𝒕𝑖 as the smallest index 𝒕𝑖 ∈ [𝑚] such that the multiset
{𝒔1, . . . , 𝒔𝒕𝑖} is supported on 𝑖 unique elements. Note that 𝒕1 = 1.
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CLAIM 2 .3. For all 𝑖 ∈ {2, . . . , 𝑘}, E [𝒕𝑖 − 𝒕𝑖−1] ≤ 1/𝜀.

PROOF OF CLA IM. Write 𝑺𝑡 ..= {𝒔1, . . . , 𝒔𝑡} as the prefix of 𝑺 up to element 𝑡. Fix any 𝑡𝑖−1.
Conditional on the event 𝒕𝑖−1 = 𝑡𝑖−1, the multiset 𝑺𝑡𝑖−1 = {𝒔1, . . . , 𝒔𝑡𝑖−1} is supported on 𝑖 − 1 < 𝑘

elements. Then 𝑝(supp(𝑺𝑡𝑖−1)) < 1 − 𝜀 since 𝑝 is 𝜀-far from having support size at most 𝑘 − 1
by Observation 2.1. Therefore for every 𝑡 > 𝑡𝑖−1 we have P

[
𝒔𝑡 ∉ 𝑺𝑡𝑖−1 | 𝒕𝑖−1 = 𝑡𝑖−1

]
> 𝜀, so

E [𝒕𝑖 − 𝒕𝑖−1] ≤ 1/𝜀. ■

From this claim we may deduce E [𝒕𝑘] ≤ 𝒕1 + (𝑘 − 1)/𝜀 ≤ 𝑛/𝜀, so by Markov’s inequality

P [𝒕𝑘 > 10𝑛/𝜀] ≤ 1/10 .

Therefore if 𝑚 ≥ 10𝑛/𝜀 the tester will see at least 𝑘 unique elements in a sample of size 𝑚, with
probability at least 9/10. ■

2.2 The test statistic
We now turn to the case where 𝜀 is large. Specifically, we fix a small universal constant 𝑎 ∈ (0, 1)
(e.g. 𝑎 = 1/128 suffices; we prioritize clarity of exposition over optimizing constants) and
assume:

ASSUMPT ION 2 .4. For every 𝑛 ∈ N, we assume 𝑛−𝑎 < 𝜀 < 1/3, so that log(1/𝜀) < 𝑎 log 𝑛.

We will write 𝑺 ⊂ N for the (random) multiset of samples received by the algorithm.

DEF IN IT ION 2 .5 (Sample Histogram). For a fixed multiset 𝑆 ⊂ N, the sample histogram is the
sequence 𝑁𝑖 where 𝑁𝑖 is the number of times 𝑖 ∈ N appears in 𝑆. If 𝑺 is a random multiset then
we write 𝑵 𝑖 .

The goal will be to find the best function 𝑓 to plug in to the following definition of our test
statistic; we will show how to choose 𝑓 in Section 2.3 and the remainder of the paper, but for
now we leave it undetermined.

DEF IN IT ION 2 .6 (Test statistic). For a given function 𝑓 : {0} ∪ N→ R (which is required to
satisfy 𝑓 (0) = −1), we define a test statistic as follows. On random sample 𝑺,

𝑺̂ ..=
∑︁
𝑖∈N

(1 + 𝑓 (𝑵 𝒊)) .

Given an appropriate function 𝑓 and resulting test statistic, we define our support-size
tester:

DEF IN IT ION 2 .7 (Support-Size Tester). Given parameters 𝑛 ∈ N and 𝜀 ∈ (0, 1) our tester
chooses 𝑚 independent samples 𝑺 from the distribution 𝑝, and outputs Accept if and only if

𝑺̂ < (1 + 𝜀/2)𝑛 .
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REMARK 2 .8. Our test statistic is a linear estimator (see e.g. [33, 36, 34, 37]) because it can be
written as

𝑺̂ =

𝑚∑︁
𝑗=1

𝑭 𝒋 · (1 + 𝑓 ( 𝑗)) ,

where 𝑭 𝒋 is the number of elements 𝑖 ∈ N which occur 𝑗 times in the sample 𝑺, i.e. 𝑵 𝒊 = 𝑗. The
sequence 𝑭1, 𝑭2, . . . is known as the fingerprint.

A standard trick to ease the analysis is to consider instead the Poissonized version of the
algorithm.

DEF IN IT ION 2 .9 (Poissonized Support-Size Tester). Given parameters 𝑛 ∈ N and 𝜀 ∈ (0, 1)
our tester chooses 𝒎 ∼ Poi(𝑚) and then takes 𝒎 independent samples 𝑺 from the distribution
𝑝, and outputs Accept if and only if

𝑺̂ < (1 + 𝜀/2)𝑛 .

The advantages of Poissonization are these (see e.g. the survey [8]):

FACT 2 .10. Let 𝑺 be the sample of size 𝒎 ∼ Poi(𝑚) drawn by the Poissonized tester. Then the
random variables 𝑵 𝒊 are mutually independent and are distributed as

𝑵 𝒊 ∼ Poi(𝑚𝑝𝑖) .

FACT 2 .1 1. If there is a Poissonized support-size tester with sample complexity 𝑚(𝑛, 𝜀) and
success probability 𝜎, then there is a standard support-size tester with sample complexity at most
𝑂(𝑚(𝑛, 𝜀)) and success probability 0.99𝜎.

2.3 Choosing a function 𝒇

Now we see how to choose the function 𝑓 to complete Definition 2.6. To motivate the choice,
compute the expected value of the statistic:

PROPOS IT ION 2 .12. For any given finitely supported 𝑓 : {0} ∪ N → R with 𝑓 (0) = −1 and
parameter 𝑚, the (Poissonized) test statistic 𝑺̂ satisfies

E
[
𝑺̂
]
=

∑︁
𝑖∈N

(1 + 𝑒−𝑚𝑝𝑖𝑃(𝑝𝑖)) (3)

where 𝑃(𝑥) is the polynomial

𝑃(𝑥) =
∞∑︁
𝑗=0

𝑓 ( 𝑗)𝑚
𝑗

𝑗!
𝑥 𝑗 .
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PROOF . Using Fact 2.10,

E
[
𝑺̂
]
=

∑︁
𝑖∈N
E [1 + 𝑓 (𝑵 𝒊)] =

∑︁
𝑖∈N

©­«1 +
∑︁
𝑗≥0
P [𝑵 𝑖 = 𝑗] 𝑓 ( 𝑗)ª®¬ =

∑︁
𝑖

©­«1 +
∑︁
𝑗≥0

𝑒−𝑚𝑝𝑖 (𝑚𝑝𝑖) 𝑗
𝑗!

𝑓 ( 𝑗)ª®¬
=

∑︁
𝑖

©­«1 + 𝑒−𝑚𝑝𝑖
∑︁
𝑗≥0

𝑚 𝑗 𝑓 ( 𝑗)
𝑗!

𝑝
𝑗
𝑖

ª®¬ =
∑︁
𝑖

(
1 + 𝑒−𝑚𝑝𝑖𝑃(𝑝𝑖)

)
. ■

For convenience, we define

DEF IN IT ION 2 .13. For given polynomial 𝑃(𝑥), define

𝑄(𝑥) ..= 1 + 𝑒−𝑚𝑥𝑃(𝑥) ,

so that 𝑄(𝑝𝑖) quantifies the contribution of element 𝑖 ∈ N to the expected value of 𝑺̂:

E
[
𝑺̂
]
=

∑︁
𝑖∈N

𝑄(𝑝𝑖) . (4)

If we could set 𝑄(𝑥) = 1 [𝑥 > 0] then E
[
𝑺̂
]
= | supp(𝑝) |. But this means 𝑃(0) = −1 while

𝑃(𝑥) = 0 for all 𝑥 > 0, which is not a polynomial. Our goal is therefore to choose a polynomial
𝑃 which approximates this function as closely as possible.

Specifically, if we choose any coefficients 𝑎1, . . . , 𝑎𝑑 , we may then define

𝑓 ( 𝑗) ..=


𝑎 𝑗

𝑗!
𝑚 𝑗 if 𝑗 ∈ [𝑑]

−1 if 𝑗 = 0

0 if 𝑗 > 𝑑

to obtain the degree-𝑑 polynomial

𝑃𝑑 (𝑥) ..=

∞∑︁
𝑗=0

𝑓 ( 𝑗)𝑚
𝑗

𝑗!
𝑥 𝑗 =

©­«
𝑑∑︁
𝑗=1

𝑎 𝑗𝑥
𝑗ª®¬ − 1 ,

which satisfies the necessary condition 𝑃𝑑 (0) = −1. The other condition that we want 𝑃𝑑 (𝑥) to
satisfy is that 𝑃𝑑 (𝑥) ≈ 0 for 𝑥 > 0. This cannot be achieved by a low-degree polynomial, but we
can instead ask for 𝑃𝑑 (𝑥) ≈ 0 inside a chosen “safe interval” [ℓ, 𝑟]. In other words, we want a
polynomial which satisfies 𝑃𝑑 (0) = −1 and

max
𝑥∈[ℓ,𝑟]

|𝑃𝑑 (𝑥) | ≤ 𝛿 ,

for some small 𝛿. The lowest-degree polynomials which satisfy these conditions are known as
the (shifted and scaled) Chebyshev polynomials, which we define in Section 2.4.

REMARK 2 .14. In the support-size estimation problem, there is a lower bound 𝑝𝑖 ≥ 1/𝑛 on
the nonzero densities, so [37] choose a “safe interval” [ℓ, 𝑟] with ℓ = 1/𝑛, so that there is no
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density 𝑝𝑖 to the left of the interval, 𝑝𝑖 ∈ (0, ℓ). In our problem, we do not have this guarantee,
and therefore we must handle values 𝑝𝑖 that do not fall in the “safe” interval [ℓ, 𝑟].

2.4 Chebyshev polynomials and the definition of 𝑷𝒅

For a given degree 𝑑, the Chebyshev polynomial 𝑇𝑑 (𝑥) is the polynomial which grows fastest on
𝑥 > 1 while satisfying |𝑇𝑑 (𝑥) | ≤ 1 in the interval 𝑥 ∈ [−1, 1].

DEF IN IT ION 2 .15 (Chebyshev polynomials). We write 𝑇𝑑 (𝑥) for the degree-𝑑 Chebyshev
polynomial. These can be defined recursively as

𝑇0(𝑥) ..= 1

𝑇1(𝑥) ..= 𝑥

𝑇𝑑 (𝑥) ..= 2𝑥 · 𝑇𝑑−1(𝑥) − 𝑇𝑑−2(𝑥) .

𝑇𝑑 (𝑥) may also be computed via the following closed-form formula: For all 𝑑 ∈ N and 𝑥 ∈ R,

𝑇𝑑 (𝑥) =
1
2

((
𝑥 +

√
𝑥2 − 1

)𝑑
+

(
𝑥 −

√
𝑥2 − 1

)𝑑)
.

We want the polynomials 𝑃𝑑 (𝑥) to be bounded in [ℓ, 𝑟] and to grow fast on 𝑥 ∈ [0, ℓ) so
that 𝑃𝑑 (0) = −1. So we define a map 𝜓 which translates [ℓ, 𝑟] to [−1, 1],

𝜓(𝑥) ..= −2𝑥 − 𝑟 − ℓ
𝑟 − ℓ

so 𝜓(0) = 𝑟+ℓ
𝑟−ℓ . For convenience we write

𝛼 ..=
ℓ

𝑟

so that 𝜓(0) = 1 + 2𝛼
1−𝛼 . We now define

DEF IN IT ION 2 .16 (Shifted & Scaled Chebyshev Polynomials). For any 𝑑, define

𝑃𝑑 (𝑥) ..= −𝛿𝑇𝑑 (𝜓(𝑥)) ,

where 𝛿 ..= 1
𝑇𝑑 (1+ 2𝛼

1−𝛼)
.

This way, as required,

𝑃𝑑 (0) = −𝛿𝑇𝑑 (𝜓(0)) = −1 , and |𝑃𝑑 (𝑥) | ≤ 𝛿 for 𝑥 ∈ [ℓ, 𝑟] .

We illustrate the Chebyshev polynomial𝑇𝑑 (𝑥) and the shifted and scaled result𝑄(𝑝𝑖) in Figure 1.
The resulting function values 𝑓 (𝑵 𝒊) which define our test statistic are given in Proposition A.4.
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1.01 0.00 1.01

1

0

1

(a) 𝑇11(𝑥), 𝑥 ∈ [−1.01, 1.01].

0 r 2r
0.0

0.5

1.0

(b) 𝑄(𝑝𝑖) = 1 + 𝑒−𝑚𝑝𝑖𝑃11(𝑝𝑖).

Figure 1. The polynomial 𝑇11(𝑥) and the resulting 𝑄(𝑝𝑖) = 1 + 𝑒−𝑚𝑝𝑖𝑃𝑑(𝑝𝑖) for 𝑑 = 11 and certain choices of
ℓ, 𝑟, 𝑛, 𝑚. The ‘safe’ interval [ℓ, 𝑟] is between the two vertical lines in Figure 1b. See that 𝑄(𝑝𝑖) is an
approximation of the ‘idealized’ function 𝑄(𝑝𝑖) = 1 [𝑝𝑖 > 0].

3. Choosing Parameters

Our goal is now:

GOAL 3.1. Choose degree 𝑑 and “safe interval” [ℓ, 𝑟] such that the (Poissonized) support-size
tester in Definition 2.9, instantiated with the (shifted and scaled) Chebyshev polynomial 𝑃𝑑 ,
works with the smallest sample size parameter 𝑚, even though densities 𝑝𝑖 may not belong to
[ℓ, 𝑟].

To do this, we will set up a series of constraints that these parameters must satisfy in order
for the tester to succeed, and then minimize 𝑚 with respect to these parameters.

3.1 Constraint I: Choose 𝒅 such that 𝜹 ≤ 𝜺

We will want that 𝛿 ≤ 𝜀 so that for every density 𝑝𝑖 in the “safe interval” [ℓ, 𝑟] we have𝑄(𝑝𝑖) ≈ 1,
specifically |𝑄(𝑝𝑖) − 1| ≤ 𝜀. We will write this constraint in terms of ℓ and 𝑟:

CONSTRAINT I. For constant 𝐶𝑑 ..= 4 ln(2), we will require for any choice of ℓ, 𝑟, 𝜀 that 𝑟 ≥ 3ℓ
and that the degree 𝑑 satisfies

𝑑 ≥ 𝐶𝑑

√︂
𝑟 − ℓ

2ℓ
log

(
20
𝜀

)
.

