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ABSTRACT. We study turn-based quantitative games of infinite duration opposing two
antagonistic players and played over graphs. This model is widely accepted as providing the
adequate framework for formalizing the synthesis question for reactive systems. This important
application motivates the question of strategy complexity: which valuations (or payoff functions)
admit optimal positional strategies (without memory)? Valuations for which both players have
optimal positional strategies have been characterized by Gimbert and Zielonka [19] for finite
graphs and by Colcombet and Niwinski [15] for infinite graphs.

However, for reactive synthesis, existence of optimal positional strategies for the opponent
(which models an antagonistic environment) is irrelevant. Despite this fact, not much is known
about valuations for which the protagonist admits optimal positional strategies, regardless of
the opponent. In this work, we characterize valuations which admit such strategies over infinite
game graphs. Our characterization uses the vocabulary of universal graphs, which has also
proved useful in understanding recent breakthrough results regarding the complexity of parity
games.

More precisely, we show that a valuation admitting universal graphs which are monotone
and well-ordered is positional over all game graphs, and — more surprisingly — that the converse
is also true for valuations admitting neutral colors. We prove the applicability and elegance
of the framework by unifying a number of known positionality results, proving new ones,
and establishing closure under lexicographical products. Finally, we discuss a class of prefix-
independent positional objectives which is closed under countable unions.
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1. Introduction

Games. In zero-sum turn-based infinite duration games played on graphs, two players, Eve
and Adam, take turns in moving a token along the edges of a given (potentially infinite) directed
graph, whose edges have labels from a given set of colors. This interaction goes on forever
and produces an infinite sequence of colors according to which the outcome of the game is
determined, using a valuation which is fixed in advance. The complexity of a strategy for either
of the two players can be measured by means of how many states are required to implement it
as a transition system. In this paper, we are interested in the question of positionality (which
corresponds to the degenerate case of memory one) for Eve': for which valuations is it the
case that Eve can play optimally without any memory, meaning that moves depend only on the
current vertex of the game, regardless of the history leading to that vertex.

Understanding memory requirements —and in particular positionality — of given valuations
has been a deep and challenging endeavour initiated by Shapley [29] for finite concurrent
stochastic games, and then in our setting by Buchi and Landweber [8], Buchi [9] and Gurevich
and Harrington [21]. The seminal works of Shapley [29], Ehrenfeucht and Mycielski [17], and
later Emerson and Jutla [18], Klarlund [23], McNaughton [26] and Zielonka [31], have given us a
diverse set of tools for studying these questions.

Roughly speaking, these early efforts culminated in Gimbert and Zielonka’s [19] charac-
terization of bi-positionality (positionality for both players) over finite graphs on one hand,
and Kopczynski’s [24] results and conjectures on positionality on the other. In the recent years,
increasingly expressive and diverse valuations have emerged from the development of reactive
synthesis, triggering more and more interest in these questions.

As we will see below, bi-positionality is by now quite well understood, and the frontiers
of finite-memory determinacy are becoming clearer. However, recent approaches to finite-
memory determinacy behave badly when instantiated to the case of positionality, for different
reasons which are detailed below. Therefore, inspired by the works of Klarlund, Kopczynski and
others, we propose a general framework for positionality, and establish a new characterization
result. Before introducing our approach, we briefly survey the state of the art, with a focus on
integrating several recent and successful works from different broadly related settings.

Bi-positionality. The celebrated result of Gimbert and Zielonka [19] characterizes valuations
which are bi-positional over finite graphs (including parity objectives, mean-payoff, energy,
and discounted valuations, and many more). The characterization is most useful when stated
as follows (one-to-two player lift): a valuation is bi-positional if (and only if) each player has
optimal positional strategies on game-graphs which they fully control. Bi-positionality over
infinite graphs is also well understood thanks to the work of Colcombet and Niwinski [15], who

1 Some authors use the term “half-positionality” to refer to what we will simply call “positionality”.
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established that any prefix-independent objective which is bi-positional over arbitrary graphs
is, up to renaming the colors, a parity condition (with finitely many priorities).

Finite-memory determinacy. Finite-memory determinacy of Muller games over finite graphs
was first established by Buichi and Landweber [8], and the result was extended to infinite graphs
by Gurevich and Harrington [21]. Zielonka [31] was the first to investigate precise memory
requirements and he introduced what Dziembowski, Jurdzinski and Walukiewicz [16] later
called the Zielonka tree of a given Muller condition, a data structure which they used to precisely
characterize the amount of memory required by optimal strategies.

Another precise characterization of finite memory requirements was given by Colcombet,
Fijalkow and Horn [14] for generalised safety conditions over graphs of finite degree, which are
those defined by excluding an arbitrary set of prefixes (topologically, IT;). This characterization
is orthogonal to the one for Muller conditions (which are prefix-independent); it provides in
particular a proof of positionality for generalisations of (threshold) energy objectives, and
different other results.

Le Roux, Pauly and Randour [28] identified a sufficient condition ensuring that finite
memory determinacy (for both players) over finite graphs is preserved under boolean combi-
nations. Although they encompass numerous cases from the literature, the obtained bounds
are generally not tight, and thus their results instantiate badly to the case of positionality.

We mention also a recent general result of Bouyer, Le Roux and Thomasset [BLT22], in the
much more general setting of (graph-less) concurrent games given by a condition W C (A x B)“:
if W belongs to A‘z’ and residuals form a well-quasi order, then it is finite-memory determined?.
We will also rely on well-founded orders (although ours are total), but stress that our results are
incomparable: to transfer the result of [BLT22] to game on graphs, one encodes the (possibly
infinite) graph in the winning condition W, and therefore strategies with reduced memory no
longer have access to it. This gives finite memory determinacy if the graph is finite (and if one
complies with having memory bounds depending on its size), however positionality results
cannot be transferred.

Chromatic and arena-independent memories. In his thesis, Kopczynski [24] proposed to
consider strategies implemented by memory-structures that depend only on the colors seen
so far (rather than on the path), which he called chromatic memory — as opposed to usual
chaotic memory. His motivations for studying chromatic memory are the following: first, it
appears that for several (non-trivial) conditions, chromatic and chaotic memory requirements
actually match; second, any w-regular condition W admits optimal strategies with finite chro-

matic memory, implemented by a deterministic (parity or Rabin) automaton recognising W;

2 In the concurrent setting, games are often not even determined (even when Borel). This is not an issue for considering
finite-memory determinacy, which means “if a winning strategy exists, then there is one with finite memory”.
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third, such strategies are arena-independent, and one may even prove (Proposition 8.9 in [24])
that in general, there are chromatic memories of minimal size which are arena-independent.
Kopczynski therefore poses the following question: does it hold that chromatic (or equivalently,
arena-independent) and chaotic memory requirements match in general?

A recent work of Casares [Casares22] studies this question specifically for Muller games,
for which an elegant characterization of chromatic memory is given: it coincides with the size
of the minimal deterministic transition-colored Rabin automaton recognising it. Comparing
with the characterization of [16] via Zielonka trees reveals a gap between arena-dependent and
independent memory requirements already for Muller conditions, which answers the above
question in the negative.

Arena-independent (finite) memory structures have also been investigated recently by
Bouyer, Le Roux, Oualhadj, Randour and Vandenhoven [BLORV22] over finite graphs. In this
context, they were able to generalise the characterization of [19] (Which corresponds to memory
one), to arbitrary memory structures. As a striking consequence, the one-to-two player lift of [19]
extends to arena-independent finite memory: if both players can play optimally with finite
arena-independent memory respectively ngye and nagam in one-player arenas, then they can
play optimally with finite arena-independent memory ngye - Nagam i general. A counterexample
is also given in [BLORV22] for one-to-two player lifts in the case of arena-dependent finite
memory.

This characterization was more recently generalised to pure arena-independent strategies
in stochastic games by Bouyer, Oualhadj, Randour and Vandenhoven [6], and even to concurrent
games on graphs by Bordais, Bouyer and Le Roux [1]. Unfortunately, none of these result carry
over well to positionality, since they inherit from [19] the requirement that both players rely
on the same memory structure. For instance, in a Rabin game, the antagonist requires finite
memory > 1 in general, and therefore the results of [BLORV22] cannot establish positionality.
We also mention a very recent work of Bouyer, Randour and Vandehoven [BRV22] which
establishes that the existence of optimal finite chromatic memory for both players over arbitrary
graphs characterizes w-regularity of the objective.

Positionality. Unfortunately, there appears to be no characterization similar to Gimbert and
Zielonka’s for (one player) positionality. In fact, there has not been much progress in the general
study of positionality since Kopczynski’s work, on which we now briefly extend.

Kopczynski’s main conjecture [24] on positionality asserts that prefix-independent posi-
tional objectives are closed under finite unions?. It can be instantiated either for positionality
over arbitrary graphs, or only finite graphs, leading to two incomparable variants. The variant

3 This immediately fails for bi-positionality; for instance, the union of two co-Bulichi objectives is not positional for the
opponent.
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over finite game graphs was recently disproved by Kozachinskiy [25], however the question
remains open for infinite game graphs (which are the focus of the present paper).

An elegant counterexample to a stronger statement is presented in [24]: there are uncount-
able unions of Buchi conditions which are not positional over some countable graphs. One
of Kopczynski’s contributions lies in introducing two classes of prefix-independent objectives,
concave objectives and monotone objectives, which are positional (over finite and arbitrary
graphs, respectively) and closed under finite unions.

Monotone objectives are those of the form C® \ L%, where £ C C* is a (regular) language
recognized by a linearly ordered deterministic automaton“ whose transitions are monotone.
Our work builds on Kopczynski’s suggestion to consider well-ordered monotone automata;
however to obtain a complete characterization we make several adjustments, most crucially we
replace the automata-theoretic semantic of recognisability by the graph-theoretical universality
which is more adapted to the fixpoint approach we pursue.

Our approach. We introduce well-monotone graphs, which are well-ordered graphs over
which each edge relation is monotone, and prove in a general setting that existence of universal
well-monotone graphs implies positionality. The idea of using adequate well-founded (or ordinal)
measures to fold arbitrary strategies into positional ones is far from being novel: it appears
in the works of Emerson and Jutla [18] (see also Walukiewicz’ presentation [30], and Gradel
and Walukiewicz’ extensions [20]), but also of Zielonka [31] (in a completely different way) for
parity games, and was also formalized by Klarlund [22, 23] in his notion of progress measures
for Rabin games.

Our first contribution is rather conceptual and consists in streamlining the argument, and
in particular expliciting the measuring structure as a (well-monotone) graph. We believe that
this has two advantages.

(i) Separating the strategy-folding argument from the universality argument improves con-
ceptual clarity.
(ii) Perhaps more importantly, well-monotone graphs then appear as concrete and manageable
witnesses for positionality.

We supplement (ii) with our main technical and conceptual novelty in the form of a converse:
any positional valuation which has a neutral color admits universal well-monotone graphs.
Stated differently, for such valuations, existence of universal well-monotone graphs character-
izes positionality. This is the first known characterization result for positionality (for one player).
Section 2 gives necessary definitions, and Section 3 states and proves our main characterization

result.

