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ABSTRACT. Consider two problems about an unknown probability distribution p:

1. How many samples from p are required to test if p is supported on n elements or not?
Specifically, given samples from p, determine whether it is supported on at most n elements,
or it is “e-far” (in total variation distance) from being supported on n elements.

2. Given m samples from p, what is the largest lower bound on its support size that we can
produce?

The best known upper bound for problem (1) uses a general algorithm for learning the histogram

of the distribution p, which requires @(m) samples. We show that testing can be done more

efficiently than learning the histogram, using only O( elggn log(1/€)) samples, nearly matching

). This algorithm also provides a better solution to

n
elogn

the best known lower bound of Q(
problem (2), producing larger lower bounds on support size than what follows from previous
work. The proof relies on an analysis of Chebyshev polynomial approximations outside the
range where they are designed to be good approximations, and the paper is intended as an
accessible self-contained exposition of the Chebyshev polynomial method.
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1. Introduction

Sadly, it is often necessary to make decisions based on probability distributions. For example,

you may need to make a decision based on the support size of an unknown distribution:

EXAMPLE 1.1. There is a population of fish in the lake, which may be described as a probability
distribution p over the set of possible fish species. You want to preserve a specimen of each
species. You have no idea how many fish or fish species there are, and you only have 10000
sample jars. Is that enough, or should you buy more? You would like to decide between:

1. There are at most 10000 species of fish in the lake. (You have enough jars.)
2. Any collection of 10000 species will miss at least 0.1% of the population, i.e. 0.1% of the
fish will belong to species not in the collection. (You need more jars.)

The naive strategy is to sample random fish until you have filled all the jars, and if you continue
to see new species, buy more jars. Of course, you prefer to predict in advance if you need more
jars. How many fish do you need to sample before you can make this decision (and be correct
with probability at least 99%)? L 2

The best known algorithms for making this type of decision work by learning the histogram
of the distribution (the unordered multiset of nonzero probabilities densities {p;|p; # 0}). In
this paper we show there is a more sample-efficient way to do it. Formally, the problem is
to distinguish between distributions with support size at most n, and those which are e-far
from having support size at most n. We say p is e-far from having support size at most n when,
for every probability distribution g with support size | supp(q)| < n, the total variation (TV)
distance between p and q is disttv(p, q) > €. Then:

DEFINITION 1.2 (Testing Support Size). A support-size tester with sample complexity m(n, €, o)
is an algorithm A which takes as input the parametersn e N, € € (0,1),and o € (0,1). It draws
a multiset S of m = m(n, €, 0) independent samples from an unknown probability distribution
p over N, and its output must satisfy:

1. If | supp(p)| < nthen IE? [A(S) outputs Accept] > o; and
2. If p is e-far from having support size at most n, then I? [A(S) outputs Reject] > a.

Unless otherwise noted, we set ¢ = 3/4.

Testing support size is a basic statistical decision problem (see e.g. the textbook [12, §11.4]
and recent work [18, 2, 3, 26]) that underlies many other commonly studied tasks. For example,
it is a decision version of the problem of estimating support size — a problem whose history dates
back to Fisher [11], Goodman [20], and Good & Turing [19]; see [7] for a survey, and more recent
work including [30, 33, 34, 37, 25]. Testing support size is also important for understanding the
testing vs. learning question in property testing.
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11 Testing vs. Learning Distributions

Testing support size is a distribution testing problem, which is a type of property testing. A basic
technique in property testing is the testing-by-learning approach of [15], where the tester learns
an approximation of the input and makes its decision based on this approximation. One of the
guiding questions in property testing is: When can this technique be beaten?

It requires ®(n/e?) samples to learn a distribution p over domain [n], up to TV distance &
(see e.g. the survey [8]). Remarkable and surprising recent work [33, 34, 21, 24] proves that the

histogram of distributions p over [n] can be learned with only 0(; 12gn) samples — a vanishing

fraction of the domain. This means one can test the support size — or perform several other

tasks — using O(m) samples to learn the histogram. As noted in the textbook [12] and recent

work [18, 3], this testing-by-learning algorithm gives the best known upper bound for testing
support size when the true support size is promised to satisfy | supp(p)| = O(n). Without this
promise there does not appear to be a simple way to obtain a similar bound from known results
(see [18, pp.21] and the discussion in Appendix C, where we sketch arguments to obtain bounds
of O(5 l’égn) from [35]). We show that the testing-by-learning algorithm can be beaten, while
also removing any restriction on the true support size:

THEOREM 1.3. Foralln e Nand € € (0,1), the sample complexity of testing support size of an
unknown distribution p (over any countable domain) is at most

m(n,e) =0

elogn -min {log(1/¢),logn}| .

In terms of Example 1.1, if you have n jars, you can decide whether to buy more jars
after taking O(—2— log(1/¢)) samples, filling less than a sublinear O(—log(l/ £)

elogn elogn

Theorem 1.3 nearly matches the best known lower bound of Q(Sk’)‘gn) (which can be deduced

from lower bounds of [33, 37]). An important note about this problem is that, in the setting of

)-fraction of the jars.

Theorem 1.3, the related problem of estimating the support size is impossible: the unknown
support size of p is unbounded and the probability densities p; can be arbitrarily small. If
one makes assumptions to avoid these issues, then there are tight bounds of @(ﬁ log?(1/¢))
for estimating the support size up to +ek when each nonzero density p; is promised to satisfy
pi > 1/k [37, 25] (see also [30, 33, 1, 34]). Recalling Example 1.1, k would be the total number of
fish in the lake, whereas in our results n is the number of species.

1.2 Good Lower Bounds on Support Size

Quoting I. J. Good in [7], “I don’t believe it is usually possible to estimate the number of unseen
species [i.e. support size]...but only an approximate lower bound to that number.” So, in lieu of
an estimate, what is the best lower bound we can get?
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QUESTION 1.4. Given m samples from a distribution p and parameter € € (0,1), what is the
biggest number S that we can output, while still satisfying S<(1+¢)] supp(p)|?

Our algorithm can produce lower bounds as large as Q(mmlog m) out of only m
samples. Let us formalize the quality of these lower bounds. A reasonable target for such a
“Good” lower bound § is that it should exceed the g-effective support size, the smallest number
of elements covering 1 — € probability mass:

DEFINITION 1.5 (Effective support size). For any probability distribution p over N and any
€ € (0,1), we define the e-effective support size eff.(p) as the smallest number k € N such that
there exists distribution g with | supp(q)| = k and disty(p, q) < &.

With no assumptions on the distribution, the effective support size is a more natural target for
estimation, because it accounts for the fact that an arbitrarily large number of elements in the
support may comprise an arbitrarily small probability mass. Effective support size was used
in [9, 4], and algorithms for estimating it were analyzed in [14, 27, 13], but these algorithms
assume the algorithm can learn the probability densities p; by quering element i. Our algorithm
provides a Good lower bound using only samples:

COROLLARY 1.6. Foralln e Nand € € (0, 1), there is an algorithm which draws at most

slogn -min{log(1/¢),logn}

samples from an arbitrary distribution p, and outputs a number S which satisfies (with probability
at least 3/4)
min{eff,(p),n} < S < (1+¢)|supp(p)|.

We are not aware of any prior work focusing on this type of guarantee, although it seems quite
natural: the value S output by the algorithm can be used for problems like Example 1.1 to
predict the resources required for a task depending on support size. The algorithm will tell us
either:

1. IfS < n (which would be the case if we were promised, say, | supp(p)| < n/2), then S units
(jars) suffice to cover the distribution up to the removal of € mass, and fewer than =~ S
units will fail to cover the whole distribution. Furthermore, we obtain this estimate using
fewer samples than required to learn the histogram.

2. IfS > n, then we have learned that we need more than ~ S units to cover the distribution.

Let us translate this result into an answer for Question 1.4. For a fixed sample size m, the naive ap-
proach, taking S to be the number of unique elements appearing in the sample, produces a lower
bound S < | supp(p)| that exceeds min{eff;(p), ®(em)} (see Proposition 2.2). The histogram
learners (if they were proved to succeed on this task without an assumption on true support
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size) produce a lower bound S<(1+¢)] supp(p)| that exceeds min{eff.(p), ®(¢?mlog m)}. Our
algorithm improves this lower bound up to min{eff.(p), @(mm logm)}.

1.3 Testing vs. Learning Boolean Functions

Testing support size of distributions is also important for understanding testing vs. learning of
Boolean functions. Arguably the most well understood model of learning is the distribution-free
sample-based PAC model: The algorithm receives samples of the form (x, f(x)) where x ~ p
is drawn from an unknown distribution, and labeled by an unknown function f : X — {0, 1},
which is promised to belong to a hypothesis class /. The algorithm should output a function
g € H such that Py, [ f(x) # g(x)] < €. (Requiring g € H is called proper PAC learning.)

Whereas the PAC learner assumes the input f belongs to the hypothesis class H, a tester
for H is an algorithm which tests this assumption:

DEFINITION 1.7 (Distribution-free sample-based testing; see formal Definition 5.1). Given
labeled samples (x, f(x)) with x ~ p drawn from unknown distribution p and labeled by
unknown function f, decide whether (1) f € ‘H or (2) f is e-far from all functions g € H,
meaning XIiPp [f(x) #8(x)] = €.

Testing H can be done by running a proper PAC learner and checking if it worked [15].
One motivation for testing algorithms is to aid in model selection, i.e. choosing an appropriate
hypothesis class H for learning. To be useful for this, the tester should be more efficient than the
learner. The sample complexity of proper PAC learning is between Q(VC/¢) and O(V—gC log(1/¢)),
where VC is the VC dimension of /4 (and there are examples where either bound is tight) [6, 23,
22]. But there is no similar characterization of the sample complexity for testing, and it is not
known when it is possible to do better than the testing-by-PAC-learning method.

In fact, very little is known about property testing in the distribution-free sample-based
setting, and there are not many positive results (see e.g. [16, 12, 31, 5, 32]). For example, the basic
class H,, of functions f: N — {0, 1} with |f~1(1)| < n has a tight bound of ©(VC/¢) for proper
learning with samples, but for testing with samples, tight bounds in terms of both VC and ¢
are not known! Using the lower bounds of [34, 37] for support size estimation, [5] show lower

bounds of the form Q( elggvc) for this class and several others (e.g. halfspaces, k-alternating

functions &c.). This still leaves room for interesting upper bounds: any bound of o(VC/€) means

that the tester is doing something significantly different from testing-by-PAC-learning.