PROPOS IT ION 3.2. Assume Constraint I. Then 𝛿 ≤ 𝜀/20 and for all 𝑥 ∈ [ℓ, 𝑟],

|𝑄(𝑥) − 1| ≤ 𝛿 ≤ 𝜀

20
.

To prove this, we require a lower bound on the growth rate of the Chebyshev polynomials.
This is well known but we provide a proof for the sake of completeness:
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PROPOS IT ION 3.3. There is a universal constant 𝑐 ..= 1
2 ln(2) such that, for all 𝑑 ∈ N and

𝛾 ∈ [0, 1],
𝑇𝑑 (1 + 𝛾) ≥ 2𝑐·𝑑

√
𝛾−1 .

PROOF . Using Definition 2.15, we have

𝑇𝑑 (1 + 𝛾) = 1
2

((
(1 + 𝛾) +

√︁
(1 + 𝛾)2 − 1

)𝑑
+

(
(1 + 𝛾) −

√︁
(1 + 𝛾)2 − 1

)𝑑)
≥ 1

2

(
1 +

√︁
2𝛾

)𝑑
=

1
2
𝑒𝑑 ln(1+

√
2𝛾) .

Using the inequality ln(1 + 𝑥) ≥ 𝑥
1+𝑥 , which is valid for 𝑥 > −1, together with the assumption

that 𝛾 ≤ 1, we obtain

𝑇𝑑 (1 + 𝛾) ≥ 1
2
𝑒
𝑑·

√
2𝛾

1+
√

2𝛾 ≥ 1
2
𝑒
𝑑·

√
2𝛾

2
√

2 =
1
2
𝑒

1
2𝑑

√
𝛾 . ■

PROOF OF PROPOS IT ION 3.2 . Recall 𝛼 ..= ℓ/𝑟 and 𝜓(0) = 1 + 2𝛼
1−𝛼 . It suffices to show

𝑇𝑑

(
1 + 2𝛼

1 − 𝛼

)
≥ 20

𝜀

so that, for 𝑥 ∈ [ℓ, 𝑟] (which satisfies 𝜓(𝑥) ∈ [−1, 1] and therefore 𝑇𝑑 (𝜓(𝑥)) ∈ [−1, 1]),

𝑃𝑑 (𝑥) = −𝛿𝑇𝑑 (𝜓(𝑥)) = −𝑇𝑑 (𝜓(𝑥))
𝑇𝑑 (𝜓(0))

is within the interval [−𝜀/20, 𝜀/20]. By Constraint I, 2𝛼
1−𝛼 ≤ 1 since 𝛼 ≤ 1/3, so we may apply

Proposition 3.3 to get

𝑇𝑑

(
1 + 2𝛼

1 − 𝛼

)
≥ 2𝑐·𝑑

√
2𝛼

1−𝛼−1 ,

where 𝑐 = 1
2 ln(2) is the constant from Proposition 3.3. Therefore when 𝑑 ≥ 2

𝑐

√︃
𝑟−ℓ
2ℓ log(20/𝜀) =

2
𝑐

√︃
1−𝛼
2𝛼 log(20/𝜀) ≥ 1

𝑐

√︃
1−𝛼
2𝛼 (1 + log(20/𝜀)) we have the result with 𝐶𝑑 = 2

𝑐 = 4 ln(2). ■

3.2 Constraint II: Choose 𝒎 such that 𝑸(𝒑𝒊) ≈ 1 when 𝒑𝒊 > 𝒓

Next we need to choose large enough 𝑚 such that the term 𝑒−𝑚𝑝𝑖 cancels out the growth of
𝑃𝑑 (𝑝𝑖) to the right of the “safe interval”, leading to the desired 𝑄(𝑝𝑖) = 1 + 𝑒−𝑚𝑝𝑖𝑃𝑑 (𝑝𝑖) ≈ 1 in
this case. (Figure 2 shows 1 + 𝑃𝑑 (𝑝𝑖) without the 𝑒−𝑚𝑝𝑖 term.)

We place the following constraint:

CONSTRAINT I I. We require 𝑚 ≥ 5.5 · 𝑑/(𝑟 − ℓ).

PROPOS IT ION 3.4. Assume Constraint II. Then

∀𝑥 ∈ (𝑟, 1] : |1 − 𝑄(𝑥) | ≤ 𝛿 .
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0 r 2r
0

359.0

718.0

Figure 2. Untamed right tail.

PROOF . Write 𝛾 = 2𝑥−𝑟𝑟−ℓ so that

−𝜓(𝑥) = 2𝑥 − 𝑟 − ℓ
𝑟 − ℓ =

𝑟 − ℓ − 2𝑟 + 2𝑥
𝑟 − ℓ = 1 + 2𝑥 − 2𝑟

𝑟 − ℓ = 1 + 𝛾 .

Note that |𝑇𝑑 (𝑧) | = |𝑇𝑑 (−𝑧) | for all 𝑧. We need to bound |1−𝑄(𝑥) | = 𝑒−𝑚𝑥 |𝑃𝑑 (𝑥) | = 𝛿𝑒−𝑚𝑥 |𝑇𝑑 (𝜓(𝑥)) |
for 𝑥 > 𝑟, and |𝑇𝑑 (𝜓(𝑥)) | = 𝑇𝑑 (−𝜓(𝑥)) = 𝑇𝑑 (1+𝛾). So we require 𝑒𝑚𝑥 ≥ 𝑇𝑑 (1+𝛾). Bound𝑇𝑑 (1+𝛾)
by

𝑇𝑑 (1 + 𝛾) = 1
2

(
(1 + 𝛾 +

√︁
2𝛾 + 𝛾2)𝑑 + (1 + 𝛾 −

√︁
2𝛾 + 𝛾2)𝑑

)
≤ (1 + 𝛾 +

√︁
2𝛾 + 𝛾2)𝑑 ≤ 𝑒𝑑 (𝛾+

√
2𝛾+𝛾2) .

If 𝛾 < 1 then 𝛾 +
√︁

2𝛾 + 𝛾2 < 1 +
√

3, and therefore since 𝑥
𝑟−ℓ >

𝑥
𝑟 > 1 we have

𝑑 (𝛾 +
√︁

2𝛾 + 𝛾2) ≤ 𝑑 (1 +
√

3) ≤ 𝑑 (1 +
√

3) 𝑥

𝑟 − ℓ ≤ 𝑚𝑥 .

If 𝛾 ≥ 1 then 𝛾 +
√︁

2𝛾 + 𝛾2 ≤ (1 +
√

3)𝛾, so

𝑑 (𝛾 +
√︁

2𝛾 + 𝛾2) ≤ 𝑑 (1 +
√

3) · 2
𝑥 − 𝑟
𝑟 − ℓ ≤ 𝑑 (1 +

√
3) · 2

𝑥

𝑟 − ℓ ≤ 𝑚𝑥 .

We then conclude
𝑇𝑑 (1 + 𝛾) ≤ 𝑒𝑑 (𝛾+

√
2𝛾+𝛾2) ≤ 𝑒𝑚𝑥 . ■

3.3 Constraint III: Variance
We will need the test statistic 𝑺̂ to satisfy two conditions. First, when | supp(𝑝) | ≤ 𝑛 we need

P
[
𝑺̂ > (1 + 𝜀/2)𝑛

]
≤ 1/4 .

Second, when 𝑝 is 𝜀-far from having support size 𝑛, we need

P
[
𝑺̂ < (1 + 𝜀/2)𝑛

]
≤ 1/4 .
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We will bound E
[
𝑺̂
]

in each of these cases in Section 3.4. But first we will bound the variance.
We impose the following constraint:

CONSTRAINT I I I. We require 𝑚 ≤ 1
44𝜀

2𝑛2, and 𝑑69𝑑
(
𝑟+ℓ
𝑟−ℓ

)2𝑑−2 ≤ 1
4𝑚(𝑟 − ℓ)2𝑛2.

PROPOS IT ION 3.5. Assume Constraints I to III. Then Var
[
𝑺̂
]
≤ 𝜀2 𝑛2

43 , and therefore (by Cheby-
shev’s inequality),

P
[
|𝑺̂ − E

[
𝑺̂
]
| > 𝜀

4
𝑛
]
≤ 1

4
.

To prove Proposition 3.5, we will require bounds on the values of 𝑓 (𝑁𝑖) in the definition of

𝑺̂ =
∑︁
𝑖∈N

(1 + 𝑓 (𝑵 𝒊)) .

For this we do some tedious calculations using the coefficients of the polynomial 𝑃𝑑 (𝑥). We put
these in Appendix A. The result is:

PROPOS IT ION 3.6. For any 𝑑 and any 𝑘 ∈ [𝑑],

| 𝑓 (𝑘) | ≤ 𝛿 · 𝑑2 · 3𝑑 ·
(

2𝑑
𝑚(𝑟 − ℓ)

)𝑘 (
𝑟 + ℓ
𝑟 − ℓ

)𝑑−𝑘
.

We may now estimate the variance.

PROOF OF PROPOS IT ION 3.5 . Recall that each 𝑵 𝑖 is an independent Poisson random vari-
able 𝑵 𝑖 ∼ Poi(𝑚𝑝𝑖). Then

Var
[
𝑺̂
]
=

∑︁
𝑖∈N

Var [1 + 𝑓 (𝑵 𝒊)] =
∑︁
𝑖∈N

Var [(1 + 𝑓 (𝑵 𝒊))1 [𝑵 𝑖 > 0]]

≤
∑︁
𝑖∈N
E

[
(1 + 𝑓 (𝑵 𝒊))21 [𝑵 𝑖 > 0]

]
≤ max

𝑗∈[𝑑]
(1 + 𝑓 ( 𝑗))2 ·

∑︁
𝑖∈N
E [1 [𝑵 𝑖 > 0]]

= max
𝑗∈[𝑑]

(1 + 𝑓 ( 𝑗))2 ·
∑︁
𝑖∈N

(1 − 𝑒−𝑚𝑝𝑖) ≤ max
𝑗∈[𝑑]

(1 + 𝑓 ( 𝑗))2 · 𝑚
∑︁
𝑖∈N

𝑝𝑖 = 𝑚 · max
𝑗∈[𝑑]

(1 + 𝑓 ( 𝑗))2 .

From Constraint II, which implies𝑚(𝑟−ℓ) > 2𝑑, the upper bound in Proposition 3.6 is maximized
at 𝑘 = 1, so we have

∀ 𝑗 ∈ [𝑑] : | 𝑓 ( 𝑗) | ≤ 𝛿 · 𝑑2 · 3𝑑 · 2𝑑
𝑚(𝑟 − ℓ) ·

(
𝑟 + ℓ
𝑟 − ℓ

)𝑑−1

.

If this is at most 1, then the first part of Constraint III gives the desired bound.

Var
[
𝑺̂
]
≤ 4𝑚 ≤ 𝜀2𝑛2

43
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Otherwise, (1+ | 𝑓 ( 𝑗) |)2 ≤ 4 𝑓 ( 𝑗)2, so (using Constraint I and Proposition 3.2 to ensure 𝛿 ≤ 𝜀/20 ≤
𝜀/42), we get from Constraint III that

Var
[
𝑺̂
]
≤ 42𝑚𝛿2 · 𝑑6 · 9𝑑 · 1

𝑚2(𝑟 − ℓ)2

(
𝑟 + ℓ
𝑟 − ℓ

)2𝑑−2

≤ 1
42𝜀

2 · 𝑑6 · 9𝑑 · 1
𝑚(𝑟 − ℓ)2

(
𝑟 + ℓ
𝑟 − ℓ

)2𝑑−2

≤ 𝜀2𝑛
2

43 . ■

3.4 Constraint IV: E[𝑺] ≥ (1 + 𝜺)𝒏 when 𝒑 is 𝜺-far
The above Constraints I and II ensure that 𝑄(𝑥) ∈ 1 ± 𝛿 when 𝑥 ∈ [ℓ, 1]. The properties of
the Chebyshev polynomial also ensure that 𝑄(𝑥) ≤ 1 + 𝛿 for 𝑥 < ℓ (see the behaviour of 𝑄(𝑥)
for 𝑥 ≤ ℓ in Figure 3). This means E

[
𝑺̂
]
=

∑
𝑖:𝑝𝑖>0𝑄(𝑝𝑖) is essentially an underestimate of

| supp(𝑝) |, which is enough to guarantee that the tester will accept 𝑝 when | supp(𝑝) | ≤ 𝑛 with
high probability:

LEMMA 3.7. Assume Constraints I and II. Then

E
[
𝑺̂
]
≤ (1 + 𝛿) | supp(𝑝) | < (1 + 𝜀/4) | supp(𝑝) | .

PROOF . First note that 𝜓(𝑥) > 1 for all 𝑥 ∈ (0, ℓ), so that 𝑃𝑑 (𝑥) = −𝛿𝑇𝑑 (𝜓(𝑥)) < 0. Hence
𝑄(𝑥) = 1 + 𝑒−𝑚𝑥𝑃𝑑 (𝑥) < 1. Combining with Propositions 3.2 and 3.4 we conclude that, for all
𝑥 ∈ (0, 1], 𝑄(𝑥) ≤ 1 + 𝛿. We also have 𝑄(0) = 0. Recalling (4), we obtain

E
[
𝑺̂
]
=

∑︁
𝑖∈N

𝑄(𝑝𝑖) ≤
∑︁

𝑖∈N:𝑝𝑖>0
(1 + 𝛿) = (1 + 𝛿) | supp(𝑝) | < (1 + 𝜀/4) | supp(𝑝) | ,

the last inequality since 𝛿 < 𝜀/4 by Proposition 3.2. ■

REMARK 3.8. If we were guaranteed that all nonzero densities satisfied 𝑝𝑖 ≥ ℓ, then Lemma 3.7
would also show E

[
𝑺̂
]
≥ (1 − 𝛿) | supp(𝑝) |. In particular, for the support-size estimation task,

where the nonzero densities satisfy 𝑝𝑖 > 1/𝑛, we could simply set ℓ = 1/𝑛, skip the remainder
of this section, and recover the optimal 𝑂

(
𝑛

log 𝑛 log2(1/𝜀)
)

bound of [37].