4 The automaton is assumed to be finite, but Kopczynski points out (page 45 in [24]) that the main results still hold
whenever the state space is well-ordered and admits a maximum (stated differently, it is a non-limit ordinal).
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We then proceed in Section 4 to apply our new framework to a number of well-studied
positional objectives and valuations. In each case, we construct universal well-monotone graphs
establishing positionality over arbitrary graphs. This is an occasion for us to introduce a few
different tools for constructing well-monotone universal graphs. For some of the more advanced
valuations and objectives we discuss, our positionality results are novel.

In Section 5, we study lexicographic products of prefix-independent objectives, which are
supported by a natural lexicographic product of well-monotone graphs. Our main result on this
front proves that universality is preserved through lexicographical product. Combining this
with our characterization result, we establish a general closure of prefix-independent positional
objectives under finite lexicographical products; this result was not known prior to our work.

Lastly, in Section 6 we propose a general class of prefix-independent positional objectives
whose unions are positional. This class coincides with objectives for which a somewhat naive
combination of well-monotone graphs yields universality for the union. This provides a wide,
and quite easy to check, sufficient condition for closure under (countable) union to preserve
positionality.

Comparison with conference version. This paper is based on [27]; however a number of
improvements were made. First, all proofs have been reworked, and some of them considerably
simplified. For example, we removed the need for introducing progress measures in the proof
of one of our main results, Theorem 3.2, making it conceptually much simpler.

Perhaps more importantly, we introduced some additional content: a study of K-monotone
objectives and their positionality (Section 4.1), stronger positionality result for counter-based
valuations (Section 4.2) and positionality of FinParity (Section 4.3). Our results on closure under
union (Section 6) are also new to this final version.

2. Preliminaries

We use £ (X) to denote the set of subsets of a set X, and £#?(X) for the set of nonempty subsets
of X. Throughout the paper, lexicographical products are denoted little-endian style, meaning
that the first coordinate is always the weakest.

Graphs. In this paper, graphs are directed, edge-colored and have no sinks. Formally, given
a set of colors C, a C-pregraph G is given by a set of vertices V(G) and a set of edges E(G) C
V(G) X C xV(G). Note that no assumption is made in general regarding the finiteness of C, V(G)
or E(G). For convenience, we write v 5 V' for the edge (v,c,V'). Ifv Sve E,we say thatvisa
c-predecessor of v/, and V' is a c-successor of v.

A sink in a C-pregraph is a vertex with no successor. A C-graph is a C-pregraph with no
sink. It is often convenient to write v — V' in G, or even simply v 5 V' if G is clear from context,
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instead of v— V' € E (G). It is also often the case that C is fixed and clear from context, so we
generally just say “graph” instead of “C-graph”. The size (or cardinality) of a graph is defined to
be |V(G)|.

A path 77 in G is a finite or infinite sequence of edges whose endpoints match, formally
Co C1
m=(vo—v1)(vi > Vvz)...,
which for convenience we denote by
Co C1
T=Vg —V1 ™ Vy....

We say that s starts in vy or that it is a path from vy. By convention, the empty path ¢ starts
in all vertices. The coloration of 7 is the (finite or infinite) sequence col(r) = cocy ... of colors
appearing on edges of 7.

Ci—

A non-empty finite path of length i > 0 is of the form 7 = vy RN v; and we say in
this case that 7 is a path from v to v;, and that v; is the last vertex of 7. We write

woo,.
T:v~wVinG
to say that s is a finite path from v to v/ with coloration w € C* in the graph G. We also write
wo,
T:Vv~w~ IinG

to say that s is an infinite path from v with coloration w € C“ in G.

Given two graphs G and G’, a morphism ¢ from G to G’ isamap ¢ : V(G) — V(G')
such that for allv — V' € E(G), it holds that ¢(v) 5 ¢(V') € E(G’). Note that ¢ need not be
injective. We write G i G’ when ¢ is a morphism from G to G’, and G — G’ when there exists a
morphism from G to G’. A subgraph of G is a graph G’ such that V(G’) € V(G) and E'(G) C E(G)
(equivalently, the inclusion V’(G”) — V(G) defines a morphism); note that it is assumed for G’
to be a graph, it is therefore without sinks. Given a graph G and a vertex vy in G, we let G[vg]
denote the restriction of G to vertices reachable from vy in G (note that it is indeed sinkless).

Games. We fix a set of colors C. A C-valuation is a map val : C* — X from infinite colorations
to a set of values X equipped with a complete linear order < (a linear order which is also a
complete lattice, that is, admits arbitrary suprema and infima). Given a C-graph G and a vertex
v € V(G), the val-value of v is the supremum value of a coloration from v:

valg(v) = sup val(w).
v~ in G
A C-game is a tuple G = (G, Vgye, val), where G is a C-graph, Veye C V(G) is the set of
vertices controlled by the protagonist, and val is a C-valuation. To help intuition, we call the
protagonist Eve, and the antagonist Adam; Eve seeks to minimize the valuation whereas Adam
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seeks to maximize it. We let Vpgam denote the complement of Vgye in V(G). We now fix a game
g = (Gs VEVE: Val)'

It is convenient in this work to formalize strategies by using graphs and morphisms; we

give a formal definition which is explained below. A strategy from vy in G is a tuple S = (S, 71, So)

consisting of a graph S together with a morphism 7 : S — G and an initial vertex sy € V(S) such

that 77(sg) = v, satisfying that

for all edges v S VvinGwithv e Vadam, and for all s € 7= 1(v),

there is an edge s — &’ in S with s’ € 77 1(V).

This is illustrated in Figure 1.

| 1 7T : |
1 S |. ..................................... L G |
MM o et Ty, 'Y
I S : : (Y :
1 1 ; |
I
. I { I
: (5 : 1 cC 1
. . : :
1 1
! : T | y l
............................................... |
: 8, = : : @ I
. . : I

__________________________

Figure 1. Diagram illustrating the definition of a strategy. We use squares to represent vertices
controlled by Adam.

Intuitively, a strategy S = (S, 7, Sg) from vy € G is used by Eve to play in the game G as

follows:

whenever the game is in a position v € V(G), the strategy is in a position s € 771 (v);

at each step, positions in both the game and the strategy are updated along an edge of the
same color;

initially, the position in the game is vy, and the position in the strategy is sy € 771 (vp);

if the position v in the game belongs to Vagam, and Adam chooses the edge v 5 Vin G,
then Eve follows an edge s 5 ¢ in S with n~1(s"), which exists by definition of S;

if the position v in the game belongs to Vgye, then Eve chooses an outgoing edge s S
in S, which exists since S is sinkless, and progresses in G along the edge 7(s) 5 n(s’) =
VoV e E(G).

Note that infinite paths from vy in G which are visited when playing as above are exactly infinite

paths from sp in S.
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We let ZVQO denote the set of strategies from vy in G. The value of a strategy S = (S, 71, vg) is
defined to be the value of s in S, that is:

val(S) = vals(sg) = sup val(w).

Sow in S
The value of a vertex vy € V(G) in the game G is the infimum value of a strategy from v:

valg(vg) = infg val(S).

Sexy,

A strategy S from vy in G is called optimal if val(S) = valg(vp). Note that there need not exist
optimal strategies, as it may be that the value is reached only in the limit. Note also that we
always take the point of view of Eve, the minimizer. In particular, we will make no assumption
on the determinacy of the valuation; in this work, strategies for Adam are irrelevant.

A positional strategy is a strategy which makes choices depending only on the current
vertex, regardless of how it was reached. Formally, a strategy $ = (P, m, po) is positional if
V(P) C V(G) and 7 is the inclusion morphism (in particular, pg = vy); stated differently P is a
subgraph of G. Since it and p, carry no information, we will simply say with a slight abuse that
the subgraph P of G is a positional strategy.

A positional strategy P with V(P) = V(G) is optimal if for all vertices vy € V(G), it holds
that valg(vo) = valp(vp). A valuation val is said to be positional if all games with valuation val
admit an optimal positional strategy.

Two remarks are in order. First, note that we require positionality over arbitrary (possibly
infinite) game graphs. Second, the concept we discuss is that of uniform positionality, meaning
that the positional strategy should achieve an optimal value from any starting vertex.

Neutral colors. Consider a C-valuation val. A color € € C is said to be neutral if
— forallw =wow; --- € C¥ and all W = e™owye™wq €™ ..., where ng, ny, - - - € N, it holds that

val(w) = val(w’); and

— for all u € C*, it holds that

val(ue”) = min val(uv).
veCv

Let C be a set of colors and € ¢ C; we use C* to denote C U {¢}. For any C-valuation val, there is a

unique extension val® of val to a C-valuation for which ¢ is a neutral color.
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3. Main characterization result

In this section, we introduce required definitions and state our main result (Section 3.1), then
we prove both directions (Sections 3.2 and 3.3). We also explain how our definitions can be
simplified in the important class of prefix-independent objectives (Section 3.4).

3.1 Universality, monotonicity, and statement of the characterization

We now introduce the two main concepts for our characterization of positionality, namely

universality and monotonicity. We fix a set of colors C.

Universal graphs. Fix a valuation val : C¥ — X. Recall that values of vertices in a graph G
are given hy
valg(v) = sup val(w).
Ve in G
Given two graphs G and G” with a morphism ¢ : G — G/, since there are more colorations from
¢(v) in G’ than from v € G we have in general

valg(v) < valg/(¢(v)).

We say that ¢ is val-preserving if the converse inequality holds: for all v € V, valg(v) =
valg/(¢(v)).

Given a cardinal k, we say that a graph G is (k, val)-universal if every graph H of cardinality
< K has a val-preserving morphism towards G. We say that a graph is uniformly val-universal
if it is (k, val)-universal for all cardinals k. Intuitively, a universal graph should be rich enough
to embed all small graphs, but it should do so without introducing paths of large valuations.

For an instructive non-example, consider the graph G with a single vertex and c-loops
around it for all colors c. It embeds all graphs, however all colorations can be realised as
paths in G, so the embedings are not val-preserving (unless val is constant). Many examples of

universal graphs for various valuations will be discussed in Section 4.

Monotone graphs. A C-graph G is monotone if V(G) is equipped with a linear order® > which
is well-behaved with respect to the edge relations, in the sense that for any u, ', v,v' € V(G)
and c € C,

c . C .
u>v—ov>uUinG = u—-uingG.

We call this property monotone composition (with respect to >) in G. An example is given in
Figure 2.

5 For convenience, we write linear orders as > by default (instead of the generally preferred <). This choice visually
aligns better with the composition with edges.
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A SN I e
b W ey I
A—0— 3 ——0—8 &

Figure 2. On the left, a monotone graph, with the leftmost vertex corresponding to the smallest (we
will always display ordered graphs using this convention). On the right, only the edges corresponding to
min-predecessors are depicted. All other edges (such as the dashed one) can be recovered by
composition.

A well-monotone graph G is a monotone graph which is well-ordered (for an order satisfy-

ing the monotone composition).

Statement of the main result. We are now ready to state our main characterization result.

THEOREM 3.1. Let val be a valuation. If for all cardinals k, there exists a (k, val)-universal
well-monotone graph, then val is positional. The converse also holds assuming val has a neutral
color.