VC
g2logVC

promise that f~1(1) c [2n]), by learning the distribution instead of the function: their algorithm

Indeed, [16] show an upper bound of O(

) samples for testing H,, (with the extra

learns the histogram of the underlying distribution p on the subdomain f~1(1), with some
adjustments to handle the fact that the probability mass of p inside f~1(1) may be small. This

1 If the domain N is replaced with [Cn] for constant C, and queries are allowed, then 0(1/¢?) queries suffice.
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shows that the lower bound of [5] from support-size estimation is sometimes tight in terms of
the VC dimension, and hints at a closer connection to distribution testing. We give a simple proof
of a tighter and cleaner relationship — that testing support size of distributions and functions
are essentially the same problem.

THEOREM 1.8 (Equivalence of testing support size for distributions and functions). Let
mPT(n, g, 0) be the sample complexity for testing support size with success probability o. Let
mFN(n, g, o) be the sample complexity for distribution-free sample-based testing H,, with success
probability 0. ThenVne N, g,0 € (0,1),and ¢ € (0,1 — 0),

mP®T(n, e,0) < mM"N(n,e,0) < M (n,e,0+ &) +0 (—log(j/a) .

W1th Theorem 1.3, this improves the best upper bound for testing H, from O( vc) [16]

t0 O( % elogVC log(1/¢)). So, not only can H,, be tested more efficiently than learned, but even more
efficiently than the histogram of the underlying distribution can be learned.

We note also that there are reductions from testing the class H,, to testing several other
classes like k-alternating functions, halfspaces, and decision trees [5, 10], which emphasizes
the role of testing support size of distributions to the testing vs. learning question for Boolean

functions.

1.4 Techniques and Open Problems

The first part of our proof closely follows the optimal upper bound of [37] for the support size
estimation problem. In short, if domain element i has probability density p; and appears N;
times in the sample, the estimator of [37] outputs }}; f(N;), where f(N;) is constructed such
that E [f(N;)] = Q(p;) where Q(p;) is a function satisfying Q(p;) ~ 1 [p; > 0]. If this can be

done, then
B> f(N)
i

They make the necessary assumption that every nonzero density satisfies p; > 1/n, allowing

= Z Q(pi) ~ | supp(p)|.

them to use Chebyshev polynomials to define a suitable Q where Q(p;) = 1 [p; > 1/n]. Section 2
explains why Chebyshev polynomials arise naturally.

We follow the same strategy, although we no longer have any assumption on the nonzero
densities. We construct a Chebyshev polynomial approximation Q(p;) = 1 [p; > €] for carefully
chosen ¢ (depending on € and n). The main challenge is to account for the densities 0 < p; < ¢,
where the Chebyshev polynomial is not “designed” to be a good approximation, i.e. Q(p;) #

1 [p; > 0].

Main idea: We establish a tradeoff between the number of “heavy elements” with p; > £ (on
which the polynomial approximation satisfies Q(p;) = 1), and the value of the estimator on the
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“light elements” with p; < £. This is proved in Section 3.6, with an easier version giving a worse
bound in Section 3.5. The easier version uses concavity of Q on (0, ¢) to show Q(p;) = pi/?
(Proposition 3.14). In this case, we use £ ~ ¢/n. This gives us a tradeoff of the form

Z Q(pi) = #{heavy elements} + g Z Di- 1)

light i

Then, what remains to show is that, when p is e-far from | supp(p)| < n, this quantity is large
(and then bound the variance of the estimator, which depends on the degree of the polynomial
approximation). To get a better bound on the sample size and prove our main theorem, we use
a different setting of parameters in our polynomial approximation, and we establish a more
complicated tradeoff than Equation (1) (see Proposition 3.25), essentially

> Q) = (n+ pi) Q(p"), )

where p* is the n'"* largest density and ¢ is the distance to | supp(p)| < n, and we characterize
the worst-case behaviour of this tradeoff.

Open questions. The sample complexity upper bound from Theorem 1.3 leaves a small gap

n
elogn

We remark that our proof strategy does not allow us to improve any of our parameters (see

compared to the best known lower bound of Q(

) from [33, 37]. Can we close this gap?

Remark 3.31), and therefore we suspect that our upper bound is tight, unless there is a better
algorithmic strategy (say, a non-linear estimator).

We may also ask for a tolerant tester [29], i.e. an algorithm that accepts not only when
p has support size at most n, but also when p is €’-close to such a distribution for some &' <
€. Equivalently, we wish to distinguish between eff./(p) < n and eff;(p) > n. Our tester
from Theorem 1.3, like any sample-based tester, enjoys the very small amount of tolerance
g = 0(1/m(n,¢)). Under the promise that the true support size satisfies | supp(p)| = O(n),
algorithms for learning the histogram [33, 34, 21, 24] imply an upper bound of O (m)
for tolerant testing of support size, and in Appendix C we discuss how the techniques of [35]
may plausibly allow one to drop the support size assumption at the cost of higher dependence

—¢ i n_.o(—-)?
on & — &'. Can we achieve Togn O((g_g,)z).

1.5 Organization

One may treat the first part of our paper (up to Remark 3.8) as an alternative self-contained
exposition of [37], and we intend the paper to be as clear and accessible an explanation of the
Chebyshev polynomial method as possible (we also refer the reader to the textbook [38] on
polynomial methods in statistics).

Section 2 sets up the testing algorithm using generic parameters.
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Section 3 places Constraints I to IV on the parameters in order to guarantee the success of
the tester, and then in Section 3.5 we optimize the parameters to complete a weaker (but
simpler) version of Theorem 1.3. The stronger version follows by replacing Constraint IV
with the looser Constraint IVb in Section 3.6.

Section 4 proves that the algorithm outputs a lower bound on support size, Corollary 1.6.

Section 5 proves equivalence of testing support size of distributions and functions, Theorem 1.8.

2. Defining a Test Statistic

We begin by defining a “test statistic” S which the tester will use to make its decision — the tester
will output Accept if S is small and output Reject if it is large. But our test statistic will require
log(1/€) < log(n), so we first handle the case where the parameter ¢ is very small.

21 Smalle

If € is small enough that log(1/¢) = Q(log n), we will use the following simple tester. This result
is folklore (appearing e.g. in [18, 2, 3]) but we include a proof for the sake of completeness. We
start with the following simple observation:

OBSERVATION 2.1. Forany n € N, € € (0,1), and probability distribution p, p is e-far from
having support size at most n if and only if eff.(p) > n.

Using this observation, we give

PROPOSITION 2.2. There is an algorithm which, given inputs n € N, € € (0, 1), and sample
access to an arbitrary distribution p, draws at most O(n/g) samples from p and outputs a number
S which (with probability at least 3/4) satisfies

min{eff.(p),n} < S < |supp(p)|.
In particular, there is a support size tester using O(n/¢e) samples, obtained by running this algo-
rithm with parameters n + 1, € and outputting Accept if and only if S<n

PROOF. Write k := min{n, eff.(p)}. Let m := 10n/e. The algorithm draws m independent
random samples from p and outputs S, defined as the number of distinct domain elements in
the sample.

It is clear that S < | supp(p)| with probability 1. To show that § > min{eff.(p), n}, suppose
we draw an infinite sequence of independent random samples § = {sj, S2,...} from p. For
eachi € N, define the random variable t; as the smallest index t; € [m] such that the multiset
{s1,..., 8¢} is supported on i unique elements. Note that t; = 1.
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CLAIM 2.3. Foralli € {2,...,k},E[t; —t;i_1] < 1/e.

PROOF OF CLAIM. Write S§; = {s3,...,S;:} as the prefix of § up to element t. Fix any t;_;.
Conditional on the event ¢t;_; = t;_1, the multiset S;,_, = {s1,...,8_,} issupportedoni—1 < k
elements. Then p(supp(S;,_,)) < 1 — esince p is e-far from having support size at most k — 1
by Observation 2.1. Therefore for every t > t;_y wehave P [s; ¢S, , | ti-1 =ti-1] > € s0
E[t;i—ti_1] <1/e. [ |

From this claim we may deduce E [tx]| < t; + (k — 1)/e < n/¢g, so by Markov’s inequality
P [ty > 10n/e] < 1/10.
Therefore if m > 10n/¢ the tester will see at least k unique elements in a sample of size m, with

probability at least 9/10. ]

2.2 The test statistic

We now turn to the case where ¢ is large. Specifically, we fix a small universal constant a € (0,1)
(e.g. a = 1/128 suffices; we prioritize clarity of exposition over optimizing constants) and
assume:

ASSUMPTION 2.4. Foreveryn € N, we assume n™® < € < 1/3, so that log(1/¢) < alogn.
We will write § C N for the (random) multiset of samples received by the algorithm.

DEFINITION 2.5 (Sample Histogram). For a fixed multiset S ¢ N, the sample histogram is the
sequence N; where N; is the number of times i € N appears in S. If § is a random multiset then

we write N;.

The goal will be to find the best function f to plug in to the following definition of our test
statistic; we will show how to choose f in Section 2.3 and the remainder of the paper, but for

now we leave it undetermined.

DEFINITION 2.6 (Test statistic). For a given function f : {0} UN — R (which is required to
satisfy f(0) = —1), we define a test statistic as follows. On random sample S,

$:= ) (1+f(Ny).
ieN
Given an appropriate function f and resulting test statistic, we define our support-size
tester:

DEFINITION 2.7 (Support-Size Tester). Given parameters n € N and € € (0,1) our tester
chooses m independent samples S from the distribution p, and outputs Accept if and only if

S < (1+¢/2)n.



10 / 42

TheoretiCS R. Ferreira Pinto Jr. and N. Harms

REMARK 2.8. Our test statistic is a linear estimator (see e.g. [33, 36, 34, 37]) because it can be

written as

S=) Fj-(1+f()),
j=1

where Fj is the number of elements i € N which occur j times in the sample S, i.e. N; = j. The
sequence Fq, Fy, ... is known as the fingerprint.