Now we need to ensure that E
[
𝑺̂
]

will be large when 𝑝 is 𝜀-far from having support size 𝑛.
The difficulty is that the densities 𝑝𝑖 may be arbitrarily small and lie outside the “safe interval”
[ℓ, 𝑟] where the polynomial approximation guarantees 𝑄(𝑝𝑖) ≈ 1. So we will require properties
of the Chebyshev polynomial approximation outside the interval [ℓ, 𝑟]. We impose the following
constraint:

CONSTRAINT IV. We require ℓ ≤ 𝐶ℓ
𝜀
𝑛 , where 𝐶ℓ is any constant 𝐶ℓ ≤ 1/20.

The constraint will give us the desired guarantee:
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0
0

1

Figure 3. 𝑄(𝑝𝑖) for 𝑝𝑖 < ℓ, and the linear lower bound 𝑄(𝑝𝑖) ≥ (1 − 𝛿) 𝑝𝑖ℓ in Proposition 3.14.

LEMMA 3.9. Assume Constraints I, II and IV. Then for every 𝑘 ≤ 𝑛, if 𝑝 is 𝜀-far from being
supported on 𝑘 elements,

E
[
𝑺̂
]
> (1 + 3𝜀/4)𝑘 .

REMARK 3.10. Constraint IV and Lemma 3.9 lead to an upper bound of 𝑂
(

𝑛
𝜀 log 𝑛 log2(1/𝜀)

)
instead of 𝑂

(
𝑛

𝜀 log 𝑛 log(1/𝜀)
)
. We put them here to ease the exposition, since the argument is

simpler. The argument for the better bound (using a weaker constraint ℓ ≤ 𝐶ℓ
𝜀
𝑛 log(1/𝜀)) is in

Section 3.6.

To prove Lemma 3.9, we will use the concavity of 𝑃𝑑 (𝑥) on [0, ℓ] to lower bound 𝑄(𝑝𝑖) by
the line between the points (0, 0) and (ℓ, 𝑄(ℓ)). This is illustrated in Figure 3, which shows 𝑄
compared to the linear lower bound. First, we need a standard fact about the roots of Chebyshev
polynomials.

FACT 3.1 1. For each 𝑑 ∈ N, 𝑇𝑑 (𝑥) has 𝑑 distinct roots, all within [−1, 1].

COROLLARY 3.12. For each 𝑑 ∈ N, 𝑇𝑑 (𝑥) is convex increasing in [1, +∞).

PROOF . Since𝑇𝑑 (𝑥) has a positive leading coefficient, all of its first 𝑑 derivatives are eventually
positive nondecreasing as 𝑥 → +∞. Moreover, all of its derivatives have their roots within
[−1, 1] by Fact 3.11 and the Gauss-Lucas theorem. Hence all of its first 𝑑 derivatives are positive
on (1, +∞). ■

COROLLARY 3.13. 𝑃𝑑 is concave increasing on [0, ℓ].

PROOF . This follows from the Corollary 3.12 and the fact that 𝑃𝑑 = −𝛿𝑇𝑑 (𝜓(𝑥)), with 𝜓 an
affine function mapping [0, ℓ] onto

[
1, 1 + 2𝛼

1−𝛼
]
. ■

PROPOS IT ION 3.14. For each 𝑥 ∈ [0, ℓ], we have (1 − 𝛿) 𝑥ℓ ≤ 𝑄(𝑥) ≤ 1.
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PROOF . Recall that 𝑃𝑑 (0) = −1 by construction. It is also immediate to check that 𝑇𝑑 (1) = 1
and hence 𝑃𝑑 (ℓ) = −𝛿𝑇𝑑 (𝜓(ℓ)) = −𝛿𝑇𝑑 (1) = −𝛿. By Corollary 3.13, 𝑃𝑑 (𝑥) is concave increasing
(and hence negative) on [0, ℓ]. Thus for any 𝑥 ∈ [0, ℓ] we have

𝑄(𝑥) = 1 + 𝑒−𝑚𝑥𝑃𝑑 (𝑥) ≤ 1 + 𝑒−𝑚𝑥 · 0 = 1

and, on the other hand,

𝑄(𝑥) = 1 + 𝑒−𝑚𝑥𝑃𝑑 (𝑥) ≥ 1 + 𝑃𝑑
(𝑥
ℓ
· ℓ +

(
1 − 𝑥

ℓ

)
· 0

)
≥ 1 +

(𝑥
ℓ
· (−𝛿) +

(
1 − 𝑥

ℓ

)
· (−1)

)
= (1− 𝛿)𝑥

ℓ
.

■

We now calculate the lower bound on the test statistic by partitioning the densities 𝑝𝑖 into
weight classes.

DEF IN IT ION 3.15 (Heavy and light elements). An element 𝑖 ∈ supp(𝑝) is called heavy if
𝑝𝑖 ≥ ℓ; otherwise, if 𝑝𝑖 ∈ (0, ℓ), it is called light.

LEMMA 3.16 (Refinement of Lemma 3.9). Assume Constraints I, II and IV. For any distribution
𝑝, let 𝑛𝐻 be the number of heavy elements in supp(𝑝), and let 𝜇𝐿 be the total probability mass of
the light elements in supp(𝑝). Then

E
[
𝑺̂
]
≥ (1 − 𝛿)

(
𝑛𝐻 + 𝜇𝐿

ℓ

)
. (5)

In particular, for any 𝑘 ≤ 𝑛, if 𝑝 is 𝜀-far from being supported on 𝑘 elements, then

E
[
𝑺̂
]
> (1 + 3𝜀/4)𝑘 .

PROOF . Let 𝐻 ⊂ supp(𝑝) denote the set of heavy elements, so that 𝑛𝐻 = |𝐻 |. Recall that, by
(4),

E
[
𝑺̂
]
=

∑︁
𝑖∈N

𝑄(𝑝𝑖) =
∑︁
𝑖∈𝐻

𝑄(𝑝𝑖) +
∑︁

𝑖∈supp(𝑝)\𝐻
𝑄(𝑝𝑖) .

By Propositions 3.2 and 3.4, the first summation is∑︁
𝑖∈𝐻

𝑄(𝑝𝑖) ≥
∑︁
𝑖∈𝐻

(1 − 𝛿) = (1 − 𝛿)𝑛𝐻 .

By Proposition 3.14, the second summation is∑︁
𝑖∈supp(𝑝)\𝐻

𝑄(𝑝𝑖) ≥
∑︁

𝑖∈supp(𝑝)\𝐻
(1 − 𝛿) 𝑝𝑖

ℓ
= (1 − 𝛿) 𝜇𝐿

ℓ
.

This establishes (5). Now, suppose 𝑝 is 𝜀-far from being supported on 𝑘 ≤ 𝑛 elements. We
consider two cases.

Case 1. Suppose 𝜇𝐿 > 𝜀/10. Then, using 𝛿 ≤ 𝜀/20 (from Proposition 3.2) and ℓ ≤ 𝜀
20𝑛 ≤ 𝜀

20𝑘

(from Constraint IV),

E
[
𝑺̂
]
≥ (1 − 𝛿) 𝜇𝐿

ℓ
> (1 − 𝜀/20) · 𝜀/10 · 20𝑘

𝜀
= (1 − 𝜀/20) · 2𝑘 > (1 + 3𝜀/4)𝑘 .
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Case 2. Suppose 𝜇𝐿 ≤ 𝜀/10. Then there must exist a partition 𝐻 = 𝑅 ∪ 𝑇 of the heavy
elements such that |𝑅 | = 𝑘 and 𝑝(𝑇 ) > 9𝜀/10, since otherwise 𝑝 would be 𝜀-close to some
distribution supported on at most 𝑘 elements. In fact, we can choose this partition such that
𝑝(𝑖) > 𝑝( 𝑗) for every 𝑖 ∈ 𝑅 and 𝑗 ∈ 𝑇 . It follows that 𝑝 𝑗 ≤ 1/𝑘 for every 𝑗 ∈ 𝑇 , since otherwise
we would have 𝑝(𝑅) > 1

𝑘 · |𝑅| = 1. Hence

|𝑇 | ≥ 𝑝(𝑇 )
1/𝑘 >

9𝜀/10
1/𝑘 =

9𝑘𝜀
10

.

Thus we have

E
[
𝑺̂
]
≥ (1 − 𝛿)𝑛𝐻 ≥ (1 − 𝜀/20) ( |𝑅| + |𝑇 |) > (1 − 𝜀/20)

(
𝑘 + 9𝑘𝜀

10

)
= (1 − 𝜀/20) · (1 + 9𝜀/10)𝑘 > (1 + 9𝜀/10 − 𝜀/20 · 2)𝑘 > (1 + 3𝜀/4)𝑘 . ■

3.5 Correctness of the tester and optimizing the parameters
Let us repeat our list of constraints:

Constraint I: 𝑟 ≥ 3ℓ and 𝑑 ≥ 𝐶𝑑

√︃
𝑟−ℓ
2ℓ log

(20
𝜀

)
, where 𝐶𝑑 = 4 ln(2).

Constraint II: 𝑚 ≥ 5.5𝑑/(𝑟 − ℓ).
Constraint III: 𝑚 ≤ 1

44𝜀
2𝑛2 and 𝑑69𝑑

(
𝑟+ℓ
𝑟−ℓ

)2𝑑−2 ≤ 1
4𝑚(𝑟 − ℓ)2𝑛2.

Constraint IV: ℓ ≤ 𝐶ℓ
𝜀
𝑛 for any 𝐶ℓ ≤ 1/20.

We show in Section 3.5.1 that if these constraints are satisfied, then the tester defined in Defini-
tion 2.7 will be correct. Then we optimize 𝑚 according to these constraints in Section 3.5.2.

3.5.1 Correctness
LEMMA 3.17 (Correctness (Poissonized)). Suppose 𝑛, 𝜀 satisfy Assumption 2.4, and that Con-
straints I to IV are satisfied with some sample size 𝑚 = 𝑚(𝑛, 𝜀). Then the Poissonized test statistic
𝑺̂ in Definition 2.6 satisfies

(1 + 3𝜀/4) min{eff𝜀(𝑝) − 1, 𝑛} < E
[
𝑺̂
]
< (1 + 𝜀/4) | supp(𝑝) |

and
P

[
|𝑺̂ − E

[
𝑺̂
]
| > 𝜀𝑛/4

]
≤ 1/4 .

In particular, if 𝑝 is 𝜀-far from having support size at most 𝑛, then eff𝜀(𝑝) > 𝑛 (Observation 2.1),
so 𝑺̂ > (1 + 𝜀/2)𝑛 with probability at least 3/4; and if | supp(𝑝) | ≤ 𝑛 then 𝑺̂ < (1 + 𝜀/2)𝑛 with
probability at least 3/4. So the algorithm in Definition 2.9 is a correct (Poissonized) support-size
tester with sample complexity 𝑚.

PROOF . Lemma 3.7 gives that E
[
𝑺̂
]
< (1 + 𝜀/4) | supp(𝑝) |, while Lemma 3.9 gives that E

[
𝑺̂
]
>

(1 + 3𝜀/4) min{eff𝜀(𝑝) − 1, 𝑛}. Combining these with Chebyshev’s inequality via Proposition 3.5
gives the result. ■
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Translating to the standard (non-Poissonized) testing model using Fact 2.11:

COROLLARY 3.18 (Correctness (Standard)). Suppose that, for 𝑛, 𝜀 satisfying Assumption 2.4,
Constraints I to IV are satisfied with some sample size 𝑚 = 𝑚(𝑛, 𝜀). Then (also for 𝑛, 𝜀 satisfying
Assumption 2.4), there is a support-size tester with sample complexity 𝑂(𝑚(𝑛, 𝜀)).

3.5.2 Optimizing the parameters
Now we complete Goal 3.1 and find the setting of parameters which minimizes 𝑚 while sat-
isfying all of our constraints. The (weaker version of the) main Theorem 1.3 follows from
Proposition 3.19, using Corollary 3.18, and Proposition 2.2 to handle small 𝜀 that do not satisfy
Assumption 2.4.

PROPOS IT ION 3.19. Under Assumption 2.4, we may satisfy all of the constraints in such a way
that

𝑚(𝑛, 𝜀) = 𝑂
(

𝑛

𝜀 log 𝑛
log2 (1

𝜀

) )
.

We first sketch some rough calculations to motivate the asymptotic dependence that each
of ℓ, 𝑟, 𝑑 and 𝑚 should have on 𝑛 and 𝜀. Combining Constraints I and II, we obtain

𝑚 ≳
𝑑

𝑟
≳

√︂
1
ℓ𝑟

log
(

1
𝜀

)
. (6)

Thus, to allow 𝑚 to be as small as possible, we should make ℓ and 𝑟 as large as possible. We
already have the bound ℓ ≲ 𝜀

𝑛 from Constraint IV. As we make 𝑟 larger, 𝑑 needs to grow due
to Constraint I, which can only happen as long as the bound 𝑑69𝑑

(
𝑟+ℓ
𝑟−ℓ

)2𝑑−2 ≤ 1
4𝑚(𝑟 − ℓ)2𝑛2 is

preserved. The left-hand side of this inequality is exponential in 𝑑 while the right-hand side
is polynomial in 𝑛, suggesting that we need 𝑑 = 𝑂(log 𝑛). Since 𝑑 ≳

√︃
𝑟
ℓ log

(1
𝜀

)
, this suggests

setting

𝑟 ≈ ℓ · log2 𝑛

log2(1/𝜀)
.

Plugging back into (6), we obtain

𝑚 ≳
1
ℓ
· log2(1/𝜀)

log 𝑛
≈ 𝑛

𝜀 log 𝑛
log2

(
1
𝜀

)
. (7)

REMARK 3.20. In Section 3.6 we replace Constraint IV with the looser Constraint IVb that
ℓ ≤ 𝐶ℓ

𝜀
𝑛 log(1/𝜀), which we can see from Equation (7) should improve 𝑚 by a log(1/𝜀) factor.

Let us now make this plan rigorous. (We have not tried too hard to optimize the constants.)

PROOF . We require Assumption 2.4 with 𝑎 ..= 1/128. We set
ℓ ..= 𝐶ℓ

𝜀
𝑛 for 𝐶ℓ ..= 1/20.
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𝑟 ..= 𝐶𝑟
𝜀
𝑛

log2 𝑛

log2(1/𝜀) , for constant 𝐶𝑟 ..= 4𝑎2𝐶ℓ.