We do not know whether the characterization is complete, meaning, if the assumption
on the neutral color can be lifted. Actually, it can be seen that this is equivalent to asking
whether there exists a positional® valuation val such that val® is not positional. We conjecture
that for all positional valuations val, it does hold that val® is also positional (and therefore our
characterization is complete).

Sections 3.2 and 3.3 prove both directions in Theorem 3.1.

3.2 Structure implies Positionality
We prove the first implication in Theorem 3.1, stated as follows.

THEOREM 3.2. Let val be a C-valuation such that for all cardinals k there exists a (k, val)-
universal well-monotone graph. Then val is positional.

Our proof is inspired by those of Emerson and Jutla [18] (see also the presentation by
Walukiewicz [30]) and Klarlund [23], respectively for parity games and Rabin games. In the
conference version of this paper [27], we gave a proof using progress measures; here however
we refrain from introducing them and give a more direct presentation of essentially the same

argument.

6 Here, our working assumption that positionality refers to uniform positionality is important: if one chooses val to be
positional but not uniformly, then val® cannot be positional.
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Let us first give a high-level overview of the proof. Our aim is to “fold” a given strategy S
into a positional one achieving a better (that is, a smaller) value; the challenge is that different
occurrences of a vertex v € Vg, in the strategy S have different outgoing edges. We overcome
this challenge by picking a well-monotone graph U into which the strategy has a val-preserving
morphism ¢. The crucial observation is that by well-foundedness of U, (at least) one of the occur-
rences of vin S is mapped by ¢ to a minimal position. We then define the positional strategy P
by mimicking outgoing edges from this special occurrence of v in the strategy. Monotonicity
of U will then guarantee that the values in P are small, as required. In fact, since we aim for a
single optimal positional strategy P, we will apply this argument to S being a disjoint union of
many strategies, whose values converge to the optimal values.

We will make use of the fact that in a monotone graph U, the value (in fact, the set of
colorations) increases with the order: for all u,u’ € V(U),

4

u>u = valy(u) > valy(u).

Indeed, by monotone composition, for any path u’ BN U Z4 ... from «’ in U it holds that
u> uq 2 ... isa path from u in U with the same coloration, implying the result.

We now fix a game G = (G, Vgye, val) with valuation val. For each v € V(G), we fix a
sequence S‘Ek) = (S‘(,k), n\(,k), s’é}v) of strategies from v in G such that val(S\Ek)) koo, valg(v). We
then let the graph S be the disjoint union of all the S‘(,k)’s, where k ranges over N and v over V(G).
Welet 7 : V(S) — V(G) be the unique extension of all the n\(,k); it defines a morphism S — G.

We now pick a cardinal k > |S|, let U be a (k, val)-universal well-monotone graph, and fix

a val-preserving morphism ¢ : S — U. Consider the map ¢’ : V(G) — V(U) defined by

¢'(v) = min (' (v)),

which exists since U is well-ordered; see Figure 3 for an illustration. We define a subgraph P
of G with V(P) = V(G) by

VSVInP e 3dsenlv),d(s)=¢'(v),s— s en(V)inS.

Intuitively, to define edges in P outgoing from v € V(G), we look at strategy vertices s in 771(v)
which are evaluated in U to be optimal (meaning that ¢(s) is minimal).

We make two claims: first, P is a strategy in G (hence it is a positional strategy), second, ¢’
defines a morphism from P to U. Before proving these two claims, we argue that this implies
the wanted result; for this we should prove that P is optimal, meaning that for allv € V(G) we
have valp(v) = valg(v).

Let v € V(G). Since ¢’ is a morphism,

valp(v) = inf val(w) < inf val(w) =valy(¢'(v)). (1)
v in P ¢’ (V)w> inU
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{ ¢ } b 1 ¢
G v v’ P v v’

Figure 3. Anillustration supporting the reader in the proof of Theorem 3.2.

Now for all k € N, we have in U that
¢'(v) = min ¢(s) < ¢(s),
sem~1(v) ’

and thus, by the remark above (val increases with the order over U), and the fact that ¢ is
val-preserving, we get

valy(¢'(v)) < valy(9(sq,)) = valgw (sp,,) = val(S,") )
Combining (1) and (2) we obtain
valp(v) < irl}f val(S‘Ek)) < valg(v),

so P is indeed optimal.
It remains to prove our two claims, we start by verifying that P is a strategy. Let v € Vagam,
and v — V' in G, we must prove that v S VinP. Lets e 7~1(v) be such that ¢(s) = ¢’(v). Let

k e Nand v’ € V(G) be such that s € S‘()f{,). Since S‘(ff,) is a strategy and n‘(ff,)(s) =711(S) =V € Vadam
(k)

, and thus s 5 s'insS. By definition of P,

thereis s’ € S‘(f,) such that 7(s’) = v and s 5 ¢inS
this proves that v 5V in P, as required.

We now prove that ¢’ : P — U is a morphism. Let v SV in P. Lets € 771 (v) be such that
#(s) = ¢'(v), and s’ € 7~1(v') such that s 5 ¢'in S. Since ¢ : S — U is a morphism, we have
o(s) 5 ¢(s’) in U. Hence

¢'(v) = p(s) = ¢(s)) = ¢'(V) in U,

and thus by monotone composition, ¢’ (v) 5 ¢’ (V') in U, the wanted result.
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3.3 Positionality implies Structure

We now establish our main technical novelty which is stated as follows.

THEOREM 3.3. Let val be a positional C-valuation admitting a neutral color, and let G be a
C-graph. There exists a well-monotone C-graph G’ with a val-preserving morphism G — G’.

We obtain the converse implication in Theorem 3.1 as a consequence.

COROLLARY 3.4. Letval be a positional C-valuation admitting a neutral color. For all cardi-

nals k, there exists a well-monotone (k, val)-universal graph.

PROOF OF COROLLARY 3.4. Let k be a cardinal, and let G be the disjoint union of all C-
graphs of cardinality < k, up to isomorphism. Note that G it is (k, val)-universal. Theorem 3.3
gives a well-monotone graph G’ which has a val-preserving morphism G — G’; now G’ is

(k, val)-universal by composition of val-preserving morphisms. ]

Proof overview. We now fix a positional C-valuation val, with a neutral color &, and a graph G.
Our proof consists of the two following steps:
(i) add many e-edges to G while preserving val; then
(ii) add even more edges by closing around e-edges (this is made formal below), and quotient
by i>—equivalence.

For the second step to produce a well-monotone graph, we need to guarantee that there are
sufficiently many e-edges which were added in the first step. We start by the second step; in
particular, we formalize what “sufficiently many” means. The first step is more involved and
exploits positionality of val.

Second step. We say that a graph G has sufficiently many e-edges if S is well-founded, that is,
VA € P*2(V(G)),Iv e A,VV € A,V > vinG.

The statement below reduces our goal to that of adding many e-edges to G.

LEMMA 3.5. If G has sufficiently many e-edges then there exists a well-monotone graph G’ with
a val-preserving morphism G — G'.

PROOF. We first define the e-closure G, of G by V(G1) = V(G) and

c . e c & .
vo>VinG; < dJuu eV(G),v~u—u ~Ving,

ok

where x < y is a shorthand for “there exists n € N such that x > y”. Note that we have

E(G) C E(G1); we claim that the identity morphism from G to G; is in fact val-preserving.
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Indeed, for all vy € V(G) and for all infinite paths 77’ : vq o N G1, there is a path 7 : vy ~1in G
with w = e"™wye™w] .. .. By neutrality of € we have val(w’) = val(w), and thus

valg,(vo) = sup val(w') < sup val(w) =valg(vp).
Vovo in Gy Voo in G
Note that in G4, =, satisfies monotone composition with all colors, and in particular it is
transitive (by taking ¢ = ¢). It is moreover well-founded (and thus also total) and reflexive
thanks to the assumption of the Lemma. However, it is not antisymmetric, which is why we
now quotient with respect to i>—equivalence.

Formally, we define ~ over V(G) by
v~y = (vi> Vv and v V) in Gy,

which is an equivalence relation. Note that vertices which are ~-equivalent have the same
incoming and outgoing edges in G (since G1 is e-closed), therefore the graph G, with V(G;) =
V(G)/~ given by

[v]~i> [V].InG, — v V' in Gy,

is well-defined, and moreover colorations from [v] . in G, are the same as colorations from v
in G;. Hence the projection V(G) — V(G)/~ defines a val-preserving morphism from G,
to G, which, composed with the identity morphism G — Gy, gives a val-preserving morphism
G — Gy. Now — is a well-founded order satisfying monotone composition in G, therefore G, is

well-monotone. [ |

Note that the second step has not made use of positionality of val; it is exploited below.

First step. We now show that sufficiently many edges can be added to G while preserving
val, thanks to its positionality. We consider the game G’ = (G’, Vg, val) given by V(G') =
V(G) UP*?(V(G)), Vi, = P*@(V(G)), and

ve

E(G)=EG)U{vS A|lveAlU{AS v|ve Al

An example is given in Figure 4.

When playing in G’, Adam follows a path in G, with the additional possibility, at any point,
to switch from a vertex v to an Eve-vertex A containing v. It is then left to Eve to choose a
successor from A, which can be any vertex in A. A natural choice is then to go back to v, which
guarantees a small value thanks to neutrality of ¢.

LEMMA 3.6. For all vy € V(G), we have valg (vg) < valg(vp).

Note that the converse inequality also holds (it is however irrelevant for us).
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v, v}
lf_?*{v7vla UN}

1) \@ /!
. v G v / v

Figure 4. On the left, a {red, blue, gray}-graph G with € = gray. On the right, the corresponding game G’,
where only 3 of the 2% — 1 Eve-vertices (circles) are represented for clarity.

()
/

PROOF. Letvy € V(G). We consider the strategy S = (S, 7, so) from vy over G’ described above.
Formally, we let V(S) = V(G) U P*?(V(G)) x V(G) and

E(S)=E(G)U{vS (A,v) [ve AYU{(A, V)= v|ve A},

forv € V(G), m(v) = v and for (4,v) € P (V(G)) x V(G), m(A,v) = A, and sy = vo. Itis a
direct check that S is indeed a strategy over G’: i is indeed a morphism, S is indeed a graph,

and forv € V; =V(G), mY(v) = {v} C V(S), and all edges outgoing from v in G’ there is a

Adam
corresponding edge in S.

Now observe that infinite paths from sy = vy in S either have colorations of the form
w = ewoe™ws ..., where w = wows ... is a coloration of an infinite path from vy in G, or of
the form w’ = ™wy ... w;e%, where w = wy ... w; is a coloration of a finite path from vg in G.

Thus thanks to neutrality of &,

valg/(vp) <val(S) = sup . val(w')
Sow in S
< Sup,, » oo Gval(w) = valg(vg),
concluding the proof. ]

Note that the above strategy S is somewhat far from being positional: each vertex A € V__
requires memory 7 1(A) = {A} x V(G). However, thanks to positionality of val, which we now
exploit, there exist positional strategies achieving the same value as 8. Observe that a positional
strategy P’ in G’ corresponds to the choice of (at least) a successor v’ € A for each nonempty

subset A of V(G).