A standard trick to ease the analysis is to consider instead the Poissonized version of the
algorithm.

DEFINITION 2.9 (Poissonized Support-Size Tester). Given parametersn € Nand € € (0,1)
our tester chooses m ~ Poi(m) and then takes m independent samples S from the distribution
p, and outputs Accept if and only if

S < (1+¢/2)n.
The advantages of Poissonization are these (see e.g. the survey [8]):

FACT 2.10. Let S be the sample of size m ~ Poi(m) drawn by the Poissonized tester. Then the
random variables N; are mutually independent and are distributed as

N; ~ Poi(mp;) .

FACT 2.11. If there is a Poissonized support-size tester with sample complexity m(n, €) and
success probability o, then there is a standard support-size tester with sample complexity at most
O(m(n, €)) and success probability 0.990.

2.3 Choosing a function f

Now we see how to choose the function f to complete Definition 2.6. To motivate the choice,
compute the expected value of the statistic:

PROPOSITION 2.12. For any given finitely supported f: {0} UN — R with f(0) = -1 and
parameter m, the (Poissonized) test statistic S satisfies

E [§] = Z(l +e ™PiP(p)) (3)
ieN
where P(x) is the polynomial

PO =Y F() .
S
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PROOF. Using Fact 2.10,

E[s] =Y e+ rol=Y 1+ RN =1 f() |= 3|14 D6 mpl](’””l) 1)

ieN ieN j=0 i j=0

—mp; ff(J) -
= 1+ e ™M / 1+ e ™Pip(p;) |
2\ T2 :

For convenience, we define
DEFINITION 2.13. For given polynomial P(x), define
Q(x) =1+e™P(x),

so that Q(p;) quantifies the contribution of element i € N to the expected value of S:
B|S| =) . @

If we could set Q(x) = 1 [x > 0] then E |S [ ] | supp(p)|. But this means P(0) = —1 while
P(x) = 0 for all x > 0, which is not a polynomial. Our goal is therefore to choose a polynomial
P which approximates this function as closely as possible.

Specifically, if we choose any coefficients ay, ..., az, we may then define
a; s ifj e [d]
f()=1-1 ifj=0
0 ifj>d

to obtain the degree-d polynomial
l m . (&
Pa(x) = ) f()=x =| ) apd | -1,
j=0 ) j=1

which satisfies the necessary condition P;(0) = —1. The other condition that we want P4(x) to
satisfy is that P4(x) ~ 0 for x > 0. This cannot be achieved by a low-degree polynomial, but we
can instead ask for P;(x) ~ 0 inside a chosen “safe interval” [ ¢, r]. In other words, we want a
polynomial which satisfies P;(0) = —1 and

Jnax |Pa(x)| < 6,
for some small 8. The lowest-degree polynomials which satisfy these conditions are known as
the (shifted and scaled) Chebyshev polynomials, which we define in Section 2.4.

REMARK 2.14. In the support-size estimation problem, there is a lower bound p; > 1/n on
the nonzero densities, so [37] choose a “safe interval” [#,r] with £ = 1/n, so that there is no
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density p; to the left of the interval, p; € (0, £). In our problem, we do not have this guarantee,
and therefore we must handle values p; that do not fall in the “safe” interval [¢,r].

2.4 Chebyshev polynomials and the definition of P4

For a given degree d, the Chebyshev polynomial Ty (x) is the polynomial which grows fastest on
x > 1 while satisfying [T4(x)| < 1 in the interval x € [-1,1].

DEFINITION 2.15 (Chebyshev polynomials). We write T;(x) for the degree-d Chebyshev
polynomial. These can be defined recursively as

To(x) =1
Ti(x) =x
Ta(x) = 2x - Tg-1(x) = Tg—2(x) .

T;(x) may also be computed via the following closed-form formula: Foralld € Nand x € R,

(v—l))

Tq(x) = % ((x + Vx2% - 1)d

We want the polynomials P;(x) to be bounded in [#,r] and to grow fast on x € [0, £) so

that P4(0) = —1. So we define a map ¥ which translates [¢,r] to [-1,1],
2x —r—+%
W) =

s0 ¥(0) = Z££. For convenience we write

S

so that (0) = 1+ 2. We now define

DEFINITION 2.16 (Shifted & Scaled Chebyshev Polynomials). For any d, define

Pq(x) = =6Ta(Y(x)),

where § = —1L_—

Ta(1+155)"
This way, as required,

P4(0) = =8T4(¥(0)) = -1, and |P4(x)| < Sforx € [¢,r].

We illustrate the Chebyshev polynomial T;(x) and the shifted and scaled result Q(p;) in Figure 1.
The resulting function values f(N;) which define our test statistic are given in Proposition A.4.
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1.0

0.0
101 0.00 1.01 0 7 r 2r

(@) Ty1(x),x € [-1.01,1.01]. (b) Q(pi) =1+e PPy (p)).

Figure 1. The polynomial T11(x) and the resulting Q(p;) = 1+e~™PiP4(p;) for d = 11 and certain choices of
¢,r,n,m. The ‘safe’ interval [, r] is between the two vertical lines in Figure 1b. See that Q(p;) is an
approximation of the ‘idealized’ function Q(p;) =1 [p; > 0].

3. Choosing Parameters

Our goal is now:

GOAL 3.1. Choose degree d and “safe interval” [ ¢, r] such that the (Poissonized) support-size
tester in Definition 2.9, instantiated with the (shifted and scaled) Chebyshev polynomial Py,
works with the smallest sample size parameter m, even though densities p; may not belong to
[4,r].

To do this, we will set up a series of constraints that these parameters must satisfy in order
for the tester to succeed, and then minimize m with respect to these parameters.

3.1 Constraintl: Choose d suchthaté < e

We will want that § < ¢ so that for every density p; in the “safe interval” [£,r] we have Q(p;) ~ 1,
specifically |Q(p;) — 1| < €. We will write this constraint in terms of £ and r:

CONSTRAINT I. For constant C;4 := 4In(2), we will require for any choice of ¢,r, e thatr > 3¢

and that the degree d satisfies
r—+=

IOQ
nge'

PROPOSITION 3.2. Assume Constraint I. Then § < €/20 and for all x € [, ],

d>Cy

|Q(x)—1|§6$%.

To prove this, we require a lower bound on the growth rate of the Chebyshev polynomials.
This is well known but we provide a proof for the sake of completeness:
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PROPOSITION 3.3. There is a universal constant c :=
y € [0,1],

21n(2) such that, for all d € N and

Ta(1+7y) > 2641,
PROOF. Using Definition 2.15, we have
e z((“*”*W) efasn a1
% (1 2y ) d1n<1+v—>

Using the inequality In(1 + x) > 2, which is valid for x > -1, together with the assumption
that y < 1, we obtain

PROOF OF PROPOSITION 3.2. Recall .= ¢/r and ¥ (0) = 1 + ;= It suffices to show

so that, for x € [¢,r] (which satisfies ¥ (x) € [—1, 1] and therefore Tq(¢(x)) € [-1, 1]),

Ta(¥(x))
Ta(1¥(0))

< 1 since a < 1/3, so we may apply

Pq(x) = =6Tq(Y(x)) = -

is within the interval [-&/20, £/20]. By Constraint I

’10(

20
T, (1 + ) > 2¢dVizg~
1-«a

is the constant from Proposition 3.3. Therefore when d > = '";E log(20/¢) =

Proposition 3.3 to get

where ¢ = zm(z)

%og(20/¢) > 1,/5-%(1 +10g(20/¢)) we have the result with Cq = 2 41n(2) m
3.2 Constraint ll: Choose m such that Q(p;) * 1 when p; > r

Next we need to choose large enough m such that the term e ™Pi cancels out the growth of
P4(p;) to the right of the “safe interval”, leading to the desired Q(p;) =1+ e ™PiP4(p;) = 1in
this case. (Figure 2 shows 1 + P4(p;) without the e™™Pi term.)

We place the following constraint:

CONSTRAINT Il. Werequirem > 5.5-d/(r — ¥).

PROPOSITION 3.4. Assume Constraint II. Then

Vxe(r,1] : 1-0(Xx)| <6.
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0 ! r 2r

Figure 2. Untamed right tail.

PROOF. Write y = 275 so that

2x —r—4¢ r—4€-2r+2x 2X — 2r

— = = = 1
o) r—*¢ r—4¢ " r—4¢
Notethat |T4(z)| = |T4(—2)| for all z. We need to bound [1-Q(x)| = e™"™|Pg(x)| = Se ™| Tq(¢Y(x))]
forx > r,and |Ty(Y(x))| = Ta(—-¢(x)) = T4(1+y). So we require e™ > T4(1+y). Bound Tz (1+y)

by

=1+y.

Ta(1+y) = 3 (L4 y + 32y ey + (1 +y - 2y +y2))
<(1+y+V2y+y2)d < 10+ V2 )
Ify < 1theny+\/m < 1+ V3, and therefore since =5 > = > 1wehave
d(y+\/m) <d(1+V3) sd(1+\/§)ri—BSmx.
Ifyzltheny+\/ms (1+3)y, so
d(y+\/m) sd(1+\/§)-2%§d(1+\/§)~2rf—83mx.

We then conclude
Ta(1+y) < ed+V+9) < pmx, n

3.3 Constraint lll: Variance

We will need the test statistic S to satisfy two conditions. First, when | supp(p)| < n we need
P [§ > (1 +8/2)n] <1/4.

Second, when p is e-far from having support size n, we need

P [§ <1 +s/2)n] <1/4.
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We will bound E [§] in each of these cases in Section 3.4. But first we will bound the variance.
We impose the following constraint:

: 2d-2
CONSTRAINT Ill. We require m < %eznz, and d94 (ﬂ) <

= m(r — £)*n?.

1
1

PROPOSITION 3.5. Assume Constraints I to III. Then Var [§] < g Z—:, and therefore (by Cheby-

shev’s inequality),

—~ —~ £ 1
P[|S—E[s]|>—n] <>
2" =3

To prove Proposition 3.5, we will require bounds on the values of f(N;) in the definition of
§=) (1+f(Ny).
ieN
For this we do some tedious calculations using the coefficients of the polynomial Pg(x). We put
these in Appendix A. The result is:

PROPOSITION 3.6. For any d and any k € [d],

i 2d  \*(r+e\*"

We may now estimate the variance.