𝑑 ..= ⌈𝐶𝑑
√︃
𝑟−ℓ
2ℓ log

(20
𝜀

)
⌉, recalling that 𝐶𝑑 = 4 ln(2).

𝑚 ..= 5.5 𝑑
𝑟−ℓ .

We claim that Constraints I to IV are satisfied. Constraints II and IV are immediately satisfied
by the choices of 𝑚 and ℓ, while Constraint I is satisfied by the choice of 𝑑, and because 𝑟 ≥ 4ℓ
since

𝑟

ℓ
=

𝐶𝑟 log2 𝑛

𝐶ℓ log2(1/𝜀)
> 4𝑎2 · log2 𝑛

(𝑎 log 𝑛)2 = 4 .

Let us now verify Constraint III. Start with a calculation of 𝑑
𝑟−ℓ , which also gives the claimed

bound of 𝑚 = 𝑂( 𝑛
𝜀 log 𝑛 log2(1/𝜀)):

𝑑

𝑟 − ℓ ≤
2𝐶𝑑

√︃
𝑟−ℓ
2ℓ log

(20
𝜀

)
𝑟 − ℓ =

2𝐶𝑑 log
(20
𝜀

)√︁
2ℓ(𝑟 − ℓ)

≤
2𝐶𝑑 log

(20
𝜀

)√︁
2ℓ · 𝑟/2

=
2𝐶𝑑 log

(20
𝜀

)√︂
𝜀
𝑛 · 𝐶ℓ · 𝐶𝑟

𝜀
𝑛

log2 𝑛

log2(1/𝜀)

=
2𝐶𝑑√
𝐶ℓ𝐶𝑟

· 𝑛
𝜀
· log(1/𝜀) log(20/𝜀)

log 𝑛
≤ 12𝐶𝑑√

𝐶ℓ𝐶𝑟
· 𝑛
𝜀
· log2(1/𝜀)

log 𝑛
=

6𝐶𝑑
𝐶ℓ𝑎

· 𝑛
𝜀
· log2(1/𝜀)

log 𝑛
,

the last inequality because 𝜀 < 1/2 by Assumption 2.4, so log(1/𝜀) > 1 and hence log(20/𝜀) =
log(20) + log(1/𝜀) < 5 + log(1/𝜀) < 6 log(1/𝜀).

To verify Constraint III, we start with checking the inequality 𝑑69𝑑
(
𝑟+ℓ
𝑟−ℓ

)2𝑑−2 ≤ 1
4𝑚(𝑟−ℓ)2𝑛2.

Using 𝑚 = 5.5 𝑑
𝑟−ℓ , the right-hand side is at least

1
4
𝑚(𝑟 − ℓ)2𝑛2 ≥ 1

4
· 5.5 · 𝑑 (𝑟 − ℓ)𝑛2 ,

so it suffices to prove
𝑑

𝑟 − ℓ𝑑
49𝑑

(
𝑟 + ℓ
𝑟 − ℓ

)2𝑑−2

≤ 5.5
4
𝑛2 .

Using the upper bound on 𝑑
𝑟−ℓ and the upper bound 𝑟+ℓ

𝑟−ℓ ≤
(5/4)𝑟
(3/4)𝑟 = 5/3, it suffices to prove

𝑑452(𝑑−1) 6𝐶𝑑
𝐶ℓ

1
𝑎
· 𝑛
𝜀

log2(1/𝜀)
log 𝑛

≤ 5.5
4 · 9

𝑛2 ⇐⇒ 52(𝑑−1) ≤ 5.5𝐶ℓ
4 · 9 · 6𝐶𝑑

· 𝑎 · 𝜀𝑛
𝑑4 · log 𝑛

log2(1/𝜀)
. (8)

Upper bound 𝑑 by

𝑑 − 1 ≤ 𝐶𝑑

√︂
𝑟 − ℓ

2ℓ
log

(
20
𝜀

)
≤ 𝐶𝑑√

2

√︂
𝑟

ℓ
· log

(
20
𝜀

)
≤ 𝐶𝑑√

2

√︂
𝐶𝑟
𝐶ℓ

log(𝑛)
log(1/𝜀) · log

(
20
𝜀

)
=

2𝐶𝑑√
2
· 𝑎 · log(𝑛)

log(1/𝜀) · log
(

20
𝜀

)
≤ 12

𝐶𝑑√
2
· 𝑎 · log 𝑛 .



23 / 42 Testing Support Size More Efficiently Than Learning Histograms

Lower bound the right-hand side of (8) using the inequality above via 𝑑 ≤ 2(𝑑 − 1), and 𝜀 ≥ 𝑛−𝑎,
which implies that log(1/𝜀) ≤ 𝑎 log 𝑛, to obtain

5.5𝐶ℓ
4 · 9 · 6𝐶𝑑

· 𝑎 · 𝜀𝑛
𝑑4 · log 𝑛

log2(1/𝜀)
≥ 5.5𝐶ℓ

4 · 9 · 6𝐶𝑑
· 𝑎 · 𝑛1−𝑎(

2 · 12 𝐶𝑑√
2
· 𝑎 · log 𝑛

)4 · log 𝑛
𝑎2 log2 𝑛

= 𝐾 · 1
𝑎5 · 𝑛1−𝑎 · 1

log5 𝑛

for constant 𝐾 =
5.5·4𝐶ℓ

4·9·6·24·124𝐶5
𝑑

. Hence, returning to (8), it suffices to establish

𝑛
24 log(5)√

2
𝐶𝑑 ·𝑎 ≤ 𝐾 · 1

𝑎5 · 𝑛1−𝑎 · 1
log5 𝑛

.

We have 24 log(5)√
2

𝐶𝑑𝑎 ≤ 0.8536 while 𝐾
𝑎5 ≥ 3.2, and indeed the inequality

𝑛0.8536 ≤ 3.2 · 𝑛
127/128

log5 𝑛

holds for sufficiently large 𝑛 (say, 𝑛 ≥ 5.4 · 1084).
It remains to verify the inequality 𝑚 ≤ 1

44𝜀
2𝑛2. We have

𝑚 = 5.5
𝑑

𝑟 − ℓ ≤ 5.5 · 6𝐶𝑑
𝐶ℓ

· 1
𝑎
· 𝑛
𝜀
· log2(1/𝜀)

log 𝑛
,

so (since 𝜀 ≥ 𝑛−𝑎 and hence log(1/𝜀) ≤ 𝑎 log 𝑛) it suffices to have

5.5 · 6𝐶𝑑
𝐶ℓ

· 1
𝑎
· 𝑛
𝜀
· log2(1/𝜀)

log 𝑛
≤ 1

44𝜀
2𝑛2 ⇐= 𝜀3 ≥ 44 · 5.5 · 6 · 𝐶𝑑

𝐶ℓ
· 1
𝑎
· 1
𝑛
· 𝑎

2 log2 𝑛

log 𝑛

⇐=
𝑛1−3𝑎

log 𝑛
≥ 𝑎 · 44 · 5.5 · 6 · 𝐶𝑑

𝐶ℓ
⇐=

𝑛125/128

log 𝑛
≥ 3660 ,

which holds for sufficiently large 𝑛 (say, 𝑛 ≥ 8 · 104). ■

3.6 Constraint IVb: Improvements from loosening constraint IV
In this section we loosen Constraint IV and obtain the improved bound of 𝑂

(
𝑛

𝜀 log 𝑛 log(1/𝜀)
)
.

We replace the earlier constraint of ℓ ≤ 𝐶ℓ
𝜀
𝑛 with:

CONSTRAINT IVb. We require ℓ ≤ 𝐶ℓ
𝜀
𝑛 log(1/𝜀) for any constant𝐶ℓ satisfying𝐶ℓ ≤ min

{
𝐶𝑑

4
√

3
, 1

3

}
.

To get the improved upper bound from this constraint, it is sufficient to replace the earlier
Lemma 3.9 with:

LEMMA 3.21. Assume Constraints I, II and IVb. Then for all 𝜀 ≤ 1/3, and all 𝑘 ≤ 𝑛, if 𝑝 is 𝜀-far
from being supported on 𝑘 elements,

E
[
𝑺̂
]
> (1 + 3𝜀/4)𝑘 .
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Following the same arguments as in Section 3.5 then leads to our main result:

THEOREM 3.22. For all 𝑛 ∈ N and 𝜀 ∈ (0, 1), the sample complexity of testing support size is at
most

𝑚(𝑛, 𝜀) = 𝑂
(

𝑛

𝜀 log 𝑛
· min

{
log 1

𝜀 , log 𝑛
})

.

PROOF . The proof of correctness under Constraints I to III and IVb is the same as Lemma 3.17,
replacing Lemma 3.9 with Lemma 3.21.

The proof of the improved sample complexity follows from the same calculations as in
Proposition 3.19: starting with the choice of parameters from Proposition 3.19, we

1. Scale ℓ and 𝑟 up by a factor of log(1/𝜀).
2. Scale 𝑚 down by a factor of log(1/𝜀).
3. Leave 𝑑 unchanged.

It is then straightforward to see that each of Constraints I to III is still satisfied under the new
choices of parameters, and that Constraint IVb is indeed also satisfied. ■

To show that Constraint IVb is sufficient, we first define a function Φ(𝜆) to quantify the
worst-case behaviour of the sum

∑
𝑖 𝑄(𝑝𝑖) (Section 3.6.1), and then prove a lower bound on Φ(𝜆)

(Section 3.6.2).

Some notation. For 𝑥 ∈ (0, ℓ), we will frequently write 𝑥 = 𝜆ℓ for 𝜆 ∈ (0, 1) and

𝛾 = 𝛾(𝜆) = 2𝛼
1 − 𝛼 (1 − 𝜆)

which satisfies

𝜓(𝑥) = 𝑟 + ℓ − 2𝑥
𝑟 − ℓ = 1 + 2ℓ − 2𝜆ℓ

𝑟 − ℓ = 1 + 2ℓ(1 − 𝜆)
𝑟 − ℓ = 1 + 2𝛼

1 − 𝛼 (1 − 𝜆) = 1 + 𝛾 . (9)

To simplify the analysis, we will define and analyze an auxiliary function 𝑄∗ that lower
bounds 𝑄. Recall 𝑄(𝑥) = 1 + 𝑒−𝑚𝑥𝑃𝑑 (𝑥). We define the function

𝑄∗(𝑥) ..=


1 + 𝑃𝑑 (𝑥) if 𝑥 < ℓ

1 − 𝛿 if 𝑥 ≥ ℓ ,

which satisfies:

PROPOS IT ION 3.23 (Properties of𝑄∗). 𝑄∗ is continuous, concave and non-decreasing on [0, 1],
and for all 𝑥 ∈ (0, ℓ], 𝑄(𝑥) ≥ 𝑄∗(𝑥). Furthermore, if Constraints I and II hold, then 𝑄(𝑥) ≥ 𝑄∗(𝑥)
for all 𝑥 ∈ (0, 1].

PROOF . For 𝑥 ≤ ℓ, 𝑃𝑑 (𝑥) is concave and increasing (Corollary 3.13), so𝑄∗(𝑥) = 1+𝑃𝑑 (𝑥) is also
concave increasing. To ensure continuity, it suffices to check the value of 𝑄∗ at 𝑥 = ℓ. Observe
that

𝑃𝑑 (ℓ) = −𝛿𝑇𝑑 (𝜓(ℓ)) = −𝛿𝑇𝑑 (1) = −𝛿 ,
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so𝑄∗(ℓ) = 1−𝛿 = 1+𝑃𝑑 (ℓ), which makes𝑄∗ continuous. Then since𝑄∗(𝑥) is concave increasing
on 𝑥 ≤ ℓ, and constant 𝑄∗(𝑥) = 𝑄∗(ℓ) on 𝑥 ≥ ℓ, it is concave and non-decreasing on 𝑥 ∈ (0, 1).

Now we show 𝑄(𝑥) ≥ 𝑄∗(𝑥). If 𝑥 ∈ (0, ℓ), write 𝑥 = 𝜆ℓ so that 𝜓(𝑥) = 1 + 𝛾. Then

𝑃𝑑 (𝑥) = −𝛿𝑇𝑑 (𝜓(𝑥)) = −𝛿𝑇𝑑 (1 + 𝛾) ,

so 𝑃𝑑 (𝑥) ≤ 0 since 𝑇𝑑 (1 + 𝛾) ≥ 0 for 𝛾 ≥ 0. Since 𝑚𝑥 ≥ 0,

𝑄(𝑥) = 1 + 𝑒−𝑚𝑥𝑃𝑑 (𝑥) ≥ 1 + 𝑃𝑑 (𝑥) = 𝑄∗(𝑥) .

If Constraints I and II hold, then for 𝑥 ≥ ℓ, by Propositions 3.2 and 3.4,

𝑄(𝑥) ≥ 1 − 𝛿 = 𝑄∗(𝑥) . ■

Since the quantity
∑
𝑖 𝑄

∗(𝑝𝑖) is invariant under permutations of 𝑝, we may assume:

ASSUMPT ION 3.24. Without loss of generality, we assume 𝑝 is sorted, so that 𝑝1 ≥ 𝑝2 ≥ · · · .

3.6.1 Worst-case behaviour and the function Φ(𝜆)

We first show that the worst-case behaviour of 𝑄∗ is captured by two variables: the 𝑛th-largest
density 𝑝𝑛, and the total mass of elements lighter than 𝑝𝑛. Informally, the worst-case distribu-
tions for our test statistic are those concentrating essentially all of their mass at 𝑝𝑛.

PROPOS IT ION 3.25. Let 𝑛 ∈ N and let 𝑝 be a (sorted) distribution with 𝑝𝑛 > 0. Let 𝜇 ..=
∑
𝑖>𝑛 𝑝𝑖 .

Then ∑︁
𝑖

𝑄∗(𝑝𝑖) ≥
(
𝑛 + 𝜇

𝑝𝑛

)
𝑄∗(𝑝𝑛) .