LEMMA 3.7. Let P’ be an optimal positional strategy in G’, and let G” be the graph defined by
V(G”) =V(G) and

E(G") =E(G)U{v>V |3A € P*2(V(G)), v,V € Aand A— V' in P'}.
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The identity defines a val-preserving morphism from G to G”. Moreover, G” has sufficiently many
g-edges.

PROOF. Byoptimality of P/, and thanks to Lemma 3.6, we have for all vy € V(G) that valp,(vp) <
valg (vg). Consider an infinite path 7" in G”; it is of the form

17 Wo , €

& w1 ’
T iVvg v Vg Vg WV —> Vo,
Wi . . .
where for each i, v; ~ v} is a path in G and there exists A; € P#2(V(G)) such that Vi, Vit1 € Aj
and A; 5 Vi+1 In P’. Therefore, there is a path of the form
, wy , € £ wy , € €
T 1Vg > Vy— Ag— Vg v Vi —> A — V...
wi . o s

in P’ (the edges v, 5 A; as well as the paths v; ~» v; belong to P’ since it is a strategy). By
neutrality of € we have val(col(s7”)) = val(col(s’)) and hence

valg#(vg) = sup .. val(w”)
Vo~ In G

< sup val(w’)
Vo in P’

= valp/(vg) < valg(vo),
thus the identity is val-preserving from G to G”.
Finally, each non-empty A C V(G) has an e-successor V' in P’, which satisfies that each
v € A has an g-edge towards V' in G”. Stated differently, G” has sufficiently many e-edges. =

We conclude with Theorem 3.3 by combining Lemmas 3.7 and 3.5.

3.4 Specialization to prefix-independent objectives

In this section, we show that our notion of universality instantiates to that introduced by
Colcombet and Fijalkow [13] (and studied over finite graphs and prefix-independent objectives),
in the case of prefix-increasing objectives. This allows to simplify the definitions in the very
commonly studied case of prefix-independent objectives. We also discuss interactions between
universality and pregraphs; in particular we show that for prefix-independent objectives,
nonempty universal graphs also embed pregraphs.

Prefix-independence. We call a C-valuation val prefix-increasing (resp. prefix-decreasing)
if adding a prefix increases (resp. decreases) the value: for any w € C* and u € C*, we have
val(uw) > val(w) (resp. val(uw) < val(w)). If a valuation is both prefix-increasing and prefix-
decreasing, we say that it is prefix-independent. We have the following technical lemma.

LEMMA 3.8. Assume that val is prefix-increasing and consider a graph G. If two vertices v and V'
satisfy valg(v) < valg (V') then there is no edge in G from v to V'.
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PROOF. By contradiction, let e = v 5 v be an edge in G and pick a path 7’ from v’ with
valg(1') > valg(v). Then enr’ is a path from v and we have

val(err’) > val(sr’) > val(v),

which is a contradiction since e’ is a path from v in G. u

Objectives. We say thatval : C* — X is an objective if X is the ordered pair {_L, T}. In this case,
we also say that val is qualitative. From the point of view of Eve, L is interpreted as winning,
whereas T is losing. Following the usual convention, we identify a qualitative valuation val
with the set W = val™!(1) of infinite words which are winning for Eve. We say that a vertex v
(in a graph) satisfies W if all colorations from v belong to W; this amounts to saying that v has
value L. We also say that a graph satisfies W if all its vertices satisfy W; in this case we write
G E W. Note that in the qualitative case, a morphism G — G’ is W-preserving if and only if any
vertex satisfying W in G is mapped to a vertex satisfying W in G'.

CF-universality. Adapting the definition of Colcombet and Fijalkow [13] to infinite cardinals,
we say that a graph G is (x, W)-CF-universal if

— G E W;and

— all graphs H such that |H| < k and H = W have a morphism towards G.

Given a monotone graph G, we let G™ be the monotone graph obtained by adding a new
maximal vertex T with all possible outgoing edges; formally V(G") = V(G) u {T} and

E(GT)=EU{T}xCxV(G").

We now relate the two notions of universality in the special case of a prefix-increasing objec-
tives W, that is, satisfying for all colors ¢ that cW C W.

LEMMA 3.9. Let W C C® be a prefix-increasing objective and k a cardinal.
— IfGis a (k, W)-universal graph, then its restriction Gy to vertices satisfying W is (x, W)-CF-
universal. Moreover if G is well-monotone, then so is Gy .
— If G is a (k, W)-CF-universal graph, then G" is (x, W)-universal. Moreover if G is well-
monotone, then sois G'.

PROOF. We start with the first item; let G be a (k, W)-universal graph and let Gy be its restric-
tion to vertices that satisfy W. By Lemma 3.8, there is no edge from V(Gyy) to its complement in G,
therefore Gy is indeed a graph. It is clear that Gy, satisfies W. Now if H is a graph satisfying W
and of cardinality < k, it has a W-preserving morphism ¢ into G. The fact that ¢ is W-preserving
means that it is actually a morphism into Gy, as required. Therefore Gy, is (k, W)-CF-universal.
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Finally, assuming G is well-monotone, it is immediate that Gy, is well-monotone (as is any
restriction of a well-monotone graph).

We now prove the second item; let G be a (k, W)-CF-universal graph. Let H be a graph of
cardinality < k, and let Hy, denote its restriction to vertices satisfying W (it is indeed a graph
thanks to Lemma 3.8). By CF-universality there is a morphism from Hy, to G, we extend it to a
morphism H — G' by mapping vertices not in Hy, to T. It is a morphism thanks to Lemma 3.8,
and it is W-preserving by definition. We conclude that G' is indeed (x, W)-universal. Finally, it
is clear that if G is well-monotone, then sois G'. ]

In the case of prefix-increasing objectives, since one may translate, thanks to Lemma 3.9,
(well-monotone) CF-universal graphs to (well-monotone) universal graphs and back, we will
focus on constructing CF-universal graphs, bipassing the need for systematically introducing
an additional T-vertex. For convenience and by a slight abuse, we will simply say that such
graphs are universal.

Pregraphs and prefix-independent objectives. In some applications (see Section 5), it
is more convenient to work with pregraphs (which allow for sinks) rather than graphs. The
definitions remain the same: the valuation of a vertex in a pregraph is the supremum valuation
of all infinite colorations from this vertex. Stated differently, paths ending in sinks are not taken
into account, which corresponds to the intuition that they are winning for Eve.

This may be unsatisfactory, for instance if we consider safety games, defined over C =
{safe,bad} by the objective Safety = {safe®”}, then we would certainly want finite paths
containing occurrences of bad to be losing rather than winning. Note that Safety is not prefix-
independent, because bad - Safety ¢ Safety. In contrast, for prefix-independent objectives,
working with pregraphs is essentially harmless.

LEMMA 3.10. Let W C C? be a prefix-independent objective, let k be a cardinal number, and let
G be a nonempty (x, W)-universal well-monotone graph. Then every pregraph H of size < k that
satisfies W has a morphism into G.

PROOF. Let vy € V(G) be the minimal vertex in G, and let vy = v be an edge outgomg from

Vo In G. By monotone composition, the edge vy BN Vg also belongs to G, and therefore v ~»1in G.
Thus since G = W, it must be that ¢j € W.

Now, let H be a pregraph of size < k which satisfies W, and let H’ be the graph obtained
from H by appending a cy-loop to every sink. Then paths in H’ can be of two types: those that be-
long to H, and those that are comprised of a finite prefix followed by infinitely many occurrences
of a cyp-loop. Both types of paths satisfy W (since H = W and by prefix-independence), and
thus H’ | W. Thus H’ has a morphism into G by universality, which also defines a morphism
H — G. [ |
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4. Examples and first applications

In this section, we give various examples of constructions of well-monotone graphs which are
universal with respect to well-studied conditions. In particular, thanks to Theorem 3.2, this
establishes positionality in each case. We start with some w-regular objectives, then move on to
the study of a few valuations which are inherently quantitative, and finish the section with a

study of finitary parity objectives.

41 A few w-regular objectives
Safety games. The safety objective is defined over C = {safe, bad} by
Safety = {safe®}.

It is the simplest in terms of winning strategies: Eve is guaranteed to win as long as she follows
a safe-edge which remains in the winning region. Note that it is prefix-increasing, and thus
(see Lemma 3.9) we are looking for a well-monotone graph satisfying Safety and which embeds
all graphs satisfying Safety.

Now satisfying Safety for a graph simply means not having a bad-edge therefore we have
the following result.

LEMMA 4.1. The well-monotone graph comprised of a single vertex with a safe-loop is uniformly
Safety-universal.

This proves thanks to Theorem 3.2 that safety games are positionally determined (which
of course has much simpler proofs).

A variant of Safety. For the sake of studying a simple example with no prefix-independence
property we consider the objective over C = {imm, safe, bad} defined by

W = imm - {imm, safe}*.

In words, Eve should immediately see the color imm, and then avoid bad forever. Here, bad-W ¢
W and W ¢ safe - W. Consider the graph U depicted in Figure 5.

LEMMA 4.2. The completely well-monotone graph U is uniformly W-universal.
Therefore W is positionally determined over all graphs.

PROOF. Consider any C-graph G, and let Vy, V1, V, C V(G) be the partition of V(G) defined by
— v € V; if and only if v has a path which visits a bad-edge, and
— veVyifand onlyif v ¢ V, and all edges outgoing from v have color imm.

Note that Vj is precisely the set of vertices which satisfy W. It is immediate that mapping V; to
0, V1 to 1 and V; to 2 defines a W-preserving morphism from G to U. u
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safe safe
o N g 9 bad
0

imm imm

Figure 5. A monotone {imm, safe,bad}-graph U over V(U) = {0, 1,2}. Edges which follow from
composition are not depicted. Note that neither 1 nor 2 satisfy w in U.

Reachability games. We now consider the reachability objective over C = {wait, good}, given
by
Reachability = {w € C | [W|gooa = 1} = C*'goodC?.

Note that Reachability is not prefix-increasing therefore elements which do not satisfy the
objective in the sought monotone graph may play a non-trivial role. Given an ordinal «, we let
Uy denote the graph over V(U,) = aa+ 1 = [0, a] given by

ASVinU, e c=goodorA> A ori=a.

It is illustrated in Figure 6.

good

bad bad bad bad bad bad

\/

a—+1

Figure 6. The graph U,. Some edges which follow from monotone composition are omitted for clarity
(for instance, good-edges pointing from right to left), from now on we no longer mention the use of this
convention. Note that in U,, the vertex a does not satisfy Reachability, however every other vertex does.

At the level of intuition, each path from a vertex satisfying reachability in a given graph
eventually visits a good-edge. There is in fact a well-defined ordinal ¢(v) which captures the
number of steps required from v until a good-edge is reached. This can be rephrased as a

universality result.
LEMMA 4.3. For any ordinal a, U, is well-monotone and it is (||, Reachability)-universal

The proof provides a template which will later be adapted to other objectives hence we
break it into well-distinguished steps.
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PROOF. Monotonicity of U, is a direct check, and it is clear that it is well-founded. Since there

are no infinite paths of bad-edges from vertices < A, we have

A satisfies ReachabilityinU, & A<a.