PROOF OF PROPOSITION 3.5. Recall that each N; is an independent Poisson random vari-
able N; ~ Poi(mp;). Then

Var [’s‘] =Y Var[1+f(N)l = Y Var[(1+f(N))L[N; > 0]]

iEN ieN

< %E [(1 +f(Ni))2]l [N; > O]] < 5161&1)]((1 +f(]))2 ) I;I\;E [1[N; > 0]]

= SN _ p,—mpi NV _ . 2
5231}]((1 + (7)) %\;(1 e MPi) < 52&}]((1 + £(j)) m% pi=m 52&)]((1 + FU))2.

From Constraint IT, which implies m(r—¢) > 2d, the upper bound in Proposition 3.6 is maximized
at k = 1, so we have

vield : If(j)l <s-a?-3¢. 22 (

A
m(r—20) ) '

r—4¢
If this is at most 1, then the first part of Constraint III gives the desired bound.
g*n?

Var [§] <4dm < ——
43
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Otherwise, (1+|f(j)|)? < 4f(j)?, so (using Constraint I and Proposition 3.2 to ensure § < £/20 <
£/4%), we get from Constraint III that

2d-2
o 1
Var [S] < 42més? . db - 94. (H_g)

m(r—0)>2\r-2¢
2d-2 2
< lgz.go.gr. 1 rt <l o
42 m(r—-2£2\r-¢ 43

3.4 Constraint IV: E[S] > (1 + €)n when p is e-far

The above Constraints I and II ensure that Q(x) € 1 + § when x € [£,1]. The properties of
the Chebyshev polynomial also ensure that Q(x) < 1+ 6 for x < £ (see the behaviour of Q(x)
for x < ¢ in Figure 3). This means E [§] = 2ip;>0 @(pi) is essentially an underestimate of
| supp(p)|, which is enough to guarantee that the tester will accept p when | supp(p)| < n with
high probability:

LEMMA 3.7. Assume Constraints I and II. Then
B8] < (1+8)/supp(p)| < (1+2/4)| supp(p)|

PROOF. First note that ¥(x) > 1 for all x € (0, £), so that P4(x) = =8T4(¢(x)) < 0. Hence
Q(x) =1+ e ™Py(x) < 1. Combining with Propositions 3.2 and 3.4 we conclude that, for all
x € (0,1], Q(x) < 1+ 6. We also have Q(0) = 0. Recalling (4), we obtain

B[S| =200 < Y, (1+8) = (1+8)|supp(p)| < (1+&/4) supp(p)],

ieN ieN:p;>0

the last inequality since § < /4 by Proposition 3.2. u

REMARK 3.8. If we were guaranteed that all nonzero densities satisfied p; > ¢, then Lemma 3.7
would also show E [§] > (1 - 8)| supp(p)|. In particular, for the support-size estimation task,
where the nonzero densities satisfy p; > 1/n, we could simply set £ = 1/n, skip the remainder
of this section, and recover the optimal O (@ log?(1/ e)) bound of [37].

Now we need to ensure that E [§] will be large when p is e-far from having support size n.
The difficulty is that the densities p; may be arbitrarily small and lie outside the “safe interval”
[ £, r] where the polynomial approximation guarantees Q(p;) = 1. So we will require properties
of the Chebyshev polynomial approximation outside the interval [ £, r]. We impose the following

constraint:
CONSTRAINT IV. We require ¢ < Cg%, where C, is any constant C, < 1/20.

The constraint will give us the desired guarantee:
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0 {

Figure 3. Q(p;) for p; < ¢, and the linear lower bound Q(p;) > (1 - 5)% in Proposition 3.14.

LEMMA 3.9. Assume Constraints I, II and IV. Then for every k < n, if p is e-far from being

supported on k elements,
E [§] > (1+3¢/4)k .

REMARK 3.10. Constraint IV and Lemma 3.9 lead to an upper bound of O (glé‘gn logz(l/e))

instead of O ( 8lggn log(1/ e)). We put them here to ease the exposition, since the argument is
simpler. The argument for the better bound (using a weaker constraint £ < C,%log(1/¢)) is in

Section 3.6.

To prove Lemma 3.9, we will use the concavity of P4(x) on [0, £] to lower bound Q(p;) by
the line between the points (0,0) and (¢, Q(£)). This is illustrated in Figure 3, which shows Q
compared to the linear lower bound. First, we need a standard fact about the roots of Chebyshev
polynomials.

FACT 3.11. For each d € N, T;(x) has d distinct roots, all within [-1,1].
COROLLARY 3.12. For each d € N, T;(x) is convex increasing in [1, +o0).

PROOF. Since T4(x) has a positive leading coefficient, all of its first d derivatives are eventually
positive nondecreasing as x — +co. Moreover, all of its derivatives have their roots within
[—1, 1] by Fact 3.11 and the Gauss-Lucas theorem. Hence all of its first d derivatives are positive
on (1, +o0). u

COROLLARY 3.13. P, is concave increasing on [0, £].

PROOF. This follows from the Corollary 3.12 and the fact that Py = —8T,;(1(x)), with ¥ an
affine function mapping [0, ] onto [1,1+ £ ]. m

PROPOSITION 3.14. For each x € [0, £], we have (1 - 6)% < Q(x) < 1.
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PROOF. Recall that P;(0) = —1 by construction. It is also immediate to check that T;(1) = 1
and hence Py(¢f) = -8T3(¥(€)) = =8T4(1) = —6. By Corollary 3.13, P4(x) is concave increasing
(and hence negative) on [0, £]. Thus for any x € [0, £] we have

Qx)=1+e™Py(x) <1+e™-.0=1
and, on the other hand,
_ —mx X, _X). X R TR T P e
O(x) =1+e Pd(x)21+Pd(€ e+(1 g) 0)21+(€ (5)+(1 e) (1)) (1-6)7.

We now calculate the lower bound on the test statistic by partitioning the densities p; into
weight classes.

DEFINITION 3.15 (Heavy and light elements). An element i € supp(p) is called heavy if
p; > ¢; otherwise, if p; € (0, £), it is called light.

LEMMA 3.16 (Refinement of Lemma 3.9). Assume Constraints I, II and IV. For any distribution
D, let ng be the number of heavy elements in supp(p), and let uy, be the total probability mass of
the light elements in supp(p). Then

E[§] > (1-6) (nH+“—€L). 5)

In particular; for any k < n, if p is e-far from being supported on k elements, then
E [§] > (1+3¢/4)k.

PROOF. Let H C supp(p) denote the set of heavy elements, so that ny = |H|. Recall that, by

(4),
88| =Y 0w = 0w+ Y, 0.

ieN iecH iesupp(p)\H

By Propositions 3.2 and 3.4, the first summation is

D,0(p) = ) (1-8)=(1-8ny.

ieH ieH

By Proposition 3.14, the second summation is

Pi UL
Yoz D -85 =01-8.
. . £ 4
iesupp(p)\H iesupp(p)\H
This establishes (5). Now, suppose p is e-far from being supported on k < n elements. We
consider two cases.
Case 1. Suppose yy, > £/10. Then, using § < £/20 (from Proposition 3.2) and £ < 55 < 56-
(from Constraint IV),

€/10 - 20k

E [§] > (1- 5)“—; > (1 -¢/20) - = (1-¢/20) -2k > (1 +3¢/4)k .
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Case 2. Suppose u; < €/10. Then there must exist a partition H = R U T of the heavy
elements such that |R| = k and p(T) > 9¢/10, since otherwise p would be &-close to some
distribution supported on at most k elements. In fact, we can choose this partition such that
p(i) > p(j) foreveryi € R and j € T. It follows that p; < 1/k for every j € T, since otherwise
we would have p(R) > £ - [R| = 1. Hence

T 9¢/10  9ke
= p1(/k) > 1§k BETN

Thus we have
E [E] > (1-8)ng > (1—¢/20) (|R| +|T|) > (1 - ¢&/20) (’” i—l;e)

=(1-¢€/20)- (1 +9¢/10)k > (1+9¢/10 — €/20 - 2)k > (1 + 3¢/4)k. u

3.5 Correctness of the tester and optimizing the parameters

Let us repeat our list of constraints:
— ConstraintI: 7 > 3¢ and d > C44/5£ log (£), where C4 = 4In(2).
— Constraint II: m > 5.5d/(r — ¢).
— Constraint IIl: m < ze*n* and d®9¢ (£
— Constraint IV: £ < C,< for any Cp < 1/20.

)Zd_2 < im(r - &)

We show in Section 3.5.1 that if these constraints are satisfied, then the tester defined in Defini-

tion 2.7 will be correct. Then we optimize m according to these constraints in Section 3.5.2.

3.51 Correctness

LEMMA 3.17 (Correctness (Poissonized)). Suppose n, € satisfy Assumption 2.4, and that Con-
straints I to IV are satisfied with some sample size m = m(n, €). Then the Poissonized test statistic
Sin Definition 2.6 satisfies

(1+ 3¢/4) min{eff.(p) — 1,n) < E [E] < (1+¢/4)|supp(p)|

and
P [|§—E [§] B en/4] <1/4.

In particular, if p is e-far from having support size at most n, then eff.(p) > n (Observation 2.1),
so S > (1+&/2)n with probability at least 3/4; and if | supp(p)| < n then S < (1+¢&/2)n with
probability at least 3/4. So the algorithm in Definition 2.9 is a correct (Poissonized) support-size

tester with sample complexity m.

PROOF. Lemma 3.7 gives that E [§] < (1+¢€/4)|supp(p)|, while Lemma 3.9 gives that E [§] >
(1+ 3¢/4) min{eff.(p) — 1, n}. Combining these with Chebyshev’s inequality via Proposition 3.5
gives the result. L
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Translating to the standard (non-Poissonized) testing model using Fact 2.11:

COROLLARY 3.18 (Correctness (Standard)). Suppose that, for n, € satisfying Assumption 2.4,
Constraints I to IV are satisfied with some sample size m = m(n, €). Then (also for n, € satisfying
Assumption 2.4), there is a support-size tester with sample complexity O(m(n, €)).