PROOF . Recall that 𝑄∗ is concave and non-decreasing by Proposition 3.23. Since 𝑄∗ is non-
decreasing and 𝑝𝑖 ≥ 𝑝𝑛 for any 𝑖 ≤ 𝑛, we have 𝑄∗(𝑝𝑖) ≥ 𝑄∗(𝑝𝑛) for any 𝑖 ≤ 𝑛. On the other hand,
for any 𝑖 > 𝑛, we have 𝑝𝑖 ≤ 𝑝𝑛 and then, using the concavity of 𝑄∗,

𝑄∗(𝑝𝑖) = 𝑄∗
(
𝑝𝑖
𝑝𝑛

· 𝑝𝑛 +
(
1 − 𝑝𝑖

𝑝𝑛

)
· 0

)
≥ 𝑝𝑖
𝑝𝑛

· 𝑄∗(𝑝𝑛) +
(
1 − 𝑝𝑖

𝑝𝑛

)
· 𝑄∗(0) = 𝑝𝑖

𝑝𝑛
· 𝑄∗(𝑝𝑛) ,

the last equality since 𝑄∗(0) = 1 + 𝑃𝑑 (0) = 0. We conclude that∑︁
𝑖

𝑄∗(𝑝𝑖) ≥
∑︁
𝑖≤𝑛

𝑄∗(𝑝𝑛) +
∑︁
𝑖>𝑛

𝑝𝑖
𝑝𝑛

· 𝑄∗(𝑝𝑛) =
(
𝑛 + 𝜇

𝑝𝑛

)
𝑄∗(𝑝𝑛) . ■

We can now transform the problem of lower bounding
∑
𝑖 𝑄

∗(𝑝𝑖) into the problem of lower
bounding another function Φ(𝜆) defined as:

DEF IN IT ION 3.26. For 𝜆 ∈ (0, 1], define

Φ(𝜆) ..=

(
1 + 𝜀

𝜆ℓ𝑛

)
𝑄∗(𝜆ℓ) .
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We will show a lower bound of Φ(𝜆) ≥ 1 + 3𝜀/4 below, in Section 3.6.2. Here we show why
it works:

LEMMA 3.27. Assume Constraint I. Suppose Φ(𝜆) ≥ 1 + 3𝜀/4 for all 𝜆 ∈ (0, 1). Then for any
𝑘 ≤ 𝑛 and any 𝑝 that is 𝜀-far from having | supp(𝑝) | ≤ 𝑘,∑︁

𝑖

𝑄∗(𝑝𝑖) > (1 + 3𝜀/4)𝑘 .

PROOF . Since 𝑝 is sorted and 𝜀-far from having | supp(𝑝) | ≤ 𝑘, we have 𝑝𝑘 > 0 and
∑
𝑖>𝑘 𝑝𝑖 > 𝜀.

We also have 𝑝𝑘 ≤ 1/𝑘 since 𝑝 is a probability distribution. We consider two cases: 𝑝𝑘 ≥ ℓ and
𝑝𝑘 < ℓ.

First, suppose 𝑝𝑘 ≥ ℓ. Then 𝑄∗(𝑝𝑘) = 1 − 𝛿 by definition, so by Proposition 3.25,∑︁
𝑖

𝑄∗(𝑝𝑖) >
(
𝑘 + 𝜀

1/𝑘

)
(1 − 𝛿) = (1 + 𝜀) (1 − 𝛿)𝑘 ≥ (1 + 3𝜀/4)𝑘 ,

the last inequality since 𝛿 ≤ 𝜀/20 < 𝜀/8 by Proposition 3.2. Otherwise, if 𝑝𝑘 = 𝜆ℓ for some
𝜆 ∈ (0, 1), then Proposition 3.25 gives∑︁

𝑖

𝑄∗(𝑝𝑖) >
(
𝑘 + 𝜀

𝜆ℓ

)
𝑄∗(𝜆ℓ) = 𝑘

(
1 + 𝜀

𝜆𝑘ℓ

)
𝑄∗(𝜆ℓ) ≥ Φ(𝜆) · 𝑘 ≥ (1 + 3𝜀/4)𝑘 . ■

3.6.2 Lower bound on Φ(𝜆)

Our goal is to prove Φ(𝜆) ≥ 1 + 3𝜀/4. Figure 4 shows a plot of Φ(𝜆) compared to 1 + 𝜀 for certain
example settings of parameters.

0.0 0.5 1.00

1 +

(a) Φ(𝜆) when 𝑑 is too small.

0.0 0.5 1.00

1 +

(b) Φ(𝜆) under Constraints I and IVb.

Figure 4. The function Φ(𝜆) with bad and good parameters.

Note that Φ(𝜆) =
(
1 + 𝜀

𝜆ℓ𝑛

)
𝑄∗(𝜆ℓ) is undefined on 𝜆 = 0. We will proceed in two steps:

1. Show that Φ(𝜆) ≥ 1 + 3𝜀/4 at 𝜆 = 1 and in the limit 𝜆 → 0+;
2. Show that Φ(𝜆) ≥ 1 + 3𝜀/4 within 𝜆 ∈ (0, 1) by studying the derivative Φ′(𝜆).
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The case 𝜆 = 1 is the easiest to handle:

PROPOS IT ION 3.28. Assume Constraints I and IVb. Then for all 𝑛 ∈ N and 𝜀 ∈ (0, 1), Φ(1) ≥
1 + 3𝜀/4.

PROOF . Note that, by Proposition 3.2, we have 𝛿 ≤ 𝜀/20 < 𝜀/8. When 𝜆 = 1, we have
𝑄∗(𝜆ℓ) = 1 − 𝛿 by definition and hence, using the inequality ℓ ≤ 𝜀

𝑛 log(1/𝜀) obtained from
Constraint IVb,

Φ(1) =
(
1 + 𝜀

ℓ𝑛

)
𝑄∗(ℓ) ≥

(
1 + 1

log(1/𝜀)

)
(1 − 𝛿) > (1 + 𝜀) (1 − 𝛿) ≥ 1 + 3𝜀/4 . ■

To reason about lim𝜆→0+ Φ(𝜆), we will use L’Hôpital’s rule, for which we will need bounds
on the derivative 𝑇 ′

𝑑
(𝑥) of the Chebyshev polynomials. We state the following bound, whose

proof proceeds by a direct calculation and is deferred to Appendix B.

PROPOS IT ION 3.29. For any 𝑑 ∈ N and 𝛾 ∈ (0, 1), we have

𝑇 ′
𝑑 (1 + 𝛾) ≥ 𝑑

√
3𝛾

(𝑇𝑑 (1 + 𝛾) − 1) .

We may now complete Step 1.

PROPOS IT ION 3.30. Assume Constraints I and IVb. Then the limit lim𝜆→0+ Φ(𝜆) exists, is
finite, and satisfies

lim
𝜆→0+

Φ(𝜆) ≥ 2 . (10)

PROOF . Recall from Equation (9) that 𝑄∗(𝜆ℓ) = 1 + 𝑃𝑑 (𝜆ℓ) = 1 − 𝛿𝑇𝑑 (1 + 𝛾). Then

lim
𝜆→0+

Φ(𝜆) = lim
𝜆→0+

(
1 + 𝜀

𝜆ℓ𝑛

)
(1 − 𝛿𝑇𝑑 (1 + 𝛾))

= lim
𝜆→0+

[1 − 𝛿𝑇𝑑 (1 + 𝛾)] + 𝜀

ℓ𝑛
· lim
𝜆→0+

[
1 − 𝛿𝑇𝑑 (1 + 𝛾)

𝜆

]
.

Since 𝛾 = 2𝛼
1−𝛼 (1 − 𝜆), and by the definition of 𝛿, the first limit evaluates to

1 − 𝛿𝑇𝑑
(
1 + 2𝛼

1 − 𝛼

)
= 1 − 𝛿 · 1

𝛿
= 0 .

As for the second limit, note that both the numerator (for the same reason) and denominator go
to 0 as 𝜆 → 0+. Applying L’Hôpital’s rule,

lim
𝜆→0+

Φ(𝜆) = 𝜀

ℓ𝑛
· lim
𝜆→0+

d
d𝜆 (1 − 𝛿𝑇𝑑 (1 + 𝛾))

d
d𝜆 𝜆

= −𝛿𝜀
ℓ𝑛

· lim
𝜆→0+

d
d𝜆
𝑇𝑑

(
1 + 2𝛼

1 − 𝛼 (1 − 𝜆)
)

=
𝛿𝜀

ℓ𝑛
· 2𝛼

1 − 𝛼 · lim
𝜆→0+

𝑇 ′
𝑑

(
1 + 2𝛼

1 − 𝛼 (1 − 𝜆)
)
=
𝛿𝜀

ℓ𝑛
· 2𝛼

1 − 𝛼 · 𝑇 ′
𝑑

(
1 + 2𝛼

1 − 𝛼

)
,

where the last equality holds since 𝑇 ′
𝑑
(𝑥) is a polynomial and hence continuous, and this also

establishes the existence and finiteness of the limit. Using Proposition 3.29 and the definition
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of 𝛿,

lim
𝜆→0+

Φ(𝜆) ≥ 𝛿𝜀

ℓ𝑛
· 2𝛼

1 − 𝛼 · 𝑑√︃
3 · 2𝛼

1−𝛼

·
(

1
𝛿
− 1

)
=

√︂
2𝛼

1 − 𝛼 · 𝛿𝜀𝑑

ℓ𝑛
√

3
·
(

1
𝛿
− 1

)
.

Since 𝛿 ≤ 1/2 by Proposition 3.2, we have 1
𝛿 − 1 ≥ 1

2𝛿 . Using Constraints I and IVb and the
definition 𝛼 = ℓ/𝑟, we obtain

lim
𝜆→0+

Φ(𝜆) ≥
√︂

2𝛼
1 − 𝛼 · 𝛿𝜀

𝑛
√

3
· 𝑛

𝐶ℓ𝜀 log(1/𝜀) · 𝐶𝑑
√︂

1 − 𝛼
2𝛼

log(1/𝜀) · 1
2𝛿

≥ 2 . ■

REMARK 3.31. The last step in the above proof shows that Constraint IVb is the best possible
relaxation of our constraint on ℓ for the present proof strategy: if we had ℓ ≫ 𝜀

𝑛 log(1/𝜀), then
we would only have obtained a 𝑜(1) lower bound on lim𝜆→0+ Φ(𝜆), but we require a 1 + 3𝜀/4
lower bound.

Thanks to Proposition 3.30, we hereafter consider the continuous extension Φ : [0, 1] → R,
i.e. we define Φ(0) ..= lim𝜆→0+ Φ(𝜆).

The next step is to show that Φ satisfies a certain differential inequality, which will help us
conclude that Φ(𝜆) ≥ 1 + 3𝜀/4 at any critical points where Φ′(𝜆) = 0. It is convenient to define
𝐿 ..= ℓ𝑛

𝜀 , so that

Φ(𝜆) =
(
1 + 1

𝐿𝜆

)
(1 − 𝛿𝑇𝑑 (1 + 𝛾)) .

LEMMA 3.32. Assume Constraint I. Define 𝐴 ..=

√︃
1
3 · 𝐶𝑑 log

(1
𝜀

)
. Then for all 𝜆 ∈ (0, 1),

Φ′(𝜆) ≥ −Φ(𝜆)
(
𝐴 + 1

𝜆 (𝐿𝜆 + 1)

)
+ (1 − 𝛿)𝐴

(
1 + 1

𝐿𝜆

)
.

PROOF . Recall that 𝛾 = 2𝛼
1−𝛼 (1 − 𝜆) so d

d𝜆𝛾 = − 2𝛼
1−𝛼 . Then

Φ′(𝜆) = d
d𝜆

[(
1 + 1

𝐿𝜆

)
(1 − 𝛿𝑇𝑑 (1 + 𝛾))

]
= − 1

𝐿𝜆2 (1 − 𝛿𝑇𝑑 (1 + 𝛾)) +
(
1 + 1

𝐿𝜆

)
· (−𝛿) · 𝑇 ′

𝑑 (1 + 𝛾) ·
(
− 2𝛼

1 − 𝛼

)
=

− 1
𝐿𝜆2

1 + 1
𝐿𝜆

Φ(𝜆) + 𝛿 · 2𝛼
1 − 𝛼 ·

(
1 + 1

𝐿𝜆

)
· 𝑇 ′

𝑑 (1 + 𝛾)

= − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝛿 · 2𝛼

1 − 𝛼 ·
(
1 + 1

𝐿𝜆

)
· 𝑇 ′

𝑑 (1 + 𝛾) .
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Using Proposition 3.29 and Constraint I and recalling that 𝑇𝑑 (1 + 𝛾) ≥ 1,

Φ′(𝜆) ≥ − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝛿 · 2𝛼

1 − 𝛼 ·
(
1 + 1

𝐿𝜆

)
· 𝑑√︃

3 · 2𝛼
1−𝛼 (1 − 𝜆)

(𝑇𝑑 (1 + 𝛾) − 1)

≥ − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝛿 ·

√︂
2𝛼

1 − 𝛼 ·
(
1 + 1

𝐿𝜆

)
·
𝐶𝑑

√︃
1−𝛼
2𝛼 log

(1
𝜀

)
√

3
(𝑇𝑑 (1 + 𝛾) − 1)

= − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝛿 ·

(
1 + 1

𝐿𝜆

)
·
𝐶𝑑 log

(1
𝜀

)
√

3
(𝑇𝑑 (1 + 𝛾) − 1)

= − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝐴

(
1 + 1

𝐿𝜆

)
· 𝛿𝑇𝑑 (1 + 𝛾) − 𝛿𝐴

(
1 + 1

𝐿𝜆

)
.

Now, we may use the definition of Φ to rewrite the middle term:

Φ(𝜆) =
(
1 + 1

𝐿𝜆

)
(1 − 𝛿𝑇𝑑 (1 + 𝛾)) =⇒ 𝛿𝑇𝑑 (1 + 𝛾) = 1 − Φ(𝜆)

1 + 1
𝐿𝜆

.

Therefore

Φ′(𝜆) ≥ − 1
𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝐴

(
1 + 1

𝐿𝜆

) (
1 − Φ(𝜆)

1 + 1
𝐿𝜆

)
− 𝛿𝐴

(
1 + 1

𝐿𝜆

)
= − 1

𝜆 (𝐿𝜆 + 1)Φ(𝜆) + 𝐴
(
1 + 1

𝐿𝜆
− Φ(𝜆)

)
− 𝛿𝐴

(
1 + 1

𝐿𝜆

)
= −Φ(𝜆)

(
𝐴 + 1

𝜆 (𝐿𝜆 + 1)

)
+ (1 − 𝛿)𝐴

(
1 + 1

𝐿𝜆

)
. ■

We may now conclude the argument.