We now fix an arbitrary graph G.

()

(ii)

(i)

(iv)

(v)

(vi)

We construct by transfinite recursion an increasing ordinal-indexed sequence of subsets
of V(G) by setting for each ordinal A

Vi={veV(G)| V5V inG = [c=goodor 3B <AV e Vgl}.

We let R = |J, V, and aim to prove that if v satisfies Reachability in G then v € R. We
proceed by contrapositive and assume that vy ¢ R: for any ordinal A, vy ¢ V). Then vy has
a wait-edge towards some vertex v; such that for all A, v; ¢ V,. By a quick induction we

build an infinite path vq et %21 .. in G, which guarantees that vy does not satisfy
Reachability.
We show that if V) = V4 then for all A’ > A we have V. = V,. This is direct by transfinite

induction: assume the result known for all § such that A < f < A’ and let v € Vj..

Then any edge from v is either a good-edge or points towards v’ € Vg for some < A’, and
the result follows since Vg C Vj.

We now let a be such that |a| > |V(G)| and prove that V; = V,,; for some A < a. Indeed, if
this were not the case, then any map (obtained using the axiom of choice)

oa — V(G)
A > VEV;\H\V;\

would be injective, a contradiction.
Therefore R = |J, ., Vo and welet ¢ : V(G) — V(Uy) = [0, a] be given by

H(v) = min{A |veV,} ifveR

o4 ifv ¢R.

By the second item and since A satisfies Reachability provided it is < «, it holds that ¢
preserves Reachability.
We verify that ¢ defines a graph-morphism, which follows from the definitions of V, and
of U,. First, good-edges are preserved (independently of ¢) since they all belong to U,.
Second, wait-edges from °R are preserved since a has all outgoing wait-edges in U,. Third
if v 2225 1 is such that v € U then ¢(v') < ¢(v) by definition of ¢ thus ¢(v) =25 ¢(v'). m

Blichi games. The Biichi condition is defined over the same set of colors C = {wait, good} by

Biichi = {w € C? | [W|gooa = o0} = (wait*good)®.
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It is prefix-independent so we aim to construct well-monotone graphs which satisfy Buichi and
embed graphs satisfying Buchi.
Given an ordinal a, we consider the graph U, over V(U,) = a = [0, &) given by

A5 A in U, = c=goodor A > A’

The difference between the completion (U,) " of the graph defined just above for Biichi
and the graph we used for Reachability is that in the latter there are good-edges towards the
maximal element. This reflects the fact that in a reachability game there may be good-edges
from the winning region to its complement, which is of course false in a Buchi-game (precisely
because they are prefix-independent).

Itis a direct check that U, is well-monotone and that it satisfies Buichi. The intuition behind
the following result is that one may associate, to any vertex satisfying Biichi in a given graph,

an ordinal corresponding to the number of wait-edges before the next good edge.
LEMMA 4.4. For any ordinal o, U, is (|«a|, Biichi)-universal.

We follow the same steps as those of the proof of Lemma 4.3.

PROOF. Fix a graph G which satisfies Biichi.
(i) We construct by transfinite recursion an increasing ordinal-indexed sequence of subsets
of V(G) by the formula

Vi={veV(G) | VS5V = [c=goodorIB < A,V € Vgl}.

Note that the definition is identical to that of the proof of Lemma 4.3, thus we may skip a
few steps below which were already proved.

(ii) We let R = |J; V, and prove that R = V(G): from vy ¢ R, we may construct a path
Vo Halt V1 walt ... in G, which contradicts the fact that G satisfies Biichi.

(iti) It again holds that V) = V)1 implies V), =V, for A’ > A.

(iv) We let a be such that || > |V(G)| and we have V, = V41 for some A < a.

(v) Therefore R = U, Va = V(G) and we let ¢ : V(G) — V(Uy) = [0,a) be given by
d(v) =min{A | v € V]

(vi) We verify that ¢ defines a graph morphism, which follows directly from the definitions. =

Almost universal graphs. We now provide a general technique for constructing universal
graphs, which we will then apply to the co-Buichi objective (and later, to other examples). Fix
a prefix-independent objective W C C“. Recall that for a vertex v in a graph G, we use G[v]
to denote the restriction of G to vertices reachable from v. We say that a graph U is almost
(k, W)-universal if

— U satisfies W; and
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— all graphs G of cardinality < k satisfying W have a vertex v € V(G) such that G[v] — U.

When a graph is almost (k, W)-universal for all cardinals x, we say that it is uniformly almost
W-universal.
Given a graph U and an ordinal a we let Ua be the graph defined by V(Ua) = U X a and

(u,)t)i(u’,)t’)inUoc — A>A’or()t:)t’andui>u’inU).

Note that if U is well-monotone, then so is Ua (with respect to the lexicographical order on U x «.)
In the terminology of Section 5, U« is the lexicographical product of U and the (well-monotone)
edgeless graph over a.

The following very helpful result reduces the search for a well-monotone universal graph
to that of a well-monotone almost universal graph.

LEMMA 4.5. Let U be an almost (k, W)-universal graph and let |«| > k. Then U« is (k, W)-

universal.

PROOF. Consider an infinite path (ug, Ag) SN (uq, A1) &, ... inUa. Since Ag = A > ..., 1t
must be that this sequence is eventually constant by well-foundedness. Therefore, some suffix
U; 4, Uit1 G4, .. defines a path in some copy of U, which implies that c;jcij;1--- € W. We
conclude by prefix independence that Ua indeed satisfies W.

Let G be a graph of cardinality < k which satisfies W. We construct by transfinite recursion
an ordinal sequence of vertices vg, v1 - - - € V(G), where for each S < A, v, is not reachable from
vp in G, together with a morphism ¢, : Gx — U, where G, is the restriction of G to vertices
reachable from v, but not from vg for g < A.

Assuming the vg’s for B < A are already constructed (this assumption is vacuous for the
base case A = 0), there are two cases. If all vertices in G are reachable from some vg, then the
process stops. Otherwise, we let G be the restriction of G to vertices not reachable from any
vg for B < A. It is a nonempty graph of cardinality < k satisfying W; we let v, be such that
G>)[va] = Gy has a morphism ¢, towards U.

Since all the G,’s are nonempty, the process must terminate in Ay steps for |Ag| < |G| <
K = a. Now observe that any edge in G is either from G to itself, for some g < Ay < «, or
from Gg to Gg- for B’ < B < Ap < «a. This proves that the map ¢ : V(G) — V(U«) defined by
o(v) = (¢p(v), A) where v € V(G,) is a morphism from G to Ua. ]

Co-Blichi games. The co-Biichi condition is defined over C = {safe, bad} by
Co-Biichi = {w € C¥ | [W|pag < o0} = C*safe®.

It is prefix-independent, thus we aim to construct well-monotone graphs which satisfy Co-Biichi
and embed graphs satisfying Co-Biichi. Given an ordinal a consider the graph U, given over
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V(Uy) = a=[0,a) by

c .. c=bad and A> A or

A->AinlU, <
c=safe and A > A

It is depicted in Figure 7.

safe safe safe
safe safe safe safe

<
I <

bad bad bad bad

\ 4

o

Figure 7. The {safe,bad}-graph U, defined with respect to the co-Blichi condition.

LEMMA 4.6. For any ordinal a, Uy is (|a|, Co-Biichi)-universal.

We prove the result by applying the of almost universality technique outlined above.

PROOF. Let U be the well-monotone one-vertex graph with a safe-loop; observe that U, = Ua.
Thus by Lemma 4.5, it suffices to prove that U is almost (|a|, Co-Biichi)-universal. We will in
fact prove that U is uniformly almost Co-Buichi-universal. It is clear that U satisfies Co-Buichi.
Fix a graph G satisfying Co-Blichi, and assume for contradiction that for all vertices v €
V(G), there is a bad-edge in G[v]. Then one can construct by a quick induction a path with
infinitely many bad-edges in G; a contradiction. Therefore, there is v € V(G) such that G[v]
has only safe-edges, and thus the unique map V(G[v]) — V(U) defines a morphism G — U, as
required. u

K-monotonicity. The K-monotone objective (for “monotone” in the sense of Kopczynski)
associated to a finite monotone C-graph U is given by

W =CW, C C¥

where W) is the set of colorations of infinite paths over U (which, by monotone composition,
coincides with the set of colorations from the maximal vertex in U). Equivalently, W is the set of
colorations of the well-monotone graph Uw. Note that W is w-regular and prefix-independent.

It is not hard to see that this definition corresponds to that of [24]. The co-Biichi objective
is an example, where U is the one-vertex graph with a safe-loop; one may generate many other
examples by fixing U to be any finite monotone graph (see Figure 8).
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Figure 8. Three finite C-monotone graphs for C = {a, b}; as always, edges following from monotone
composition are not depicted. The three graphs from left to right give rise to the three following
K-monotone condition: C*a¥ (a co-Bulchi condition), C*(a + ba)“ (finitely many occurrences of the factor
bb), and C*(a% + b¥) (a union of two co-Buchi conditions).

Note that the union of two K-monotone objectives given by U; and U, is the K-monotone
objective given by their directed sum U; + U, (see Section 6 for a formal definition of directed

sums).

LEMMA 4.7. Let W C C” be a K-monotone objective and let U be the associated finite monotone

C-graph. For any ordinal «, the well-monotone graph Ua is (|a|, W)-universal.

PROOF. We show that U is uniformly almost W-universal, which implies the result thanks
to Lemma 4.5. First, it is clear that the coloration of any path in U is a coloration in Uw, thus
UEW.

We let Wy € W be the set of infinite colorations of U, and W(?“ C C* be the set of finite
colorations of U. Since U is finite and has no sink, it holds that

wW=wowy--- €Wy, & Vk,wo...wkinW(?“. (%)

Now let G be an arbitrary graph satisfying W. We first claim that there must be a vertexv € V(G)

such that G[v] E W,. Towards contradiction, assume otherwise: for all v € V(G), there is an

infinite path v ~o such that w ¢ Wy. Thanks to (x), this rewrites as a finite path v ~o V' with

w ¢ W(;ﬁ“. Starting from any vy € V(G) we thus construct by a quick induction an infinite path
vowvlg... in G,

such that for all i, w; ¢ W(;ﬁ“. Since G = W, we then have wow; - - - € W = C*W, thus for some i,

W;Wi41 ... is a coloration of U. But this implies that w; € ng, a contradiction.

Hence there is vo € V(G) such that G[vy] | Wp; there remains to define a morphism
from G[vg] to U. Note that for any v € G[vy], it also holds that G[v] E W). Indeed, for any
coloration w’ from V/, there is a finite word w € C* (the coloration of a path from v to V') such
that ww' is a coloration from v in G. Thus ww’ is a coloration in U (since G[v] | Wj) and hence

sois w'.
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Now recall that if u > u’ in U, then by monotone composition, there are more colorations
from u than from «’ in U. Let us then define a map ¢ : V(G[vo]) — V(U) by

¢(v):min{u€U|VweC*,v«]ﬁ> NG = uw inU}.