3.5.2 Optimizing the parameters

Now we complete Goal 3.1 and find the setting of parameters which minimizes m while sat-
isfying all of our constraints. The (weaker version of the) main Theorem 1.3 follows from
Proposition 3.19, using Corollary 3.18, and Proposition 2.2 to handle small € that do not satisfy
Assumption 2.4.

PROPOSITION 3.19. Under Assumption 2.4, we may satisfy all of the constraints in such a way

that
n

glogn

m(n, &) =0 ( log* (%)) .
We first sketch some rough calculations to motivate the asymptotic dependence that each
of ¢, r, d and m should have on n and . Combining Constraints I and II, we obtain

d /1 1

Thus, to allow m to be as small as possible, we should make ¢ and r as large as possible. We
already have the bound ¢ < £ from Constraint IV. As we make r larger, d needs to grow due
to Constraint I, which can only happen as long as the bound d®9¢ (%)Zd_2 <im(r-eo%n’is
preserved. The left-hand side of this inequality is exponential in d while the right-hand side
is polynomial in n, suggesting that we need d = O(logn). Since d > \/% log (%), this suggests

setting
log® n
log?(1/e)

~

Plugging back into (6), we obtain

2
log“(1/e)  n log? (1) | o

£ logn elogn

REMARK 3.20. In Section 3.6 we replace Constraint IV with the looser Constraint IVb that
£ < Cp%log(1/¢), which we can see from Equation (7) should improve m by a log(1/¢) factor.

Let us now make this plan rigorous. (We have not tried too hard to optimize the constants.)

PROOF. We require Assumption 2.4 with a := 1/128. We set
— &= C,: for C, = 1/20.
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o _ e log’n A2

ri= g (1) for constant C, .= 4a“C,.
— d = [Caqy/ £ 10g (22)7, recalling that Cq = 41n(2).
— m:=554%

We claim that Constraints I to IV are satisfied. Constraints II and IV are immediately satisfied
by the choices of m and ¢, while Constraint I is satisfied by the choice of d, and because r > 4¢

since ) ,
r Crlog®n , log®n

= >4q° —————— =
£ C,log*(1/¢) (alogn)?

Let us now verify Constraint III. Start with a calculation of
bound of m = O(Elogn log?(1/¢)):

——7> which also gives the claimed

a 2C4 rz;flog(%) 2C, log(m) 2C, log(zo) 2Cqlog (&)
r—+4€ r—2=¢ \/ZE(Y‘— V2l -r/ Cp- CE log? n
"nlog?(1/e)

_2C4 n log(1/¢)1log(20/¢) - 12Cqa n log? (1/8)_6Cd n log?(1/¢)
~ \CiC € logn ~\VC,C, & logn  Cma e logn

the last inequality because € < 1/2 by Assumption 2.4, so log(1/¢) > 1 and hence log(20/¢) =
log(20) +1log(1/e) < 5+1og(1/e) < 6log(1/e).
To verify Constraint III, we start with checking the inequality d%9¢ (Z££) 22 o rm(r—2)*n.

Using m = 5.5-%;, the right-hand side is at least

r—=4’
1

1
“m(r-4£)*n*> > -55-d(r - &)n*,
4m(r )n_4 (r=©0)n

so it suffices to prove
d d49d(r+€)2d2 5.5 5
— — <

—n
r— r—+* 4
Using the upper bound on -=; and the upper bound ﬁ*f, < Egﬁg; 5/3, it suffices to prove
J452(d-D) 6Cal Elogz(l/g) .55 2 s2(d-1) 5.5C g logn ®
Coa € logn ~ 4-9 T 4-9-6Cy d* log?(1/e)
Upper bound d by
-4 20 C 20 C Cr 1 20
d-1<Cay/—S10g 2] < =4 log Ca [Cr logn) |
20 = = V2V Cilog(1/e)
2Cq4 log(n)

=—.a- log(§)<1zc—-a-logn
vz log(1/e) V2 '
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Lower bound the right-hand side of (8) using the inequality above viad < 2(d - 1),and € > n™9,
which implies that log(1/¢€) < alogn, to obtain

5.5C, . logn __ _ 5.5C . nl-a logn
e — > = a- T
4-9-6Cq a* log®(1/e) 4-9-6Cq (2-12ﬁ-a-logn) a’log®n
V2
:K.l.nl_a. 1
a log® n
5.54C;

for constant K = Hence, returning to (8), it suffices to establish

4-9-6-24-12463'

2410g(5) .. 1

n 2 <K= !
P

log®n’

nl—a

We have &\é(s)cda < 0.8536 while % > 3.2, and indeed the inequality

n127/128

n08536 3 9. -
log> n

holds for sufficiently large n (say, n > 5.4 - 10%%).

It remains to verify the inequality m < J;e*n®. We have

2
d__55 60 1 n log(1/e)

m=2>5.5
r—+% Cr a ¢ logn

so (since € > n™* and hence log(1/¢) < alogn) it suffices to have

6Cg 1 n log*(1/e) 1 , , Ca 1 1 a*log’n

55. —~.—.—. = T < —¢n® = & >4*55.6-2.-.=.
Cr a € logn 44 Cr a n logn
nl-3a Cy n125/128
>a-4*.55.6- — > 3660,
logn Cy logn
which holds for sufficiently large n (say, n > 8 - 10%). u

3.6 Constraint IVb: Improvements from loosening constraint IV

In this section we loosen Constraint IV and obtain the improved bound of O (glc’}gn log(1 /8)).
We replace the earlier constraint of £ < C,+ with:

CONSTRAINT IVb. Werequire £ < C,; log(1/¢) for any constant C, satisfying C, < min {4C—j§, %}

To get the improved upper bound from this constraint, it is sufficient to replace the earlier
Lemma 3.9 with:

LEMMA 3.21. Assume Constraints I, Il and IVb. Then for all e < 1/3, and all k < n, if p is e-far
from being supported on k elements,

E [§] > (1+3¢/4)k.
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Following the same arguments as in Section 3.5 then leads to our main result:

THEOREM 3.22. Foralln € Nand € € (0,1), the sample complexity of testing support size is at
most

m(n,€) =0 -min {log 1,logn}| .

glogn
PROOF. The proof of correctness under Constraints I to III and IVb is the same as Lemma 3.17,
replacing Lemma 3.9 with Lemma 3.21.
The proof of the improved sample complexity follows from the same calculations as in
Proposition 3.19: starting with the choice of parameters from Proposition 3.19, we
1. Scale ¢ and r up by a factor of log(1/¢).
2. Scale m down by a factor of log(1/¢).
3. Leave d unchanged.

It is then straightforward to see that each of Constraints I to III is still satisfied under the new
choices of parameters, and that Constraint IVb is indeed also satisfied. u

To show that Constraint IVb is sufficient, we first define a function ®(A) to quantify the
worst-case behaviour of the sum }; Q(p;) (Section 3.6.1), and then prove a lower bound on ®(A)
(Section 3.6.2).

Some notation. For x € (0, £), we will frequently write x = A€ for A € (0,1) and

20
=y(A)=—(1-2A
y=y)=7—00-2)
which satisfies
r+f—2x 20— 208 20(1 - Q) 20
= =1+— =1+ ——=1+——1N1-A) =1 .
(480 r—+¢ * r—~% * r—2=¢ +1—0(( ) Ty ©)

To simplify the analysis, we will define and analyze an auxiliary function Q* that lower
bounds Q. Recall Q(x) =1 + e ™ P4(x). We define the function

. 1+Py(x) ifx<?
Q" (x) =
1-6 ifx > ¢,

which satisfies:

PROPOSITION 3.23 (Properties of Q*). Q™ is continuous, concave and non-decreasing on [0, 1],
and for all x € (0, €], Q(x) > Q*(x). Furthermore, if Constraints I and II hold, then Q(x) > Q*(x)
for all x € (0,1].

PROOF. Forx < ¢, P4(x) is concave and increasing (Corollary 3.13), so Q*(x) = 1+ P4(x) is also
concave increasing. To ensure continuity, it suffices to check the value of Q* at x = ¢£. Observe
that

Pq(€) = =6Ta(Y(¢)) = —6T4(1) = -6,
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soQ*(¥) =1-68 =1+P4(£), which makes Q* continuous. Then since Q*(x) is concave increasing
on x < ¢, and constant Q*(x) = Q*(£) on x > ¢, it is concave and non-decreasing on x € (0, 1).
Now we show Q(x) > Q*(x). If x € (0, £), write x = A€ so that (x) =1+ y. Then

Pg(x) = =8Ta(P(x)) = =6T4(1+y),
S0 Pg(x) < 0since Ty(1+y) > 0 fory > 0. Since mx > 0,
Q(x)=1+e™Py(x) >1+Pyg(x) =Q*(x).
If Constraints I and II hold, then for x > ¢, by Propositions 3.2 and 3.4,
Qx)>1-6=0"(x). |

Since the quantity }}; Q*(p;) is invariant under permutations of p, we may assume:

ASSUMPTION 3.24. Without loss of generality, we assume p is sorted, so that p1 > py > - - -.

3.6.1 Worst-case behaviour and the function ®(2)

We first show that the worst-case behaviour of Q* is captured by two variables: the n™-largest
density pp, and the total mass of elements lighter than p,. Informally, the worst-case distribu-
tions for our test statistic are those concentrating essentially all of their mass at pj.

PROPOSITION 3.25. Letn € Nand let p be a (sorted) distribution with p, > 0. Let u := }};~,, Di-
Then

ZQ (p) 2 (n+p )Q (Pn) -

PROOF. Recall that Q* is concave and non-decreasing by Proposition 3.23. Since Q* is non-
decreasing and p; > p, for anyi < n, we have Q*(p;) > Q*(pp) for any i < n. On the other hand,
for any i > n, we have p; < p, and then, using the concavity of Q,

“(ny = [ PL _ b Pi _bi _Dbi
Q" (pi) (p Dn + (1 )O)ZPHQ(an(l p)Q(O) an(pn),

n n n

the last equality since Q*(0) = 1 + P4(0) = 0. We conclude that

ZQ(pz)>ZQ(pn)+Zp’ Q(pn)—(n+p)Q(pn) 0

i<n l>n

We can now transform the problem of lower bounding } ; Q*(p;) into the problem of lower
bounding another function ®(A) defined as:

DEFINITION 3.26. For A € (0,1], define

®(A) = (1 + T;) 0" (A0) .
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We will show a lower bound of ®(A) > 1+ 3¢/4 below, in Section 3.6.2. Here we show why

it works:

LEMMA 3.27. Assume Constraint I. Suppose ®(A) > 1+ 3¢/4 for all A € (0,1). Then for any
k < nand any p that is e-far from having | supp(p)| < k,

2,7 (p) > (1+3e/4)k.