LEMMA 3.33. Assume Constraints I and IVb. Then for all 𝑛 ∈ N and 𝜀 ≤ 1/3,

∀𝜆 ∈ [0, 1] : Φ(𝜆) ≥ 1 + 3𝜀/4 .

PROOF . Note that Propositions 3.28 and 3.30 already give the result for 𝜆 = 0 and 𝜆 = 1, and
moreover Φ is continuous on [0, 1] (by Proposition 3.23) and differentiable in (0, 1) (by the
differentiability of 𝑄∗ in (0, ℓ)). Thus it remains to check points 𝜆 ∈ (0, 1) for which Φ′(𝜆) = 0, if
any exist. Suppose 𝜆 ∈ (0, 1) satisfies Φ′(𝜆) = 0. Then Lemma 3.32 implies that

0 = Φ′(𝜆) ≥ −Φ(𝜆)
(
𝐴 + 1

𝜆 (𝐿𝜆 + 1)

)
+ (1 − 𝛿)𝐴

(
1 + 1

𝐿𝜆

)
,

where again 𝐴 ..=

√︃
1
3 · 𝐶𝑑 log

(1
𝜀

)
. Rearranging, we obtain

Φ(𝜆) ≥
(1 − 𝛿)𝐴

(
1 + 1

𝐿𝜆

)(
𝐴 + 1

𝜆 (𝐿𝜆+1)

) =

(1 − 𝛿)𝐴
(
𝐿𝜆+1
𝐿𝜆

)(
𝐴𝜆 (𝐿𝜆+1)+1
𝜆 (𝐿𝜆+1)

) =
(1 − 𝛿) (𝐴𝐿2𝜆2 + 2𝐴𝐿𝜆 + 𝐴)

𝐴𝐿2𝜆2 + 𝐴𝐿𝜆 + 𝐿 .
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Take 𝐾 ..= 𝐴/𝐿 ≥ 𝐶𝑑√
3𝐶ℓ

which satisfies 𝐾 ≥ 4 under Constraint IVb. Then the right-hand side is

(1 − 𝛿)
(
1 + 𝐾𝐿2𝜆 + (𝐾 − 1)𝐿

𝐾𝐿3𝜆2 + 𝐾𝐿2𝜆 + 𝐿

)
= (1 − 𝛿)

(
1 + 𝐾𝐿𝜆 + (𝐾 − 1)

𝐾𝐿2𝜆2 + 𝐾𝐿𝜆 + 1

)
.

If 𝐿𝜆 < 1/𝐾 then, by preserving only the term (𝐾 − 1) in the numerator and using the bound
𝐾𝐿2𝜆2 ≤ 𝐾𝐿𝜆 ≤ 1 in the denominator, this is at least

(1 − 𝛿)
(
1 + 𝐾 − 1

3

)
≥ (1 − 𝛿) · 2 ≥ 1 + 3𝜀/4 ,

the last inequality since 𝛿 ≤ 𝜀/20 by Proposition 3.2. Otherwise, by preserving only the term
𝐾𝐿𝜆 in the numerator and upper bounding each term in the denominator by the maximum of
the three, it is at least

(1 − 𝛿)
(
1 + 𝐾𝐿𝜆 · min

{
1

3𝐾𝐿2𝜆2 ,
1

3𝐾𝐿𝜆
,

1
3

})
≥ (1 − 𝛿)

(
1 + min

{
1

3𝐿
,

1
3

})
≥ (1 − 𝛿) (1 + 𝜀) ≥ 1 + 3𝜀/4 ,

where the first inequality holds since 3𝐾𝐿𝜆 ≥ 3 and 𝜆 ≤ 1, and the second inequality holds
since 𝐿 ≤ 𝐶ℓ log(1/𝜀) ≤ 1

3𝜀 by Constraint IVb. ■

We now have all the ingredients to conclude the soundness of the improved tester, and
hence finish the proof of the main theorem.

PROOF OF LEMMA 3.21 . Combine Equation (4), Proposition 3.23, and Lemmas 3.27 and 3.33
to obtain

E
[
𝑺̂
]
=

∑︁
𝑖∈N

𝑄(𝑝𝑖) ≥
∑︁
𝑖∈N

𝑄∗(𝑝𝑖) > (1 + 3𝜀/4)𝑘 . ■

4. An Effective Lower Bound on Support Size

To prove Corollary 1.6 from the introduction, which we restate here for convenience, we need
to essentially do a binary search for the correct parameters, in order to control the variance
(since the variance depends on the parameter 𝑛).

COROLLARY 4.1. There exists an algorithm 𝐴 which, given inputs 𝑛 ∈ N, 𝜀 ∈ (0, 1/3) and sam-
ple access to unknown distribution 𝑝 over N, draws 𝑂

(
𝑛

𝜀 log 𝑛 · min {log(1/𝜀), log 𝑛}
)

independent

samples from 𝑝 and outputs a number 𝑺̂ which satisfies (with probability at least 3/4 over the
samples)

min{eff𝜀(𝑝), 𝑛} ≤ 𝑺̂ ≤ (1 + 𝜀) | supp(𝑝) | .

PROOF . The algorithm proceeds as follows:
1. For 𝑖 = 0 to log 𝑛, perform the following.

a. Set 𝑛𝑖 ..= 𝑛/2𝑖 and 𝛿𝑖 = 1
4·2𝑖+1 .
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b. If 𝑛𝑖 , 𝜀 do not satisfy Assumption 2.4, use 𝑂(𝑚(𝑛𝑖 , 𝜀) · log(1/𝛿𝑖)) samples to obtain
an estimate 𝑺𝑖 satisfying the conditions of Proposition 2.2 with probability at least
1 − 𝛿𝑖 (using the median trick to boost the error). Output 𝑺𝑖 and terminate.

c. Otherwise, if 𝑛𝑖 , 𝜀 satisfy Assumption 2.4, use 𝑂(𝑚(𝑛𝑖 , 𝜀) · log(1/𝛿𝑖)) samples obtain
an estimate of the test statistic 𝑺𝑖 from Definition 2.6, which (again using the median
trick) satisfies the conditions of Lemma 3.17 with probability at least 1 − 𝛿𝑖 . If
𝑺𝑖 ≥ 𝑛𝑖+1 output 𝑺𝑖 and terminate. Otherwise continue.

2. If the algorithm did not terminate in log 𝑛 steps, then output 1.

The number of samples used by the algorithm is at most (for some constant 𝐶 > 0):

𝐶 ·
log 𝑛∑︁
𝑖=0

𝑛𝑖
log(𝑛𝑖)

log
(

1
𝛿𝑖

)
1
𝜀
· min{log(1/𝜀), log(𝑛𝑖)}

= 𝐶 · 1
𝜀

1
2 log 𝑛∑︁
𝑖=0

𝑛/2𝑖

log(𝑛) − 𝑖 (𝑖 + 3) · min{log(1/𝜀), log(𝑛) − 𝑖}

+ 𝐶 · 1
𝜀

log 𝑛∑︁
𝑖=1+1

2 log 𝑛

𝑛/2𝑖

log(𝑛) − 𝑖 (𝑖 + 3) · min{log(1/𝜀), log(𝑛) − 𝑖}

≤ 𝐶 · 2𝑛
𝜀 log 𝑛

min{log(1/𝜀), log(𝑛)}

1
2 log 𝑛∑︁
𝑖=0

1
2𝑖
(𝑖 + 3) + 2𝐶 · 1

𝜀

√
𝑛 log 𝑛

= 𝑂

(
𝑛

𝜀 log 𝑛
min{log(1/𝜀), log 𝑛}

)
.

The probability that any of the estimates 𝑺𝑖 fails to satisfy the conditions in Lemma 3.17
or Proposition 2.2 (whichever corresponds to the estimator used in the 𝑖th step) is at most∑log 𝑛
𝑖=0 𝛿𝑖 ≤ 1

4 . Assuming that every 𝑺𝑖 satisfies its corresponding condition, we separately prove
the upper and lower bounds on the output of the algorithm.

CLAIM 4.2. The output satisfies 𝑺̂ ≤ (1 + 𝜀) | supp(𝑝) |.

Proof. If the algorithm reaches its last step and outputs 1, there is nothing to show. Similarly, if
it outputs an estimate 𝑺𝑖 coming from Proposition 2.2, then 𝑺𝑖 ≤ | supp(𝑝) | and we are done.

The remaining case is that the algorithm terminates at some step 𝑖∗ by outputting an
estimate 𝑺𝑖∗ satisfying the conditions of Lemma 3.17. We claim that 𝑛𝑖∗ ≤ 3| supp(𝑝) |. Indeed,
assuming that 𝑛𝑖∗ > 3| supp(𝑝) | for a contradiction, Lemma 3.17 implies that

𝑺𝑖 < (1 + 𝜀/4) | supp(𝑝) | + 𝜀𝑛𝑖
∗

4
< (1 + 𝜀/4) · 𝑛𝑖

∗

3
+ 𝜀𝑛𝑖

∗

4

= 𝑛𝑖∗

(
1
3
+ 𝜀

12
+ 𝜀

4

)
= 𝑛𝑖∗

(
1
3
+ 𝜀

3

)
<
𝑛𝑖∗

2
= 𝑛𝑖∗+1 ,
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contradicting the assumption that the algorithm terminates at step 𝑖∗. Hence 𝑛𝑖∗ ≤ 3| supp(𝑝) |.
Thus Lemma 3.17 gives

𝑺𝑖 < (1 + 𝜀/4) | supp(𝑝) | + 𝜀𝑛𝑖
∗

4
≤ (1 + 𝜀/4) | supp(𝑝) | + 3𝜀

4
| supp(𝑝) | = (1 + 𝜀) | supp(𝑝) | . ■

CLAIM 4.3. The output satisfies 𝑺̂ ≥ min{eff𝜀(𝑝), 𝑛}.

Proof. We first consider the edge case where eff𝜀(𝑝) = 1. In this case, the output satisfies
𝑺̂ ≥ eff𝜀(𝑝) since the algorithm always outputs at least 1. Going forward, suppose eff𝜀(𝑝) ≥ 2.

Now let 𝑖∗ be the smallest non-negative integer such that eff𝜀(𝑝) − 1 ≥ 𝑛𝑖∗+1, which exists
because 𝑛log(𝑛)+1 = 1

2 ≤ eff𝜀(𝑝) − 1, so 𝑖∗ = log 𝑛 satisfies the condition. We consider two cases.
First, suppose that eff𝜀(𝑝) − 1 ≥ 𝑛𝑖∗ , which implies that 𝑖∗ = 0 by the minimality of 𝑖∗.

Then 𝑛 = 𝑛0 ≤ eff𝜀(𝑝) − 1, so 𝑝 is 𝜀-far from having support size 𝑛 by Observation 2.1, and we
conclude that the algorithm terminates with output satisfying 𝑺0 ≥ (1 + 𝜀/2)𝑛 (by Lemma 3.17)
or 𝑺0 ≥ 𝑛 (by Proposition 2.2).

Otherwise, we have that 𝑛𝑖∗ > eff𝜀(𝑝) − 1 ≥ 𝑛𝑖∗+1. For all 𝑗 < 𝑖∗, if the algorithm terminates
on loop 𝑗 then it outputs 𝑺 𝑗 ≥ 𝑛 𝑗+1 ≥ 𝑛𝑖∗ > eff𝜀(𝑝) − 1, so that 𝑺 𝑗 ≥ eff𝜀(𝑝).

Finally, suppose the algorithm reaches loop 𝑖∗. If 𝑛𝑖∗ , 𝜀 do not satisfy Assumption 2.4, then
the output 𝑺𝑖∗ satisfies 𝑺𝑖∗ ≥ min{eff𝜀(𝑝), 𝑛𝑖∗} = eff𝜀(𝑝) by Proposition 2.2.

Otherwise, 𝑛𝑖∗ , 𝜀 satisfy Assumption 2.4, which implies that eff𝜀(𝑝) − 1 ≥ 𝑛𝑖∗+1 > 4/𝜀; then,
since min{eff𝜀(𝑝) − 1, 𝑛𝑖∗} = eff𝜀(𝑝) − 1, we conclude from Lemma 3.17 that

𝑺𝑖∗ > (1 + 3𝜀/4) (eff𝜀(𝑝) − 1) − 𝜀𝑛𝑖∗/4 = (1 + 3𝜀/4) (eff𝜀(𝑝) − 1) − 𝜀𝑛𝑖∗+1/2

≥ (1 + 𝜀/4) (eff𝜀(𝑝) − 1) > eff𝜀(𝑝) − 1 + 𝜀
4
· 4
𝜀
= eff𝜀(𝑝) ,

which is larger than 𝑛𝑖∗+1, so the algorithm terminates with output satisfying 𝑺𝑖∗ > eff𝜀(𝑝). ■

This completes the proof of the corollary. ■

5. Testing Support Size of Functions

For any 𝑛 ∈ N, we write H𝑛 for the set of functions 𝑓 : N→ {0, 1} which satisfy | 𝑓 −1(1) | ≤ 𝑛. We
will refer to pairs ( 𝑓 , 𝑝), consisting of a function 𝑓 : N→ {0, 1} and a probability distribution 𝑝

over N, as function-distribution pairs. A function-distribution pair ( 𝑓 , 𝑝) is 𝜀-far from H𝑛 if

∀ℎ ∈ H𝑛 : P
𝒙∼𝑝

[ 𝑓 (𝑥) ≠ ℎ(𝑥)] ≥ 𝜀 .

For any multiset 𝑆 ⊂ N and function 𝑓 : N→ {0, 1}, we will write 𝑆 𝑓 for the labeled multiset

𝑆 𝑓 ..= {(𝑥, 𝑓 (𝑥)) : 𝑥 ∈ 𝑆} .
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DEF IN IT ION 5.1 (Testing Support Size of Functions). A support-size tester for functions, with
sample complexity 𝑚(𝑛, 𝜀, 𝜎), is an algorithm 𝐵 which receives as input the parameters 𝑛 ∈ N,
𝜀 ∈ (0, 1), and 𝜎 ∈ (0, 1), and is required to satisfy the following. For any function-distribution
pair ( 𝑓 , 𝑝) consisting of a function 𝑓 : N→ {0, 1} and a probability distribution 𝑝 over N, if 𝑺 𝑓
is a labeled sample of size 𝑚 = 𝑚(𝑛, 𝜀, 𝜎) drawn from 𝑝, then

1. If 𝑓 ∈ H𝑛 then P
[
𝐵(𝑺 𝑓 ) outputs Accept

]
≥ 𝜎; and

2. If ( 𝑓 , 𝑝) is 𝜀-far from H𝑛 then P
[
𝐵(𝑺 𝑓 ) outputs Reject

]
≥ 𝜎.