In words, a vertex v is mapped to the smallest position in U which has all colorations from v.
Note that ¢ is well defined since for v € V(G[vg]) it holds that G[v] | W); stated differently all
colorations from vertices in V(G[vg]) are colorations from max V(U) in U.

We now prove that ¢ defines a morphism G[vg] — U. Lete = v SVvinG [vo]. Then for
all colorations w’ from v’ in G[vp], cw’ is a coloration from v in G[vg]. Therefore, ¢(v) has all
colorations cw’ in U where w’ is a coloration from v’ in U. Let 1’ be the maximal c-successor of
¢(v) in U; we prove that ¢(v') < v’ which implies that ¢(v) 5 ¢ (V') by monotone composition.

For this, we show that u’ has all colorations from v/, which gives the result by minimality
of ¢(v’) Let W be such a coloration. We know that cw’ is a coloration from ¢(v) in U: let
¢(v) 5w s inU. By maximality of u’ among c-successors of ¢(v) we get u’ > u, thus

U ~ in U, as required. This concludes the proof that ¢ is a morphism, thus U is indeed

uniformly almost W-universal, as required. u

Therefore K-monotone objectives are positional, as was established by Kopczynski in [24].

4.2 Counter-based examples

We now discuss a few quantitative valuations.

Energy games. We start with the energy valuation, given over C = Z by

k-1
Energy(tot;...) = sup Z ti € [0, 0].
k “izo
We consider the graph U over V(U) = w given by
t 72 ’
u—u inU = t<u-u €Z.

It is illustrated in Figure 9.
The usual order defines a well-order over V(U) with respect to which monotonicity is easy
to verify. For each u € w the path u %0202 ... hasvalue u, hence Energy; (u) > u.
Conversely consider an infinite path from uy € w. It is of the form ug LN Uy 4, ) &, e

with for all i, t; < u; — u;+1. Hence the partial sums are telescopic: we have for all k,

x
[y

ti < Up—ug < up.

rﬁ.
o
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Figure 9. The monotone Z-graph U corresponding to the Energy valuation. The names of the vertices
are displayed in blue to improve readability. Not all edges are depicted, we simply write =% for the
conjunction of Sforallt <t

Therefore it holds that for all u € w we have
Energy,(u) = u.

Energy games are similar to safety games in the sense that they have a uniformly universal
well-monotone graph.

LEMMA 4.8. The well-monotone graph U is uniformly Energy-universal.

PROOF. Consider a graph G. We see the values in G as defining a map from V(G) into V(UT),
formally
Energy;: V(G) — V({U")
v — Energy.:(v),

where we identify T to oo.

The fact that it is Energy-preserving follows from the fact that Energy;;(u) = u, proven
above. We prove that it is a morphism: consider an edge e = v L VinG. If Energy,(Vv') =T
then Energy(v) = T thus Energy;(v) BN Energy. (V') inU".

We assume otherwise and let 77’ be a path from v’ in G with value Energy(s’) = Energy. (V')
which we denote by x’ € w for simplicity. Then e’ defines a path from v in G, therefore

Energy;(v) > Energy(en’) = max(0,t+x") > t + X/,

which rewrites as

t < Energy.(v) — Energy;(V),

the wanted result. [ |

This implies thanks to Theorem 3.2 that arbitrary energy games are positional. Somewhat
surprisingly, it appears that this result had not been formally established before, Lemma 10
in [3] is stated over finite graphs’, whereas Corollary 8 in [14] applies only to graphs of finite
degree.

7 Otherwise, the result would not hold in any case, since it includes the opponent.
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However, the opponent in an energy game can require arbitrary memory even over

countable graphs of degree 2 and with bounded weights (see Figure 10).

Figure 10. An energy game in which Adam (squares) requires (infinite) memory to ensure value o from
any vertex.

Qualitative energy games. We make a quick detour via qualitative energy games, defined
over C = Z by the condition

k-1
QEnergy = {tot1--- € Z | supz t; < oo},
Kk ico

In a given graph G and for a given vertex v, there is a discrepancy between v having infinite
quantitative energy (the supremum over paths from v is bounded) and not satisfying the
quantitative energy objective (all paths from v have finite energy); although the former implies
the latter. Figure 11 gives an example where v satisfies QEnergy but has infinite energy value.

Figure 11. A graph in which the vertex on the left has infinite quantitative energy, but satisfies the
qualitative energy objective QEnergy.

In particular, the graph U defined above is not QEnergy-universal. However, we prove
that U is uniformly almost QEnergy-universal, which implies the following result.

LEMMA 4.9. The well-monotone graph U« is (|a|, QEnergy)-universal.
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PROOF. We prove that U is uniformly almost QEnergy-universal, which implies the result by
Lemma 4.5. We proved above that vertex u € V(U) = w has Energy-value u in U, therefore U
indeed satisfies QEnergy.

Let G be an arbitrary graph satisfying QEnergy; we prove that there exists a vertexv € V(G)
such that Energy;(v) < oco. Assume otherwise: for each v € V(G) and for each N € w, there
exists a finite path m, from v whose weights sum up to > N. Concatenating such paths we
construct an infinite path with infinite energy in G, a contradiction. Now if v has finite energy
in G, all vertices reachable from v in G also have finite energy, thus G[v] embeds into U by
Lemma 4.8. |

Therefore qualitative energy games are also positional over arbitrary arenas.

Boundedness games. We now discuss boundedness games. This class of games is defined
over the set of colors

C={f:w— w]| fis monotone},

by the objectives

Boundedy = {fofy--- € C¥ | VK, fi(fim1 (.. (f6(0))...)) < N},

where N € w is a fixed bound. Intuitively, starting from 0, a counter is updated along the path
by applying function f whenever an f-edge is seen. Functions labelling edges are arbitrary
monotone maps, for instance resetting, squaring, or raising to the next prime number are
allowed.

Colcombet, Fijalkow and Horn [14] have established that Boundedy is positionally de-
termined over graphs of finite degree, we extend this result to arbitrary graphs. Note that
Boundedy is a prefix-increasing objective by monotonicity of the maps in C, therefore we are
looking to construct a well-monotone graph which satisfies Boundedy and embeds small graphs
satisfying Boundedy.

We let Uy be the graph over V(Uy) = [0, N] given by

u IR u in Uy — f(u) <u'.

The graph U is monotone with respect to the inverse order over V(Uy) = [0, N], with minimal
element N and maximal element 0. It is well-monotone since all finite orders are well founded.
Note that fixing the bound N is required for well foundedness; defining U over w as we did
before fails when considering the dual ordering.

LEMMA 4.10. For all N € w, the well-monotone graph Uy is uniformly Boundedy-universal.
f

PROOF. We first show that Uy satisfies Boundedy: let 77 : ug IO—> u; — ... be an infinite path
in Uy. By definition it holds for all i that f;(u;) < u;+; which implies by monotonicity that for
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all k,
fie(fiea (o (f0(0)) ... ) < Ura < N,

the wanted result.
We define a valuation®

valy : cCY — [O,N]U{L}
fofi... — max{i € [0,N] | VK, fi(fi-1(...(fo(i))...)) <N}

The (complete) linear order over [0, N] U {L} is again the reverse order, in particular L is
the maximal element, and should be thought of as “right after zero”. For clarity, we still use >,
min and max for the usual ordering over integers; it is understood in the definition above that
maxg = L.

Consider a C-graph G which satisfies Boundedy, we prove that val; : V(G) — [0, N] which

by definition assigns minwvt) val(w) tov € V(G), defines a morphism G — Uy. Let ¢g = vy & V1

in G and let 11 = vq £> Vo £> ... be an infinite path from v; in G with minimal valuation

i1 = val(my) = valg(vy).
Then my = egrry is a path from vy in G thus valg(v) < val(srp) which we denote by iy. Note
that both iy and i; are > 0 since G satisfies Boundedy. We have by definition

ip =max{i € [0,N] | V1, fu(fn-1(... (fo(D))...)) < N},
hence for all n it holds that f;,(f—1(... (fo(ip))...)) < N. Since
i1 =max{i € [0,N] | V1, fu(fo-1(... (fr(D)...)) < N},

we have in particular that fy(ip) < i; = valg(v1). By monotonicity of fy, we then obtain
fo(valg(vo)) < valg(vy), thus

valg(vo) ﬁ) valg(vy)
belongs to Uy, which concludes the proof. u

This establishes that for all N € w, Boundedy is positional (over arbitrary arenas).

4.3 Finitary parity games

We now study finitary parity games, introduced by Chatterjee, Henzinger and Horn [12]. It was
shown by Chatterjee and Fijalkow [11] that finitary Biichi games are positional over arbitrary
game graphs, and that finitary parity games are finite-memory determined. We strengthen
this result by establishing that finitary parity games are in fact positional over arbitrary game

graphs.

8 Our proof actually shows that Uy, is universal with respect to this valuation, which is a bit more precise than the
statement of the theorem.
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Definitions. Throughout this section, we let d € w be a fixed even number, and let C = [0,d] C
w. In this context, colors are usually called priorities. Let w = pop; - - - € [0, d]“. An occurrence
i of an odd priority p; in w is called a request. We say that a request i is granted at time

min{i’ > i | p;isevenand > p;} € [i+1, o].

For a request i granted at time i’, we let t; = i’ — i € [1, oo] denote the (potentially infinite) delay
within which the request is granted. We then let req(w) be the finite or infinite word over [1, oo]
obtained by concatenating all ¢;’s (in order), where i is a request in w.

Let us give a few examples:

req(33112%) = 000021
req(12102100210002100002...) = 1234...
req(3(21)?) = o0l1¢.

Given a fixed bound N > 1, we let Granty be the objective comprised of words where all
requests are granted within time < N, formally

Granty = {w € [0,d]? | supreq(w) < N}.

We also let
Grant = {w € [0,d]? | supreq(w) < oo} = U Granty.

New
Objectives Granty as well as Grant are prefix-increasing, but not prefix-decreasing (since one
may append a request which is never granted). Recall that in this case, we look for (well-
monotone) universal graphs in the sense of Colcombet and Fijalkow (satisfying the objective,
and embedding small graphs satisfying the objective). The finitary parity objective is the
prefix-independent variant of Grant, defined by

FinParity = [0, d]*Grant = {w € [0,d]“ | req(w) is finite or lim supreq(w) < oo}.

In words, Eve should ensure that eventually, all requests are granted.

0 2
| —>——0,
— 3
2 ’ 0

Figure 12. On the left, a game where Eve loses the finitary parity game even though she wins the parity
game (see Section 5 for a definition of parity games). On the right, a game for which Eve wins the
objective Grant,, but cannot do so with a positional strategy.
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Constructions. We define a finite graph Uy over
V(Uy) = {(m, p) € [LLN] x [0,d] | pis odd} U {(0,0)}.

It is illustrated in Figure 13.
Let us first define a linear order over V(Uy) as follows:

(m,p)>(m’,p’) < p<por[p=pandm=<m].

Then edges in Uy are defined by

qisevenand > p (a)
(m, p) BN (m,p)inUy or g<pand(m,p) > (m,kp) (b)
or p >q>p. ()

Figure 13. Anillustration of the graph Uy; not all edges are depicted for readability.