PROOF. Since pissorted and e-far from having | supp(p)| < k, we have px > 0and ;- pi > €.
We also have px < 1/k since p is a probability distribution. We consider two cases: px > € and
Pk < L.

First, suppose px > €. Then Q*(px) = 1 — 6 by definition, so by Proposition 3.25,

>0t (po) > (k+ Uik) (1-8) = (1+&)(1 -8k > (1+3¢/4)k,

the last inequality since § < €/20 < ¢/8 by Proposition 3.2. Otherwise, if px = A€ for some
A € (0,1), then Proposition 3.25 gives

Zil Q" (pi) > (k + ;%) Q" (A8) =k (1 + %) Q*(A8) > ®(A) -k > (1+3¢e/4)k. o

3.6.2 Lower bound on ©(A)

Our goal is to prove ®(A) > 1+ 3¢/4. Figure 4 shows a plot of ®(A) compared to 1 + ¢ for certain
example settings of parameters.

l+¢

1+¢

0.0 05 1.0 0.0 05 1.0
(a) @(A) when dis too small. (b) ®(A) under Constraints | and IVb.

Figure 4. The function ®(1) with bad and good parameters.

Note that ®(1) = (1 + 35.) Q*(A¢) is undefined on A = 0. We will proceed in two steps:
1. Show that ®(A) > 1+ 3¢/4 at A =1 and in the limit A — 07;
2. Show that ®(A) > 1 + 3¢/4 within A € (0, 1) by studying the derivative ®’(A).
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The case A =1 is the easiest to handle:

PROPOSITION 3.28. Assume Constraints I and IVb. Then for alln e Nand € € (0,1), ®(1) >
1+ 3¢/4.

PROOF. Note that, by Proposition 3.2, we have § < ¢€/20 < ¢/8. When A = 1, we have
Q*(A¢) = 1 — & by definition and hence, using the inequality £ < ~log(1/¢) obtained from
Constraint IVb,

@(1):(1+%)Q*(€)2(1+ )(1—5)>(1+8)(1—5)21+38/4. g

1
log(1/e)
To reason about lim,_,o+ ®(A), we will use I’Hopital’s rule, for which we will need bounds
on the derivative T/ (x) of the Chebyshev polynomials. We state the following bound, whose

proof proceeds by a direct calculation and is deferred to Appendix B.

PROPOSITION 3.29. Foranyd € Nandy € (0,1), we have

d
T)(1+y) > — (T;(1+y)-1) .
a(1+Y) W(d( y) -1
We may now complete Step 1.

PROPOSITION 3.30. Assume Constraints I and IVb. Then the limit lim;_,o+ ®(A) exists, is
finite, and satisfies

lim ®(A) > 2. (10)
A—0*

PROOF. Recall from Equation (9) that Q*(A€) =1+ P3(Af) =1 - 8T3(1 + y). Then

lim ®(2) = lim (1+T) (1= 8T4(1+7))

1-8T4(1+7y)
2

= hm [1- STd(1+y)]+E )th—>0+[

Since y = 12_—“a(1 — A), and by the definition of 6, the first limit evaluates to

20 1
1-6T;(1 =1-6-—-=0
d( +1—a) 6

As for the second limit, note that both the numerator (for the same reason) and denominator go
to0as A — 0*. Applying L’Hépital’s rule,

d
=(1-36T4(1+ S d 2
lim ®(A) = — - lim (1= oTad+y) _ be o dp (), 20 1-2)
A—0* fn 1-0+ d%)( fn 250+ dA -«
6 2« , 2 6 2 2
=— . —— . lim T} {1+ 1-)]|=— — T)|1+—]|,
n 1-a 1-0t - n 1-« 1-«

where the last equality holds since T} (x) is a polynomial and hence continuous, and this also
establishes the existence and finiteness of the limit. Using Proposition 3.29 and the definition
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of 6,

6 2a d 1 2 oed 1
lim ®(A) > — - A==1]= . dZ=1) .
A—0* m 1-o 3. 2a 6 1-a ¢ny3 \6

Since § < 1/2 by Proposition 3.2, we have % -12 %. Using Constraints I and IVb and the
definition a = ¢/r, we obtain

lim ®(1) > /% . 9 n Car] % 10g(1/6) - — > 2 g
A0 1-a ny3 Ceelog(1/e) N e 08 28

REMARK 3.31. The last step in the above proof shows that Constraint IVb is the best possible
relaxation of our constraint on £ for the present proof strategy: if we had £ > £ 1log(1/¢), then

we would only have obtained a 0(1) lower bound on lim)_,o+ ®(A), but we require a 1 + 3¢/4
lower bound.

Thanks to Proposition 3.30, we hereafter consider the continuous extension ® : [0,1] — R,
i.e. we define ®(0) := lim)_,o+ P(A).

The next step is to show that @ satisfies a certain differential inequality, which will help us
conclude that ®(A) > 1+ 3¢/4 at any critical points where ®’(A) = 0. It is convenient to define
L =%, so that

1
d(A)=|1+—](1-6T;(1 .
=1+ 73] @ =T+
LEMMA 3.32. Assume Constraint I. Define A = \/% - Cqlog (3). Then for all A € (0,1),

@' (A) > —D(A) (A + ) +(1-6)A (1 + i) :

1
A(LA+1) LA

PROOF. Recall that y = 2% (1 - 1) so &y = -2~ Then

=" 5Td(1+V))+(1+Li) (=8) - T, (1+y) - (_12__“0()
1+Lﬁ;cpu) 5. 2 (1 Ll)() (1 +y)
:_m@(ﬁﬂs.f__"‘a.(1+%).Té(1+y).
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Using Proposition 3.29 and Constraint I and recalling that T4(1 + y) > 1,

@'(A) >

@(A)+5-2—“-(1+i)- d (Ta(1+y) - 1)
1-a NCRETHEREY

1 [2a 1\ Cay5alog(3)

1
= ;CD(/\)+6-(1+1)-M(Td(l+y)—l)

CAILA+1)

CALA+1) L V3
= ! PA)+A|1+ ! 6Ta(1+y)—SA |1+ !
T ALA+1) La) Ot Ty LA)
Now, we may use the definition of ® to rewrite the middle term:
1 d(A
CD(/\):(1+—)(1—6Td(1+y)) = 6Ty(1+y)=1- (3 .
LA 1+m
Therefore
1 1 ®(A) 1
AN >——DPN+A|[1+—]||1- —S6A |1+ —
)2 =iz e ( +LA) 1+ L ( +LA)
= ! PN +A(1+ ! d(A)|-SA(1+ !
O A(LA+1) LA LA
1 1
=N |[A+ — 1-5A(1+—].
()( +/\(L/\+1))+( ) ( +L/\) .

We may now conclude the argument.

LEMMA 3.33. Assume Constraints I and IVb. Then for alln e Nand € < 1/3,

VA € [0,1] : ®(A) > 1+ 3¢/4.

PROOF. Note that Propositions 3.28 and 3.30 already give the result for A = 0and A =1, and
moreover @ is continuous on [0, 1] (by Proposition 3.23) and differentiable in (0, 1) (by the
differentiability of Q* in (0, £)). Thus it remains to check points A € (0, 1) for which ®’(A) = 0, if
any exist. Suppose A € (0, 1) satisfies ®’(A) = 0. Then Lemma 3.32 implies that

, 1
O=CD(/1)2—CD(A)(A+ )+(1—6)A(1+ﬁ),

ALA+1)
where again A = \/g - Cqlog (1). Rearranging, we obtain

1 (1-6)A (M 292
(1-8)A(1+zz) Ix )  (1-68)(AL*A*+2ALA + A)

(A 41 ) (AA(LA+1)+1) AL222 + ALA+ L
A(LA+1) A(LA+1)

o) >
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Take K .= A/L > % which satisfies K > 4 under Constraint IVb. Then the right-hand side is
¢

KL?’A+ (K -1)L
KL3A2 + KL2A + L

KLA+ (K -1)
KL2A2 + KLA+1]

(1—6)(1+ ):(1—6)(1+

If LA < 1/K then, by preserving only the term (K — 1) in the numerator and using the bound
KL?*)%? < KLA < 1 in the denominator; this is at least

K-1

(1—5)(1+ )z(1-5)-zz1+3g/4,

the last inequality since § < /20 by Proposition 3.2. Otherwise, by preserving only the term
KLA in the numerator and upper bounding each term in the denominator by the maximum of
the three, it is at least

(1—5)(1+KLA-min{ ! ! 1})2(1—5)(1+min{i 1})

3KL2A2’ 3KLA’ 3 3L° 3
>(1-68)(1+¢)>1+3¢/4,

where the first inequality holds since 3KLA > 3 and A < 1, and the second inequality holds
since L < C¢log(1/¢) < 5 by Constraint IVb. m

We now have all the ingredients to conclude the soundness of the improved tester, and
hence finish the proof of the main theorem.

PROOF OF LEMMA 3.21. Combine Equation (4), Proposition 3.23, and Lemmas 3.27 and 3.33
to obtain

E[S| =Y 00> Y 0" (p) > (1+3¢/4)k. o

ieN ieN
4. An Effective Lower Bound on Support Size

To prove Corollary 1.6 from the introduction, which we restate here for convenience, we need
to essentially do a binary search for the correct parameters, in order to control the variance
(since the variance depends on the parameter n).

COROLLARY 4.1. There exists an algorithm A which, given inputsn € N, € € (0,1/3) and sam-

n
elogn

ple access to unknown distribution p over N, draws O ( -min {log(1/¢),log n}) independent
samples from p and outputs a number S which satisfies (with probability at least 3/4 over the
samples)

min{eff.(p),n} < S < (1+¢)|supp(p)|.