We write 𝑚FUN(𝑛, 𝜀, 𝜎) for the optimal sample complexity of a support-size tester for functions.

We will also write𝑚DIST(𝑛, 𝜀, 𝜎) for the optimal sample complexity of support-size testing of
distributions, with parameters 𝑛 and 𝜀, and success probability 𝜎 (replacing 3/4 in Definition 1.2).
The next two propositions establish Theorem 1.8 from the introduction.

PROPOS IT ION 5.2. For any 𝑛 ∈ N and 𝜀 ∈ (0, 1), and any 𝜎 ∈ (0, 1),

𝑚DIST(𝑛, 𝜀, 𝜎) ≤ 𝑚FUN(𝑛, 𝜀, 𝜎) .

PROOF . We reduce testing support size of distributions, to testing support size of functions. Let
𝐵 be a distribution-free sample-based support-size tester for functions on domainN, with sample
complexity 𝑚 = 𝑚FUN(𝑛, 𝜀). Then, given 𝑛 and 𝜀, the support-size tester for input distribution 𝑝

is as follows.
1. Let 𝑺 be 𝑚 independent random samples from 𝑝.
2. Output 𝐵(𝑺 𝑓 ), where the sample 𝑺 is labeled by the constant function 𝑓 (𝑥) = 1.

Suppose that 𝑝 is 𝜀-far from having | supp(𝑝) | ≤ 𝑛. Then for any function 𝑔 : N→ {0, 1} with
|𝑔−1(1) | ≤ 𝑛, it must be the case that

∑
𝑖∉𝑔−1(1) 𝑝𝑖 ≥ 𝜀. So

P
𝑺

[
𝐵(𝑺 𝑓 ) outputs Reject

]
≥ 3/4 .

Now suppose 𝑝 has | supp(𝑝) | ≤ 𝑛. Let 𝑔 : N→ {0, 1} be the function 𝑔 (𝑖) = 1 [𝑖 ∈ supp(𝑝)], so
|𝑔−1(1) | ≤ 𝑛. Then

P
𝑺

[
𝐵(𝑺𝑔) outputs Accept

]
≥ 3/4 .

Since
∑
𝑖∉𝑔−1(1) 𝑝𝑖 = 0, the labeled sample 𝑺 𝑓 has the same distribution as the labeled sample 𝑺𝑔 .

So
P
𝑺

[
𝐵(𝑺 𝑓 ) outputs Accept

]
≥ 3/4 . ■

PROPOS IT ION 5.3. For any 𝑛 ∈ N and 𝜀 ∈ (0, 1), and any 𝜎, 𝜉 ∈ (0, 1) which satisfy 𝜎 + 𝜉 < 1,

𝑚FUN(𝑛, 𝜀, 𝜎) ≤ 𝑚DIST(𝑛, 𝜀, 𝜎 + 𝜉) + ln(2/𝜉)
𝜀 .

PROOF . Let 𝐴 be the distribution support-size tester with sample complexity 𝑚DIST. On input
parameters 𝑛 and 𝜀, given sample access to the function-distribuiton pair ( 𝑓 , 𝑝), we define the
tester 𝐵 which performs the following.
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1. Take 𝑚1 =
ln(2/𝜉)

𝜀 random labeled samples 𝑺(1)
𝑓

. If 𝑺(1)
𝑓

∩ 𝑓 −1(1) = ∅, output Accept.
2. Let 𝒛 ∼ 𝑺(1) ∩ 𝑓 −1(1) be chosen uniformly at random from the elements of the multiset

𝑺(1) ∩ 𝑓 −1(1).
3. Take𝑚2 = 𝑚DIST(𝑛, 𝜀, 𝜎+𝜉) random labeled samples 𝑺(2)

𝑓
and let𝑻 be the multiset obtained

by replacing each element of 𝑺(2) ∩ 𝑓 −1(0) with 𝑧; i.e.

𝑻 ..= (𝑺(2) ∩ 𝑓 −1(1)) ∪ 𝒁

where 𝒁 is the multiset containing 𝒛 with multiplicity |𝑺(2) ∩ 𝑓 −1(0) |.
4. Output 𝐴(𝑻 ).

To establish correctness of this tester, note that, conditional on the event 𝐸 ..= (𝑺(1) ∩ 𝑓 −1(1) ≠ ∅),
𝑻 is distributed as 𝑚2 independent samples from the distribution 𝑝(𝒛) defined as

𝑝
(𝒛)
𝑖

..=


𝑝𝑖 if 𝑖 ∈ 𝑓 −1(1) \ {𝒛}

𝑝𝑖 +
∑
𝑗∈ 𝑓 −1(0) 𝑝 𝑗 if 𝑖 = 𝒛

0 if 𝑖 ∈ 𝑓 −1(0) .

If | 𝑓 −1(1) | ≤ 𝑛 then it is clear that | supp(𝑝(𝒛)) | ≤ 𝑛. If ( 𝑓 , 𝑝) is 𝜀-far from satisfying | 𝑓 −1(1) | ≤ 𝑛,
then the sum of the largest 𝑛 values 𝑝𝑖 on domain 𝑖 ∈ 𝑓 −1(1) is at most

∑
𝑗∈ 𝑓 −1(1) 𝑝 𝑗 −𝜀. Therefore

the sum of the largest 𝑛 values of 𝑝(𝒛)
𝑖

is at most∑︁
𝑗∈ 𝑓 −1(0)

𝑝 𝑗 +
∑︁

𝑗∈ 𝑓 −1(1)
𝑝 𝑗 − 𝜀 ≤ 1 − 𝜀 ,

so 𝑝(𝒛) is 𝜀-far from having | supp(𝑝(𝒛)) | ≤ 𝑛.
Suppose that | 𝑓 −1(1) | ≤ 𝑛. Write 𝜌𝐸 ..= P

𝑺 (1)
[𝐸]. Then

P
𝑺 (1) ,𝑺 (2)

[𝐵 outputs Accept] = (1 − 𝜌𝐸) + 𝜌𝐸 · P
𝑺 (2)

[
𝐴(𝑺(2)) outputs Accept

]
≥ 𝜎 + 𝜉 .

Now suppose ( 𝑓 , 𝑝) is 𝜀-far from satisfying | 𝑓 −1(1) | ≤ 𝑛. Then

P
𝑺 (1) ,𝑺 (2)

[𝐵 outputs Reject] = 𝜌𝐸 · P
𝑺 (2)

[
𝐴(𝑺(2)) outputs Reject

]
≥ 𝜌𝐸 · (𝜎 + 𝜉) .

Since ( 𝑓 , 𝑝) is 𝜀-far from satisfying | 𝑓 −1(1) | ≤ 𝑛, it must be the case that
∑
𝑗∈ 𝑓 −1(1) 𝑝 𝑗 ≥ 𝜀, so

𝜌𝐸 ≥ 1 − (1 − 𝜀)𝑚1 ≥ 1 − 𝑒−𝜀𝑚1 ≥ 1 − 𝜉/2 .

Then
P

𝑺 (1) ,𝑺 (2)
[𝐵 outputs Reject] ≥ (1 − 𝜉/2) (𝜎 + 𝜉) ≥ 𝜎 . ■
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A. Coefficients of 𝑷𝒅 and Values of 𝒇

PROPOS IT ION A.1 (Chebyshev Polynomial Coefficients [28]). The 𝑗𝑡ℎ coefficient 𝑏 𝑗 of 𝑇𝑑 (𝑥)
is 0 when 𝑗 has opposite parity as 𝑑. Otherwise

𝑏 𝑗 = 2 𝑗−1 · 𝑑 · (−1)
𝑑− 𝑗

2 ·

(
𝑑+ 𝑗

2 − 1
)
!(

𝑑− 𝑗
2

)
! · 𝑗!

.

We put a bound on the largest coefficient of 𝑇𝑑 (𝑥). The leading coefficient is 2𝑑−1, so the
bound will necessarily be exponential in 𝑑.

PROPOS IT ION A.2. For every 𝑑 ≥ 1 and every 𝑗 ≤ 𝑑, the 𝑗th coefficient of 𝑇𝑑 (𝑥) satisfies
|𝑏 𝑗 | ≤ 𝑑 · 3𝑑 ≤ 9𝑑 .

PROOF . Let 𝑏(𝑑)
𝑗

be the coefficient of 𝑥 𝑗 in 𝑇𝑑 (𝑥), with 𝑏
(𝑑)
−1

..= 0. We will show by induction
that for every 𝑑 ≥ 0, |𝑏(𝑑)

𝑗
| ≤ max{1, 𝑑} · 3𝑑 . In the base case we have 𝑏(0)

𝑗
, 𝑏

(1)
𝑗

∈ {0, 1}. By the
recursive definition of 𝑇𝑑 (𝑥),

𝑏
(𝑑)
𝑗

= 2 · 𝑏(𝑑−1)
𝑗−1 − 𝑏(𝑑−2)

𝑗

≤ 2 · |𝑏(𝑑−1)
𝑗−1 | + |𝑏(𝑑−2)

𝑗
|

≤ 2 · max{1, 𝑑 − 1} · 3𝑑−1 + max{1, 𝑑 − 2} · 3𝑑−2

≤ 2 · 𝑑3𝑑−1 + 𝑑3𝑑−2 =

(
2 + 1

3

)
𝑑3𝑑−1 ≤ 𝑑3𝑑 .

The same argument shows 𝑏(𝑑)
𝑗

≥ −𝑑3𝑑 . Now 𝑑 ≤ 3𝑑 , so |𝑏(𝑑)
𝑗
| ≤ 32𝑑 = 9𝑑 . ■

We can now calculate the coefficients of 𝑃𝑑 in terms of 𝛿 and the coefficients 𝑏 𝑗 of 𝑇𝑑 .

PROPOS IT ION A.3 (Coefficients of 𝑃𝑑). For given ℓ, 𝑟, the polynomial 𝑃𝑑 (𝑥) =
(∑𝑑

𝑘=1 𝑎𝑘𝑥
𝑘
)
−1

defined by 𝑃𝑑 (𝑥) ..= −𝛿 · 𝑇𝑑 (𝜓(𝑥)) has coefficients

𝑎𝑘 = (−1)𝑘+1 · 𝛿 · 2𝑘
𝑑∑︁
𝑗=𝑘

𝑏 𝑗 ·
1

(𝑟 − ℓ) 𝑗
·
(
𝑗

𝑘

)
· (𝑟 + ℓ) 𝑗−𝑘 ,

where 𝑏 𝑗 is the 𝑗th coefficient of 𝑇𝑑 (𝑥).
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PROOF . For convenience, write 𝛼 ..= 𝑟 + ℓ and 𝛽 ..= 𝑟 − ℓ. Observe that

1
𝛿
· 𝑃𝑑 (𝑥) = −𝑇𝑑 (𝜓(𝑥)) = −

𝑑∑︁
𝑗=0

𝑏 𝑗 · (𝜓(𝑥)) 𝑗

= −
𝑑∑︁
𝑗=0

𝑏 𝑗

(
−2𝑥 − 𝑟 − ℓ

𝑟 − ℓ

) 𝑗
= −

𝑑∑︁
𝑗=0

𝑏 𝑗

(
−2𝑥 + 𝛼

𝛽

) 𝑗
= −

𝑑∑︁
𝑗=0

𝑏 𝑗

𝑗∑︁
𝑘=0

(
𝑗

𝑘

) (
−2𝑥
𝛽

)𝑘 (
𝛼

𝛽

) 𝑗−𝑘
.

For each fixed 𝑘, the coefficient of 𝑥𝑘 in this polynomial is

−(−2)𝑘
𝑑∑︁
𝑗=𝑘

𝑏 𝑗 ·
1
𝛽 𝑗

·
(
𝑗

𝑘

)
𝛼 𝑗−𝑘 = (−1)𝑘+12𝑘

𝑑∑︁
𝑗=𝑘

𝑏 𝑗 ·
1

(𝑟 − ℓ) 𝑗
·
(
𝑗

𝑘

)
(𝑟 + ℓ) 𝑗−𝑘 . ■

We combine these calculations into a formula for the values 𝑓 (𝑘) in the test statistic
(Definition 2.6), for the sake of completeness and to generate Figure 5. A similar figure appears
in [37] for their support size estimator.

0 1 2 3 4 5 6 7
1

0

1

2

3

Figure 5. Example values of 1 + 𝑓 (𝑵 𝒊) in the estimator.

PROPOS IT ION A.4. For given ℓ, 𝑟, 𝑚 and 𝑑, the function 𝑓 in Definition 2.6 obtained from the
polynomial 𝑃𝑑 satisfies 𝑓 (0) = −1, 𝑓 (𝑘) = 0 for 𝑘 > 𝑑, and for all 𝑘 ∈ [𝑑],

𝑓 (𝑘) = (−1)𝑘+1 · 𝛿 · 𝑑 · 1
𝑚𝑘

𝑑∑︁
𝑗=𝑘

𝑗≡𝑑 mod 2

(−1)
𝑑− 𝑗

2
©­­«2𝑘+ 𝑗−1 ·

(
𝑑+ 𝑗

2 − 1
)
!(

𝑑− 𝑗
2

)
!( 𝑗 − 𝑘)!

ª®®¬ ·
(𝑟 + ℓ) 𝑗−𝑘

(𝑟 − ℓ) 𝑗
.
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PROOF .

𝑓 (𝑘) = 𝑎𝑘
𝑘!
𝑚𝑘

= (−1)𝑘+1 · 𝛿 · 2𝑘
𝑘!
𝑚𝑘

𝑑∑︁
𝑗=𝑘

𝑏 𝑗 ·
1

(𝑟 − ℓ) 𝑗
·
(
𝑗

𝑘

)
· (𝑟 + ℓ) 𝑗−𝑘

= (−1)𝑘+1 · 𝛿 · 2𝑘
𝑘!
𝑚𝑘

𝑑∑︁
𝑗=𝑘

𝑗≡𝑑 mod 2

(−1)
𝑑− 𝑗

2
©­­«2 𝑗−1 · 𝑑 ·

(
𝑑+ 𝑗

2 − 1
)
!(

𝑑− 𝑗
2

)
! · 𝑗!