For convenience, we call these edges of type (a), (b) or (c) (formally, an edge can have
several types at once). Note that there are d-edges (of type (a)) between each pair of vertices, in
particular Uy is indeed a graph.

LEMMA 4.11. For any N > 1, the graph Uy is monotone.
Itis not hard to see on Figure 13 that the lemma holds; we spell out a proof for completeness.

PROOF. First, it is a direct check that (m, p) 4 (m’,p’) > (m”, p”) implies (m, p) 4, (m”, p”)
in Uy (it even holds that the type of the edge is preserved). The second case is more tedious.
Assume (m, p) > (m’, p’) 4, (m”, p”); we aim to prove that (m, p) N (m”, p”) in Uy.
— Ifgisevenand > p’. Since p’ > p, we have an edge (m, p) 4, (m”, p”) of type (a).
— Ifqg < p’and (M, p’) > (m”,p”). If ¢ < p then since (m,p) > (m/,p’) > (m”, p”), we
have an edge (m, p) N (m”, p”) of type (b). Otherwise, we have p” > p’ > q > p, so
(m, p) 4, (m”, p”) is an edge of type (c).
— If p” > q > p’ then we also have an edge of type (c) since p’ > p. |

We now prove the crucial result. In some sense, it states that Uy is a good approximation
of a Granty-universal graph.
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LEMMA 4.12. Let N > 1. It holds that
— Uy [ Grantgy o, and
— for all graphs G satisfying Granty there is a morphism G — Uly.

Before proving the lemma, let us remark that one cannot hope to find well-monotone
Granty-universal graphs. The reason is that Granty is not positional, an example witnessing
non-positionality is drawn in Figure 12. Therefore, having a more relaxed approximation

statement as above is required.

PROOF. We prove the two items separately, starting from the first. We must show that for all
paths in Uy, requests are granted within at most dN steps. Consider a finite path (my, po) @,
) ey (mg, px) in Uy such that qq is odd and none of ¢y, ..., qx—1 are even and > q (that is, a

request is opened and not closed after k — 1 time steps). We prove that k < dN /2. Remark that
for any edge (m, p) 4 (m’, p’) which is not of type (a) we have p’ > qand (m, p) > (m/, p’).

Let us prove by a quick induction that for alli € {1,...,k — 1}, p; is = qo and (m;, p;) >
(Mj41, pi+1)- This is clear for p; since (myg, po) @, (my, p1) is not of type (a). Now assuming
pi = qo, since moreover ¢; is not [even and > qol, the edge (m;, p;) KN (mi41, qi+1) is not of
type (a), therefore we conclude by the above remark.

Therefore (mg, pg) > (mq, p1) > - -+ > (Mg, px) which implies thatk+1 < |Uy| =dN /2 +1,
the wanted result.

We now prove the second item. Let G be a graph satisfying Granty; we aim to construct a
morphism G — Uy. Intuitively, this requires understanding, given v € V(G), what requests can
be currently opened on a path when it visits v, and therefore we should look at the past of v.

For an odd priority p, we say that p can be open at v € V(G) if there exists a path vg o,
Vi LN . LUEN Vm = v such that pg = p and none of p4, ..., px—1 are even and > py. Such a path
is called a realizing path for p and v. Note that the length of a realizing path cannot exceed N
since G satisfies Granty.

We now define ¢ : V(G) — V(Uy) by setting ¢(v) to be (0, 0) if no odd priority can be open
at v, and otherwise ¢(v) = (m, p), where p is the maximal odd priority that can be open at v,
and m is the maximal size of a realizing path for p and v. Stated differently, ¢(v) is the minimal
(with respect to the order over V(Uy)) (m, p) such that v has a realizable path of length m for p,
and (0, 0) if there are none. We claim that ¢ defines a morphism G — Uy.

Lete = v -5 v/ be an edge in G and denote ¢(v) = (m, p) and ¢(Vv') = (m/, p’). We let

T =V ARUNENLLER Vm = Vv be a minimal realizable path for p and v if it exists (that is, if

(m, p) # (0,0)), and the empty path otherwise. We distinguish three cases.
— If g is even and > p, then (m, p) N (m’, p’) is an edge of type (a) in Uy, regardless of
(m', p’).
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— If g < p, then e is a realizable path for p and Vv’ of length m + 1, therefore m+ 1 < N and
(m,p) > (m+1,p) > ¢(V), thus (m, p) N (m’, p’) is an edge of type (b).

— If g > p and g and we are not in the first case, then ¢ must be odd therefore e is a realizable
path for ¢ and v’ of length 1. Hence p’ > q > p, and (m,p) > (m + 1, p) is an edge of

type (c). u

We now let U be the directed sum of the Uy’s, formally it is defined over

V(U)={(m,p,N) e w®| [pisoddand1 <m < N]or[m=p=0andN > 1]}
= | | vww x vy,

N2>1

which is well-ordered by the lexicographic product over V(Uy) X [1, o), and given by edges
(m,p,N) N (m,p’,N') <= N >N'or [N =N’"and (m,p) N (m’,p’) in Uy].

Monotonicity of U follows directly from monotonicity of the Uy’s. We have the following result.
THEOREM 4.13. For every ordinal a, the well-monotone graph Ua is (|«|, FinParity)-universal.

This implies that FinParity is positional thanks to Theorem 3.2.

PROOF. We prove that U is uniformly almost FinParity-universal, and the result follows from
Lemma 4.5. First, let us show that U | FinParity: an infinite path in U has a suffix in some Uy,
which satisfies Grant,y,, by Lemma 4.12; therefore it satisfies FinParity by prefix-independence.
Pick an arbitrary graph G satisfying FinParity, and assume towards contradiction that
forallv € V(G) and for all N > 1, G[v] does not satisfy Granty: there is a vertex v’ reachable
from v and a path
v’:voﬂvli...ﬂw\m (%)
in G such that pg is odd and p4, ..., py are not [even and > pg]. Then by concatenating such
paths, we may easily construct a path in G which does not satisfy FinParity, we now give details
for completeness.

’

W
Start from any vg € V(G), and let vj be reachable from vp in G, say vg ~> Vg, and vy ~> V1

be a path as in (x) with N = 1. Then iterate from v; with N = 2: we get v, o 4 l/',/&, v, where
the first letter of w; defines an occurrence which is not closed after 2 steps. We continue this
process for N = 3,4,... and get an infinite path coloration w = wowywiw] ... in G such that
lim sup req(w) = oo, a contradiction.

Therefore there is v € V(G) and N > 1 such that G[v] | Granty, so by Lemma 4.12,
G[v] — Uy — U. We conclude that U is uniformly almost FinParity-universal as required. =
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5. Closure Under Lexicographical Products

In this section, we show how our characterization can be exploited to derive a new closure

property, which applies to prefix-independent objectives.

5.1 Definitions and statement of the result

Let us start by defining lexicographical products of prefix-independent objectives (this definition
does not make sense for prefix-dependent objectives).

Product of objectives. We consider two prefix-independent objectives Wy C C{ and W, C C7’,
where C; and C; are disjoint sets of colors. We let C = C; U C; and for w € C* we let w; € Cf“’
and w; € sz‘*’ be the finite or infinite words obtained by restricting w to colors in C; or in Cy,
respectively. Note that if w, is finite then wy is infinite.

We define the lexicographical product of W; and W, by

W1®W2={W€Cw

Wy is infinite and wy, € W5 or
W, is finite and wy € Wy

Let us stress the fact that this operation is not commutative; intuitively, more importance is given
here to W,. Note that this operation is however associative, and given Wy, ..., Wy respectively

over pairwise disjoint sets of colors Cy, ..., Cp, we have

W1®... Wy ={w e C”| w, € W, where p is maximal such that w), is infinite},
whereC =Cy U ---UCp.
Product of monotone graphs. We now consider two well-monotone graphs G; and G,

respectively over colors C; and C,. We define their lexicographical product G = G1 ® G, to be
given by V(G) = V(G1) X V(G;) and for all ¢; € C, and ¢ € Cy,

C . c .
(vi,v2) — (V,v))inG & v, >V, inG,

c . c .
(vi,v2) = (V,v))inG &= vy >V, or [v, =V, and v; — V/ in G1]

Naturally, V(G) is equipped with the lexicographical well-ordering given by
(vi,v2) = (V},vy) & vy > Vv, or [vy =V, and vy > vi].
As expected, we have the following result, which is a direct check.

LEMMA 5.1. The graph G = G1 ® G is well-monotone.

Main result. We may now state our main result in this section; it is proved at the end of the

section.
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THEOREM 5.2. Let Wy C C?, W, C C7 be prefix-independent conditions with C1 N C; = @, let k
be a cardinal number, and assume that the graphs U, and U, are (k, W) and (k, W;)-universal,
respectively. Then U, ® U, is (k, W1 ® Wy)-universal

In the statement above, it is actually required that U; and U, also embed all pregraphs
of size < «k satisfying W; and W,. By Lemma 3.10, for nonempty graphs and thanks to prefix-
independence this does not make any difference (nonempty universal graphs also embed
pregraphs). However, there is a subtlety when it comes to the trivially losing condition (which
has an empty universal graph), details are discussed below.

We obtain the wanted closure property by combining Theorem 5.2 with our characteriza-

tion result.

COROLLARY 5.3. The class of positional prefix-independent objectives admitting a neutral
color is closed under lexicographical product.

PROOF OF COROLLARY 5.3. Let W; and W, be such objectives and let k be a cardinal. By
Corollary 3.4, there are well-monotone graphs U; and U, which are respectively (k, W;) and
(k, Wy)-universal. By Theorem 5.2, their lexicographical product U; ®U; is (k, W1 @ W>)-universal.
By Theorem 3.2, this yields positionality of W; ® W5. Note that the neutral color &; € C; with
respect to Wi is also neutral with respect to W. u

To the best of our knowledge, this is the only known closure property for positional
objectives. We do not know whether it is possible to derive Corollary 5.3 without introducing
well-monotone graphs.

5.2 Examples of lexicographic products

Before going on to the proof, we discuss a few examples. First, observe that our notation U«x
coincides with the lexicographical product U ® a, where « is the edgeless ordered pregraph

over «.

The two trivial conditions. Let us discuss the two conditions over one-letter alphabets. We let
TW(c) and TL(c) respectively denote the trivially winning and losing conditions over C = {c},
given by

TW(c) = {c“} and TL(c) = @.

Note that both are prefix-independent. Consider the one-vertex graph Urw ) with a c-loop. It
is well-monotone, satisfies TW(c), and embeds all {c}-graphs (which all satisfy TW(c)), so it is
uniformly TW(c)-universal.

For the trivially losing condition, the situation is slightly more complex. There are no
graphs satisfying TL(c), therefore the empty graph is uniformly TL(c)-universal. However in the
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C

Q o0 Lot

Figure 14. On the left, the graph Umwc); on the right, the pregraph U ().

context of lexicographical products we require working with pregraphs. Recall that Lemma 3.10
states that non-empty universal graphs also embed pregraphs satisfying the condition; however
this is not the case of the empty graph. Indeed, there are non-empty pregraphs satisfying TL(c),
namely, a pregraph satisfies TL(c) if and only if it has no infinite path.