PROOF. The algorithm proceeds as follows:
1. Fori = 0 to log n, perform the following.

a. Setn; :=n/2"and & = ;5.
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b. If n;, € do not satisfy Assumption 2.4, use O(m(n;, €) - log(1/6;)) samples to obtain
an estimate S; satisfying the conditions of Proposition 2.2 with probability at least
1 — &; (using the median trick to boost the error). Output S; and terminate.

c. Otherwise, if n;, € satisfy Assumption 2.4, use O(m(n;, €) - log(1/6;)) samples obtain
an estimate of the test statistic S; from Definition 2.6, which (again using the median
trick) satisfies the conditions of Lemma 3.17 with probability at least 1 — ;. If
§i > nj4+1 output §l and terminate. Otherwise continue.

2. If the algorithm did not terminate in log n steps, then output 1.

The number of samples used by the algorithm is at most (for some constant C > 0):

logn
C- ; lon—i-) log (i) % -min{log(1/¢),log(n;)}

4 log(n S;
5logn ;
1 2 n/2t . . ;
=C- E ; W(l + 3) . mln{log(l/é‘),log(n) - l}
logn i
1 n/2t . : ;
D) Tog(n) {3 min{log(1/¢), log(n) - i}
i=1+7 logn

%logn 1 1
min{log(1/¢),log(n)} Z (i+3)+2C Ex/ﬁlogn
i=0

<C-
elogn

=0 (elc’:g - min{log(1/¢),log n}) .

The probability that any of the estimates S; fails to satisfy the conditions in Lemma 3.17
or Proposition 2.2 (whichever corresponds to the estimator used in the i™ step) is at most
Zli(ff)" 6; < %. Assuming that every S; satisfies its corresponding condition, we separately prove
the upper and lower bounds on the output of the algorithm.

CLAIM 4.2. The output satisfies S < (1 + €)| supp(p)|-

Proof. If the algorithm reaches its last step and outputs 1, there is nothing to show. Similarly, if
it outputs an estimate S coming from Proposition 2.2, then S <| supp(p)| and we are done.
The remaining case is that the algorithm terminates at some step i* by outputting an
estimate S;- satisfying the conditions of Lemma 3.17. We claim that n;+ < 3| supp(p)|. Indeed,
assuming that n;- > 3| supp(p)| for a contradiction, Lemma 3.17 implies that
EN
4

§,~ < (1+¢/4)|supp(p)| +% <(1+¢/4)- %+

S I [ A I
T 312 T4 M3 T3 g U
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contradicting the assumption that the algorithm terminates at step i*. Hence n;- < 3| supp(p)|.
Thus Lemma 3.17 gives

~ EN;+ 3¢
Si < (1+¢/4)|supp(p)| + Tl < (1+¢&/4)|supp(p)| + Z' supp(p)| = (1 +¢)|supp(p)|. @
CLAIM 4.3. The output satisﬁes§ > min{eff.(p), n}.

Proof. We first consider the edge case where eff.(p) = 1. In this case, the output satisfies
s> eff;(p) since the algorithm always outputs at least 1. Going forward, suppose eff.(p) > 2.

Now let i* be the smallest non-negative integer such that eff.(p) — 1 > n;-41, which exists
because Nyog(n)+1 = % < effs(p) — 1, so i* = log n satisfies the condition. We consider two cases.

First, suppose that eff.(p) — 1 > n;-, which implies that i* = 0 by the minimality of i*.
Then n = ny < effz(p) — 1, so p is e-far from having support size n by Observation 2.1, and we
conclude that the algorithm terminates with output satisfying S > (1 + £/2)n (by Lemma 3.17)
orSy > n (by Proposition 2.2).

Otherwise, we have that n;+ > eff.(p) -1 > n;-41. For all j < i*, if the algorithm terminates
on loop j then it outputs §] > Njy > N > effg(p) — 1, s0 that§j > eff(p).

Finally, suppose the algorithm reaches loop i*. If n;:, € do not satisfy Assumption 2.4, then
the output S;- satisfies §;- > min{eff:(p), nj+} = eff.(p) by Proposition 2.2.

Otherwise, n;-, € satisfy Assumption 2.4, which implies that eff.(p) — 1 > n;-41 > 4/¢; then,
since min{eff.(p) — 1, n;-} = eff.(p) — 1, we conclude from Lemma 3.17 that

Si > (1+3¢/4)(effe(p) — 1) — en- /4 = (1 + 3e/4) (effe(p) — 1) — €njs1 /2

4
> (1+¢/4)(effe(p) —1) > effo(p) =1+ Z o= effe(p),
which is larger than n;-,1, so the algorithm terminates with output satisfying Si > eff.(p). @

This completes the proof of the corollary. u

5. Testing Support Size of Functions

For any n € N, we write H,, for the set of functions f: N — {0, 1} which satisfy | f~1(1)| < n. We
will refer to pairs (f, p), consisting of a function f: N — {0, 1} and a probability distribution p
over N, as function-distribution pairs. A function-distribution pair (f, p) is e-far from Hp, if

Vh e H, : [f(x) # h(x)] = €.

P
X~p
For any multiset S ¢ N and function f: N — {0, 1}, we will write Sy for the labeled multiset

Sr={(x,f(x)) : x€S}.
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DEFINITION 5.1 (Testing Support Size of Functions). A support-size tester for functions, with
sample complexity m(n, €, g), is an algorithm B which receives as input the parameters n € N,
€€ (0,1),and o € (0,1), and is required to satisfy the following. For any function-distribution
pair (f, p) consisting of a function f: N — {0, 1} and a probability distribution p over N, if S¢
is a labeled sample of size m = m(n, €, g) drawn from p, then

1. If f € H, then P [B(Sy) outputs Accept| > o; and

2. If (f, p) is e-far from H,, then P [B(S £) outputs Reject] > 0.

We write mfN(n, g, o) for the optimal sample complexity of a support-size tester for functions.

We will also write mP™T(n, €, o) for the optimal sample complexity of support-size testing of
distributions, with parameters n and &, and success probability o (replacing 3/4 in Definition 1.2).
The next two propositions establish Theorem 1.8 from the introduction.

PROPOSITION 5.2. Foranyn e Nand e € (0,1), and any g € (0,1),

mP®T(n,e,0) < m™N(n,¢,0).

PROOF. We reduce testing support size of distributions, to testing support size of functions. Let
B be a distribution-free sample-based support-size tester for functions on domain N, with sample
complexity m = mfN(n, €). Then, given n and ¢, the support-size tester for input distribution p
is as follows.

1. Let S be m independent random samples from p.

2. Output B(Sr), where the sample S is labeled by the constant function f(x) = 1.

Suppose that p is e-far from having | supp(p)| < n. Then for any function g : N — {0, 1} with
lg71(1)| < n, it must be the case that };4,-1(4) pi > €. SO

P | B(S¢) outputs Reject| > 3/4.

Now suppose p has | supp(p)| < n. Let g: N — {0, 1} be the function g(i) = 1 [i € supp(p)], so
lg71(1)| < n. Then
P | B(S;) outputs Accept| > 3/4.

Since Yigg-1(1) Pi = 0, the labeled sample S has the same distribution as the labeled sample S,.
So
P | B(Sy) outputs Accept| > 3/4. m

PROPOSITION5.3. Foranyn e Nand ¢ € (0,1), and any o, & € (0,1) which satisfy o + & < 1,
m™N(n,e,0) < mPST(n,e,0 + &) + 224

PROOF. Let A be the distribution support-size tester with sample complexity mP™". On input
parameters n and &, given sample access to the function-distribuiton pair (f, p), we define the
tester B which performs the following.
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1. Take mq = w random labeled samples S}i). If 8}1) N f~1(1) = 0, output Accept.
2. Let z ~ S N f~1(1) be chosen uniformly at random from the elements of the multiset
sO n 1),

3. Take my = mPST(n, &, 0 +&) random labeled samples S'* and let T be the multiset obtained

f
by replacing each element of %) N £~1(0) with z; i.e.

T:=S%nfla))yuz

where Z is the multiset containing z with multiplicity |S® n f~1(0)].
4. Output A(T).

To establish correctness of this tester, note that, conditional on the event E := (S n f~1(1) # 0),
T is distributed as m, independent samples from the distribution p® defined as

Di ifi e f1(1)\ {z}
P = pi+ i py ifi=2
0 ifi € f71(0).

If |f~1(1)| < nthenitis clear that | supp(p®)| < n. If (f, p) is e-far from satisfying | f~1(1)| < n,
then the sum of the largest n values p; on domain i € f~1(1) is at most 3’ jef-1(1) Pj — € Therefore
the sum of the largest n values of pgz) is at most

Z pj+ Z pi—€<l-g,
jef~1(0) jef~t

so p'? is e-far from having | supp(p'?)| < n.

Suppose that |f~1(1)| < n. Write pg = IEPL [E]. Then
s

P [Boutputs Accept] =(1—pg)+pg- P [A(S(Z)) outputs Accept] >0+¢.
s s(2) s

Now suppose (f, p) is e-far from satisfying | f~1(1)| < n. Then

P [Boutputs Reject] = pg- P [A(S(Z)) outputs Reject] >pp-(0+¢).
s, s s

Since (f, p) is e-far from satisfying |f~1(1)| < n, it must be the case that 2jef-1(1) Pj = & SO
pE=>1-(1-gM>1-e™>1-£/2.
Then

P [Boutputs Reject] > (1 -¢&/2)(c+¢&) > 0. |
s g2
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A. Coefficients of P, and Values of f

PROPOSITION A.1(Chebyshev Polynomial Coefficients [28]). The j™ coefficient b; of T4(x)
is 0 when j has opposite parity as d. Otherwise
(% _ 1)!

We put a bound on the largest coefficient of T;(x). The leading coefficient is 2971, so the

b= 2J-1.4. (_1)% .

bound will necessarily be exponential in d.