ª®®¬ ·
(𝑟 + ℓ) 𝑗−𝑘

(𝑟 − ℓ) 𝑗
·
(
𝑗

𝑘

)

= (−1)𝑘+1 · 𝛿 · 𝑑 · 1
𝑚𝑘

𝑑∑︁
𝑗=𝑘

𝑗≡𝑑 mod 2

(−1)
𝑑− 𝑗

2
©­­«2𝑘+ 𝑗−1 ·

(
𝑑+ 𝑗

2 − 1
)
!(

𝑑− 𝑗
2

)
!( 𝑗 − 𝑘)!

ª®®¬ ·
(𝑟 + ℓ) 𝑗−𝑘

(𝑟 − ℓ) 𝑗
. ■

PROPOS IT ION 3.6. (Restated) For any 𝑑 and any 𝑘 ∈ [𝑑],

| 𝑓 (𝑘) | ≤ 𝛿 · 𝑑2 · 3𝑑 ·
(

2𝑑
𝑚(𝑟 − ℓ)

)𝑘 (
𝑟 + ℓ
𝑟 − ℓ

)𝑑−𝑘
.

PROOF . Using Proposition A.3 with 𝑏 𝑗 being the 𝑗th coefficient of 𝑇𝑑 (𝑥), and using |𝑏 𝑗 | ≤ 𝑑3𝑑

from Proposition A.2, we have

| 𝑓 (𝑘) | ..= |𝑎𝑘 |
𝑘!
𝑚𝑘

= 𝛿 · 2𝑘
𝑘!
𝑚𝑘

·

������ 𝑑∑︁
𝑗=𝑘

𝑏 𝑗 ·
(
𝑗

𝑘

)
· (𝑟 + ℓ)

𝑗−𝑘

(𝑟 − ℓ) 𝑗

������ ≤ 𝛿 · 2𝑘
𝑘!
𝑚𝑘

·
𝑑∑︁
𝑗=𝑘

|𝑏 𝑗 | ·
(
𝑗

𝑘

)
· (𝑟 + ℓ)

𝑗−𝑘

(𝑟 − ℓ) 𝑗

≤ 𝛿 · 𝑑 · 3𝑑 · 2𝑘
𝑘!
𝑚𝑘

·
𝑑∑︁
𝑗=𝑘

(
𝑗

𝑘

)
· (𝑟 + ℓ)

𝑗−𝑘

(𝑟 − ℓ) 𝑗

= 𝛿 · 𝑑 · 3𝑑 · 2𝑘
𝑘!

𝑚𝑘 (𝑟 − ℓ)𝑘
𝑑∑︁
𝑗=𝑘

(
𝑗

𝑘

) (
𝑟 + ℓ
𝑟 − ℓ

) 𝑗−𝑘
= 𝛿 · 𝑑 · 3𝑑 · 2𝑘

1
𝑚𝑘 (𝑟 − ℓ)𝑘

𝑑∑︁
𝑗=𝑘

𝑗!
( 𝑗 − 𝑘)!

(
𝑟 + ℓ
𝑟 − ℓ

) 𝑗−𝑘
≤ 𝛿 · 𝑑 · 3𝑑 · 2𝑘

1
𝑚𝑘 (𝑟 − ℓ)𝑘

(𝑑 − 𝑘 + 1) 𝑑!
(𝑑 − 𝑘)!

(
𝑟 + ℓ
𝑟 − ℓ

)𝑑−𝑘
≤ 𝛿 · 𝑑2 · 3𝑑 ·

(
2𝑑

𝑚(𝑟 − ℓ)

)𝑘 (
𝑟 + ℓ
𝑟 − ℓ

)𝑑−𝑘
. ■

B. Derivative of 𝑻𝒅

The derivative of 𝑇𝑑 is often expressed in terms of the so-called Chebyshev polynomials of
the second kind. However, since we only require a simple lower bound, we opt for a direct
calculation instead.

PROPOS IT ION 3.29. (Restated) For any 𝑑 ∈ N and 𝛾 ∈ (0, 1), we have

𝑇 ′
𝑑 (1 + 𝛾) ≥ 𝑑

√
3𝛾

(𝑇𝑑 (1 + 𝛾) − 1) .
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PROOF . Note that 𝑇 ′
𝑑
(1 + 𝛾) = d

d𝛾𝑇𝑑 (1 + 𝛾). Using the closed-form formula for 𝑇𝑑 , we have

d
d𝛾
𝑇𝑑 (1 + 𝛾) = 1

2

[
d

d𝛾

(
1 + 𝛾 +

√︁
2𝛾 + 𝛾2

)𝑑
+ d

d𝛾

(
1 + 𝛾 −

√︁
2𝛾 + 𝛾2

)𝑑]
=

1
2

[
𝑑

(
1 + 𝛾 +

√︁
2𝛾 + 𝛾2

)𝑑−1
(
1 + 2 + 2𝛾

2
√︁

2𝛾 + 𝛾2

)
+ 𝑑

(
1 + 𝛾 −

√︁
2𝛾 + 𝛾2

)𝑑−1
(
1 − 2 + 2𝛾

2
√︁

2𝛾 + 𝛾2

) ]
=

𝑑

2
√︁

2𝛾 + 𝛾2

[(
1 + 𝛾 +

√︁
2𝛾 + 𝛾2

)𝑑
−

(
1 + 𝛾 −

√︁
2𝛾 + 𝛾2

)𝑑]
≥ 𝑑

√
3𝛾


(
1 + 𝛾 +

√︁
2𝛾 + 𝛾2

)𝑑
+

(
1 + 𝛾 −

√︁
2𝛾 + 𝛾2

)𝑑
2

−
(
1 + 𝛾 −

√︁
2𝛾 + 𝛾2

)𝑑
≥ 𝑑

√
3𝛾

(𝑇𝑑 (1 + 𝛾) − 1) ,

where the inequalities used the fact that 𝛾 ∈ (0, 1) and hence 1 + 𝛾 −
√︁

2𝛾 + 𝛾2 ∈ (0, 1). ■

C. Remark on the Bounded Support Size Assumption

As noted in [18, pp. 21], there seems to be no simple way to obtain a support-size tester with
sample complexity 𝑂

(
𝑛

𝜀2 log 𝑛

)
from the prior literature, without a promise that the true support

size is at most 𝑂(𝑛). By “simple”, we mean using the known results as a black box without
carefully analyzing how the algorithms work. Let us elaborate on this.

C.1 Using histogram learner with TV distance guarantee.
Prior works [33, 34, 21] prove the following (informal) statement: There is an algorithm 𝐴which
draws 𝑚 samples from an arbitrary probability distribution 𝑝 and outputs a sorted distribution
𝑞 with 𝑞1 ≥ 𝑞2 ≥ · · · , with the following guarantee. If the support size of 𝑝 satisfies

| supp(𝑝) | ≤ 𝑂
(
𝜀2𝑚 log𝑚

)
,

then the output 𝑞 satisfies ∥𝑞 − 𝑝∗∥1 < 𝜀 with probability at least 3/4, where 𝑝∗ is the sorted
copy of 𝑝, i.e. it is a permutation of 𝑝 such that 𝑝∗1 ≥ 𝑝∗2 ≥ · · · . In particular, this will hold
if | supp(𝑝) | ≤ 𝑛 and we draw 𝑚 = Θ( 𝑛

𝜀2 log 𝑛) samples. Using the typical testing-by-learning
technique, this suggests the following tester:

1. Draw 𝑚 = 𝑂( 𝑛
𝜀2 log 𝑛) samples and produce a sorted distribution 𝑞. If input 𝑝 satisfies

| supp(𝑝) | ≤ 𝑛 then (with high probability) we have ∥𝑞 − 𝑝∗∥1 < 𝜀/2. Output Reject if 𝑞 is
not 𝜀/2-close to having support size at most 𝑛.



41 / 42 Testing Support Size More Efficiently Than Learning Histograms

2. Verify that 𝑞 is indeed close to 𝑝∗ and output Accept if this is the case. In particular, using
a tolerant2 tester to test whether 𝑝 is 𝜀-close to the set of permutations of 𝑞. Unfortunately,
the only tolerant tester for this property that we are aware of is itself obtained by the
same testing-by-learning approach of approximating the histogram (see e.g. [12]), which
is only guaranteed to work when | supp(𝑝) | ≤ 𝑛.

Algorithms for learning the histogram should be able to test support size with no promise
on the true support size. One could hope for the following property of the algorithms: Given
𝑚 = 𝑂

(
𝑛

𝜀2 log 𝑛

)
samples, if 𝑝 is 𝜀-far from having support size at most 𝑛, then with high probability

the output 𝑞 is Ω(𝜀)-far from having support size at most 𝑛. This does not appear to follow from
the proven properties of these algorithms without further analysis.

C.2 Using the histogram learner with relative Earth-mover distance guarantee.
In [35], the assumption of bounded support size is removed from the histogram learner. However,
by necessity, this new algorithm’s guarantee is not in terms of the TV distance but rather the
truncated relative Earth-mover distance 𝑅𝜏 (·, ·). We will not formally define this metric here,
but we note two of its properties:

1. 𝑅𝜏 ignores densities less than 𝜏, i.e. if 𝑝, 𝑝′ and 𝑞, 𝑞′ are pairs of distributions such that
𝑝𝑖 = 𝑝′

𝑖
whenever 𝑝𝑖 , 𝑝′𝑖 > 𝜏, and 𝑞𝑖 = 𝑞′𝑖 whenever 𝑞𝑖 , 𝑞′𝑖 > 𝜏, then 𝑅𝜏 (𝑝, 𝑞) = 𝑅𝜏 (𝑝′, 𝑞′).

2. distTV(𝑝∗, 𝑞∗) ≤ 𝑅0(𝑝, 𝑞) (see also the exposition [17]).

The main result in [35] is

THEOREM C.1 (Theorem 2 of [35]). There exists an algorithm satisfying the following for some
absolute constant 𝑐, sufficiently large 𝑚, and any 𝑤 ∈ [1, log𝑚]. Given 𝑚 independent draws from
a distribution 𝑝 with histogram 𝑝∗, with high probability the algorithm outputs a generalized3

histogram 𝑞∗ satisfying
𝑅 𝑤

𝑚 log𝑚
(𝑝∗, 𝑞∗) ≤ 𝑐

√
𝑤
.

As an application, [35] give a procedure to estimate the expected number of unique
elements that would be seen in a sample of size 𝑚 log𝑚, given a sample of size 𝑚:

THEOREM C.2 (Proposition 1 of [35]). Given 𝑚 samples from an arbitrary distribution 𝑝, with
high probability over the randomness of the samples, one can estimate the expected number of
unique elements that would be seen in a set of 𝑘 samples drawn from 𝑝, to within error 𝑘 · 𝑐

√︃
𝑘

𝑚 log𝑚

for some universal constant 𝑐.

2 A tolerant tester should Accept if the distribution 𝑝 is 𝜀1-close to the class, and Reject if 𝑝 is 𝜀2-far from the set, for
𝜀1 < 𝜀2.

3 A standard histogram maps each density value 𝛼 to the number of elements 𝑖 satisfying 𝑝𝑖 = 𝛼. A generalized histogram
may map 𝛼 to non-integral values as well.
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We sketch two ways to obtain a support-size tester with sample complexity poly(1/𝜀) ·
𝑂( 𝑛

log 𝑛) using these theorems.

1. Estimating Unique Elements. Combining Theorem C.2 with the näıve tester from Sec-
tion 2.1, which makes its decision based on the number of unique elements observed, gives
a support size tester with sample complexity 𝑂( 𝑛

𝜀5 log 𝑛). The idea is to set 𝑚 ..= Θ( 𝑛
𝜀5 log 𝑛), use

Theorem C.2 to obtain an estimate of the expected number of unique elements that would be
seen in a sample of size 𝑘 ..= Θ(𝑛/𝜀) to within error 𝜀𝑛/8, and accept if and only if this estimate
is at most (1 + 𝜀/8)𝑛.

When | supp(𝑝) | ≤ 𝑛, the expected number of unique elements is at most 𝑛, so the tester
accepts. Now, suppose 𝑝 is 𝜀-far from being supported on 𝑛 elements. We claim that any set of
size at most (1+ 𝜀/2)𝑛misses at least 𝜀/2 mass from 𝑝. Note that the 𝑛th largest probability mass
in 𝑝 is at most 1/𝑛, and the remaining elements of smaller probability mass (the light elements)
make up at least 𝜀 mass; thus there are at least 𝜀𝑛 light elements. Hence the most probability
mass that a set of size (1 + 𝜀/2)𝑛 can cover comes from picking the 𝑛 elements of largest mass
plus 𝜀𝑛/2 light elements, for a total of at most 1− 𝜀+ 𝜀𝑛

2 · 1
𝑛 = 1− 𝜀/2 mass, i.e. 𝜀/2 mass is missed.

Therefore, an argument similar to the proof of Proposition 2.2 shows that the expected
number of unique elements observed in a sample of size Θ(𝑛/𝜀) is at least (1 + 𝜀/4)𝑛, so the
tester rejects.

2. Learning the Histogram. Instead of applying the näıve tester on top of the unique elements
estimator, one may hope for a more efficient tester by directly analyzing the learned histogram 𝑞∗

from Theorem C.1. We expect that one could obtain a support size tester with sample complexity
𝑂( 𝑛

𝜀3 log 𝑛) as follows. By setting 𝑤 ..= Θ(1/𝜀2) and 𝑚 ..= Θ( 𝑛
𝜀3 log 𝑛) (at least when this satisfies the

constraint 𝑤 ≤ log𝑚 from Theorem C.1), the algorithm from Theorem C.1 yields 𝑞∗ satisfying

𝑅Θ(𝜀/𝑛) (𝑝∗, 𝑞∗) ≤ Θ(𝜀) . (11)

It appears that this suffices for testing support size. However, we will not attempt to prove
this, since the bound is worse than our Theorem 1.3, and it is not possible to improve this
bound while treating the algorithm as a black box. This is because, if 𝜏 ≫ 𝜀/𝑛, we can construct
distributions 𝑝, 𝑞 whose histograms satisfy 𝑅𝜏 (𝑝∗, 𝑞∗) < 𝜀 and yet | supp(𝑝) | ≤ 𝑛 while 𝑞 is 𝜀-far
from having | supp(𝑝) | ≤ 𝑛.
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