PROPOSITION A.2. Foreveryd > 1 and every j < d, the j™ coefficient of T;(x) satisfies
bjl <d-3% <94

PROOF. Let bﬁ.d) be the coefficient of x/ in T(x), with b(_‘i) = 0. We will show by induction
that for every d > 0, |b§.d)| < max{1l,d} - 34, In the base case we have bﬁ.o), bﬁ.l) € {0,1}. By the
recursive definition of Ty (x),
(@) _ o pld-1) _ p(d-2)
bj =2 bj_1 bj
<2 b+ bl
= j-1 j

< 2-max{1,d -1} - 3%t + max{1,d — 2} - 3972

1
<2.d3tt 44392 = (z + §) d3?! < d3?.
The same argument shows b;d) > —d3%. Now d < 34, so |b§.d)| < 32d = 9d, u
We can now calculate the coefficients of Py in terms of § and the coefficients b; of Ty.

PROPOSITION A.3 (Coefficients of P;). For given ¢, r, the polynomial P4(x) = (Zl‘fzi akxk) -1
defined by P;(x) := =6 - T4(¥(x)) has coefficients

d .

1 J ik

ax = (-1)F*1.§.25 % p; . ..()-(r+e)f ,
].:Zk (r—2) \k

where b is the j™ coefficient of Ty(x).
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PROOF. For convenience, write o :==r + £ and B :=r — £. Observe that

d
% . Pa(x) = ~Ta((x)) = —Z b; - (Y(x))

j=0 j=0

d j , k j-k
SR

]Zg f; KI\B ) \B

For each fixed k, the coefficient of x* in this polynomial is

+ 1
—(- 2) Zb] ( )0(] k_( 1)k 12kZbJ 8)]_.

We combine these calculations into a formula for the values f(k) in the test statistic

(i)(r + )7k m

(Definition 2.6), for the sake of completeness and to generate Figure 5. A similar figure appears
in [37] for their support size estimator.

Figure 5. Example values of 1+ f(N;) in the estimator.

PROPOSITION A.4. For given £,r, m and d, the function f in Definition 2.6 obtained from the
polynomial P, satisfies f(0) = —1, f(k) =0 for k > d, and for all k € [d],

(r+ £)/7k
(r—2e€J °

1 ¢ aj (5 - 1)!
— ), ()T

k d- .
" j=d j:nliod 2 (T])'(] B k)!

fk)= ()" -8-d-
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PROOF.
f(k)=a ﬁ=(—1)’<+1-<s-2’< i J S(r+ o)k
mk > (r—B)J k
d+j .
Ko aif o T o )
= (-1)k*1. 5. 2k— -1 2/71.a. : : ()
(-1) i ]Zk (-1)2 () o
j=d mod 2
d+j
1 d a-j - (2 - ) (r+ €))7k
= (-1)*.5.d- — -1 gk+i=1. : —
(1) mk. Ek (-1) 2 (d )'(] k)! (r—120))
j=d mod 2

PROPOSITION 3.6. (Restated) For any d and any k € [d],

i 2d  \*(r+e\*"

PROOF. Using Proposition A.3 with b; being the j™ coefficient of T4(x), and using |b;| < d3¢
from Proposition A.2, we have

ook kS, () e KOS (1) e

<5.d.30. kK Zdl() (r+oi*

S (r—2)j
=5-d-3%. 2k —— 1l})}(z:()(rh?)”‘
ZS'd'Bd'zkm"(r—e)kZo 'k>'(r+€) )
<0432 - k”)(dd'm'(:i{z)d—k
Sg'dz'gd'(mﬁe))k(rii)dk' .

B. Derivative of 7,4

The derivative of Ty is often expressed in terms of the so-called Chebyshev polynomials of
the second kind. However, since we only require a simple lower bound, we opt for a direct
calculation instead.

PROPOSITION 3.29. (Restated) Foranyd € Nandy € (0,1), we have

, d
T,(1+y) > \/?V(Td(1+y) -1).
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PROOF. Note thatT)(1+y) = d%Td(l + 7). Using the closed-form formula for T;, we have

d 1]1d d d d
d—de(1+y):El—(1+y+\/2y+y2) +d—y(1+y—\/2y+y2) ]

dy

= 1[d (1 +y+\/2y+)/2)d_1 (1 + ﬂ)

2 2+/2y + y?

+d(1+y—\/2y+yz)d_1 (1 — ﬂ)

24/2y + y?
d

s () = = e |
2+/2y + y?
o [(1+revarer) 1oy - vy

~(1+y-Varep)'

>
V3y 2
> S (Ty(14y) - 1)
= T — d - ’
V3y
where the inequalities used the fact that y € (0,1) and hence 1 +y — /2y + y% € (0,1). |

C. Remark onthe Bounded Support Size Assumption

As noted in [18, pp. 21], there seems to be no simple way to obtain a support-size tester with

n
g2logn

size is at most O(n). By “simple”, we mean using the known results as a black box without

sample complexity O ( ) from the prior literature, without a promise that the true support

carefully analyzing how the algorithms work. Let us elaborate on this.

C.1 Using histogram learner with TV distance guarantee.

Prior works [33, 34, 21] prove the following (informal) statement: There is an algorithm A which
draws m samples from an arbitrary probability distribution p and outputs a sorted distribution
qwith q; > q2 > - - -, with the following guarantee. If the support size of p satisfies

| supp(p)| < O (ezmlog m) ,

then the output g satisfies ||q — p*||1 < € with probability at least 3/4, where p* is the sorted

copy of p, i.e. it is a permutation of p such that p] > p; > ---. In particular, this will hold

if | supp(p)| < n and we draw m = @(%) samples. Using the typical testing-by-learning
technique, this suggests the following tester:

1. Draw m = O(m) samples and produce a sorted distribution q. If input p satisfies

| supp(p)| < n then (with high probability) we have ||q — p*||1 < €/2. Output Reject if q is

not g/2-close to having support size at most n.
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2. Verify that g is indeed close to p* and output Accept if this is the case. In particular, using
a tolerant? tester to test whether p is e-close to the set of permutations of q. Unfortunately,
the only tolerant tester for this property that we are aware of is itself obtained by the
same testing-by-learning approach of approximating the histogram (see e.g. [12]), which
is only guaranteed to work when | supp(p)| < n.

Algorithms for learning the histogram should be able to test support size with no promise
on the true support size. One could hope for the following property of the algorithms: Given

m=0 (82 lgg n) samples, if p is e-far from having support size at most n, then with high probability
the output q is Q(¢)-far from having support size at most n. This does not appear to follow from

the proven properties of these algorithms without further analysis.

C.2 Using the histogram learner with relative Earth-mover distance guarantee.

In [35], the assumption of bounded support size is removed from the histogram learner. However,
by necessity, this new algorithm’s guarantee is not in terms of the TV distance but rather the
truncated relative Earth-mover distance R,(-,-). We will not formally define this metric here,
but we note two of its properties:
1. R;ignores densities less than 7, i.e. if p, p” and q, ¢’ are pairs of distributions such that
pi = p; whenever p;, p; > 7, and q; = q; whenever q;, q; > t, then R(p, q) = R(p’, @)
2. distrv(p*, ¢*) < Ro(p, q) (see also the exposition [17]).

The main result in [35] is

THEOREM C.1 (Theorem 2 of [35]). There exists an algorithm satisfying the following for some
absolute constant c, sufficiently large m, and any w € [1,1log m]. Given m independent draws from
a distribution p with histogram p*, with high probability the algorithm outputs a generalized?
histogram q* satisfying .

RWng(P,Q)S\/—w-

As an application, [35] give a procedure to estimate the expected number of unique

elements that would be seen in a sample of size mlog m, given a sample of size m:

THEOREM C.2 (Proposition 1 of [35]). Given m samples from an arbitrary distribution p, with

high probability over the randomness of the samples, one can estimate the expected number of

k
mlogm

unique elements that would be seen in a set of k samples drawn from p, to within error k - ¢
for some universal constant c.

2 A tolerant tester should Accept if the distribution p is e;-close to the class, and Reject if p is e,-far from the set, for
&1 < &,

3 A standard histogram maps each density value « to the number of elements i satisfying p; = a. A generalized histogram
may map o to non-integral values as well.
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We sketch two ways to obtain a support-size tester with sample complexity poly(1/¢) -

O(@) using these theorems.

1. Estimating Unique Elements. Combining Theorem C.2 with the naive tester from Sec-
tion 2.1, which makes its decision based on the number of unique elements observed, gives
851 -). The idea is to set m = O( 5y

Theorem C.2 to obtain an estimate of the expected number of unique elements that would be

a support size tester with sample complexity O( ), use

> log n
seen in a sample of size k := ©(n/¢) to within error en/8, and accept if and only if this estimate
is at most (1 + &/8)n.

When | supp(p)| < n, the expected number of unique elements is at most n, so the tester
accepts. Now, suppose p is e-far from being supported on n elements. We claim that any set of
size at most (1+&/2)n misses at least /2 mass from p. Note that the n™ largest probability mass
in p is at most 1/n, and the remaining elements of smaller probability mass (the light elements)
make up at least € mass; thus there are at least en light elements. Hence the most probability
mass that a set of size (1 + £/2)n can cover comes from picking the n elements of largest mass
plus en/2 light elements, for a total of at most 1 —e+ * - - = 1 —¢&/2 mass, i.e. £/2 mass is missed.

Therefore, an argument similar to the proof of Proposmon 2.2 shows that the expected
number of unique elements observed in a sample of size ©(n/¢) is at least (1 + £/4)n, so the

tester rejects.

2. Learning the Histogram. Instead of applying the naive tester on top of the unique elements
estimator, one may hope for a more efficient tester by directly analyzing the learned histogram g*
from Theorem C.1. We expect that one could obtain a support size tester with sample complexity

0(83 logn el logn
constraint w < log m from Theorem C.1), the algorithm from Theorem C.1 yields g* satisfying

) as follows. By setting w .= ©(1/€%) and m = ©(%—) (at least when this satisfies the

R@(S/n)(p*: q*) < 6(8) . (11)

It appears that this suffices for testing support size. However, we will not attempt to prove
this, since the bound is worse than our Theorem 1.3, and it is not possible to improve this
bound while treating the algorithm as a black box. This is because, if 7 > ¢/n, we can construct
distributions p, ¢ whose histograms satisfy R;(p*, q") < € and yet | supp(p)| < n while q is e-far

from having | supp(p)| < n.
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