Given an ordinal a, we let Uty (¢),« be the pregraph over V(Uryc),«) = a with edges

A5V = A>N.

In particular, note that 0 € V(Ury(c),q) is a sink. Since Ury,(¢) o has no infinite path, it satisfies the
trivially losing condition TL(c).

Moreover, it embeds all pregraphs of size < |«a] satisfying TL(c). Indeed, a pregraph
satisfying TL(c) has a sink, therefore the edgeless 1-vertex graph 1 is uniformly almost TL(c)-
universal, and the result follows by Lemma 4.5 since Uty )« = 1.

Back to Biichi and co-Blichi games. Observe that the lexicographical products TL(wait) ®
TW(good) and TW(safe) ® TL(bad) respectively coincide with the Biichi and co-Biichi objec-
tives defined in Section 4. Therefore, by Theorem 5.2, the graphs Urp(wait),a ® Utw(gooq) and
Urw(sate) ® UTL(bad),« are respectively (|a|, Blichi) and (|a|, Co-Biichi)-universal. See Figure 15
for an illustration of this discussion.

S S S S S S
Vo etetet derer = QQQr QQ
(8] > « >
q g
, g
‘w‘w'w... w'w.w... ® Q p— u’. w w... ¢ w
« > « >

Figure 15. Re-obtaining universal construction for co-Buchi and Blchi objectives by lexicographic
product of trivial conditions.
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Actually, these lexicographic products of well-monotone graphs correspond to the con-
structions given in Section 4 for Buichi and co-Biichi games. Hence Theorem 5.2 gives alternative
proofs for Lemmas 4.4 and 4.6.

Parity games. Let d € w be a fixed even number. The parity condition is defined over
C =1[0,d] € Zby

Parity = {w € [0,d]®“ | lim sup w is even}
=TW(0) ® TL(1) ® TW(2) ® ... TL(d — 1) ® TW(d).

Therefore by Theorem 5.2, for all ordinals o the graph

Ua = Urw(0) @ UtL(1),0 ® Utw(2) ® . .. ® UtL(d-1),0 ® UTW (0)

is (]a|, Parity)-universal. This gives a proof of positionality of parity games.

dj2

Unravelling the definitions, U, is the graph over a“/“ given by

2k-1 . ’ ’
(Al,...,)(d/z) —_— ()(”_,,,/'\21/2) In U, — (Ak,...,)(d/z) > (Ak""’Ad/Z)

2k . ’ ’
At dap) = Moo X)) IUa &= (st a Aag2) 2 Koo, 2 ).

Therefore, our proof coincides with the proof of positionality of parity games from Emerson
and Jutla [18], and morphisms into U, correspond to signature assignments in the sense of
Walukiewicz [30].

5.3 Proof of Theorem 5.2

We will make use of the following technical lemma.

LEMMA 5.4. Let G be a C-pregraph, U be a C-monotone graph, and ¢, ¢’ be two morphisms
from G to U. The pointwise minimum ¢ of ¢ and ¢’ defines a morphism G — U.

In particular, there is a well-defined (pointwise) minimal morphism from G to U, for any

well-monotone U.

PROOF. Letv — V in G, we prove that ¥(v) 5 Y(V') in U. Without loss of generality, we
assume that ¥ (v) = ¢(v). Then we have

P(v) = (V) = $(v) = Y(v) in T,
and the result follows by monotone composition. u

Let us now fix a cardinal k and two well-monotone graphs U; and U; which are k-universal
with respectto Wy C C ‘1*’ and W, C Cg’, respectively. We denote U = U;®U; and C = C;LIC,. Recall
that Wi and W, are assumed to be prefix-independent, and therefore so is their lexicographical
product W = W; ® W,. There are two things to show: that U satisfies W and that U embeds all
graphs of cardinality < k which satisfy W. We start with the first property.
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LEMMA 5.5. It holds that U satisfies W.

PROOF. Consider an infinite path u° LSS inv ,and let w = c°c!... be its coloration.
For all i we let u' = (1}, u}) with u} € Uy and u}, € Us.

Assume first that there are finitely many c’’s which belong to C,, and let iy be such that
foralli > iy, ¢! € Cy. Then for all i > iy, we have by definition that u}, > ul. Since U, is well-
ordered, there is i; > iy such that for alli > i; we have u; = uizl. Therefore by definition of U, we

have for all i > iy that u} N uttl, and thus since Uy satisfies Wy and W is prefix-independent,
wy € Wi. Hence in this case, w € W.

We now assume that there are infinitely many indices i such that ¢! € C,, and let iy < i <
... denote exactly those indices. Then we have for all j that all ¢’s with i € [ij + 1,141 — 1]

belong to C1 and thus by definition of U it holds that ut

1 :
;> u,)". Hence we have in U,

clo
% u

~.

ip+1
2

0

i1+1
9 >

-
u >utl > u
> U, >,

and thus by monotone composition in Uy,

. CiO . Cil
1 l
u2° — uzl — ...

is a path in U,. Since U, satisfies W,, we conclude that w, € W; and thus w € W. [ |

We now show the second property, namely that U embeds all C-graphs of cardinality < k
which satisfy W. Let G be such a graph. We define a C,-graph G, by V(G;) = V(G) and

Co . 1 C2 1 .
v—=1VinG; & 3Iv;,v] € V(G),vw vy — V] »»VingG,

where the notation ~» refers to a finite path with colors only in C;. Note that G, may not be a
graph: vertices which do not have a path visiting an edge with a color in C, are sinks in Gy. This
1s why we require universality with respect to pregraphs.

LEMMA 5.6. The pregraph G, satisfies W.

PROOF. Consider an infinite path in Gy; it is of the form
C1 Ca C7
Ji9 : Vg —™ V3 —™ Vg — ...
where ¢q, C4, C7, - - - € Co, and there exist vertices vy, Vo, V4, V5, V7, Vg, - - - € V(G) and finite words
Wo, W2, W3, W5, We, Wg, - - - € C; such that
Wo C1 %) w3 Cy Ws Weg C7 wsg
JT . Vg ™V ™ Vg W V3 —> Vg — V5 "> Vg > V7 —> Vg W .,

defines a path in G. Therefore col(r) = w € W, and since wy = ¢1¢4C7 - - - = col(srp) is infinite
this implies that w, € Wy, the wanted result. [ |
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We now consider the pointwise minimal morphism ¢, : G; — U;. Now comes the crucial
technical claim.

LEMMA 5.7. Ifv,V' € V(G) are such that ¢,(v) < ¢(V') then there is no edge v L V' in G with
c1 € Cq.

PROOF. Assume for contradiction that there is such an edge. Then in G, for all ¢; € Cy, any
cz-successor of v’ is also a cz-successor of v. Consider the map ¢, : V(G) — V(Uz) given by
@, (V') = ¢2(v) and elsewhere equal to ¢,; note that ¢, < ¢s.
We claim that ¢)’2 defines a morphism from G, to U,, which contradicts minimality of ¢s.
There are three cases.
— Edges in G, not adjacent to v’ are preserved by ¢, because they are preserved by ¢;.
— Lete=V -5 v bean edge outgoing from V' in G,. Then we saw that v 2, v is an edge
in Gs.

— Ifv” # V' then we have

$5(V') = 92(V) = 92 (V") = ¢,(V) in Uy,

the wanted result.
— If v’/ =V then we have

05,(V') = 92 (v) = 92(V") = 92 (V') = ¢y(V) in Uy

‘s . C2
so we conclude thanks to monotone composition in U; that ¢, (V') — ¢, (V') = ¢5(v”).
C . . . . . .
— Last, for edges v/ — V' incoming in v/ with v/ # V' (the case where v’ = V' is treated just

above), we conclude directly by monotone composition since

0, (V") = $2(v") > o (V) = ¢ (V) in Uy o

Now for each u; € V(U,), we let Gll‘2 denote the restriction of G to ¢51(u2) and to edges
with color in C;. Again, Gi‘z is only a pregraph in general, which is not an issue. (Also it may be
empty for some uy’s which is not an issue either.)

For each u, € V(U,), the pregraph G, satisfies W since G does, and it even satisfies W;
since it has only edges with color in C; and W N C‘l*’ = W;. Thus there exists for each uy € V(U,)
a morphism ¢;* from G;* to Us.

We now defineamap ¢ : V(G) — V(U) by

pm1=¢7""(v)  and  Yv) = da(v).
The following result concludes the proof of Theorem 5.2.

LEMMA 5.8. The map Y defines a morphism from G to U.
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PROOF. We have to verify that
vS5VvinG — Y(v) 5 Y(V')inU,

and we separate two cases.
— Ifc e Cythenv 5 Vvin G, thus Y, (v) 5 Y2 (V') in U, which yields the result.
— If ¢ € C; we know by Lemma 5.7 that ¢2(v) > ¥, (v'). If this inequality is strict then the
Y(v) 5 YV’ by definition of U. Otherwise we have ¢,(v) = ¢2(V’), and conclude thanks to
the fact that ¢?2() is a morphism from G%:(") to U;. n

6. A class of positional objectives closed under countable unions

Before giving a high-level overview of this section, we formally introduce directed sums of
monotone graphs. In this section, we will require using strategies for Adam; these are defined
just like strategies for Eve modulo inverting the roles of the two players.

Directed sums. Let (G;) <« be an ordinal sequence of C-monotone graphs. Their directed
sum G = )}, ., Gy is defined over V(G) = )<, V(Gy) X {A} by

EG) = {((n, )= (V,2) | vo v iInG }U{(v, )= (W, 1) [ A > A}

In words, we take the disjoint union of the G,’s, and close it by adding all descending edges
between different copies. It is naturally ordered lexicographically, meaning that

v,A)>(W,A) < A>Aor[A=Aandv>"V].

It is a direct check that G is monotone. Ordinal sums of well-ordered sets are well-ordered

lexicographically, thus if the G,’s are well-monotone then so is G.

High-level overview. In this section, we elaborate on Kopczynski’s conjecture that prefix-
independent positional objectives are closed under unions. It is not clear, given two well-
monotone universal graphs Uy, U; respectively for W7 and W5, how to construct a well-monotone
universal graph for W3 U W5 in general. A naive construction that quickly comes to mind, is to
“alternate and repeat”, formally we consider the graph

Ug = (U1 + Uy)q,

for some big enough ordinal «. See Figure 16.

Unfortunately, this construction is not well-behaved in general: for instance, if C = {a, b}
and W7 = (b*a)® and W5 = (a*b)® are Biichi conditions, then W; U W, = C“ therefore it has a
1-vertex (thus well-monotone) uniformly universal graph Uy. However, if U; and U, are taken
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U = U H U e U U
\ / -/ -/
«

Figure 16. The graph U, = (U, + U,)a used as a naive construction for the union of W, and w-.

to be the universal graphs discussed previously for Biichi conditions, then it is not hard to see
that U, does not embed Uy (and therefore, cannot be (U; U Uy)-universal).

It turns out that there is a wide and natural class ‘W of positional prefix-independent objec-
tives for which the above construction actually works. This class is similar to what Kopczynski
calls “positional/suspendable” conditions in his thesis [24]; however we give a simpler definition
and obtain completely different proofs.

Healing. A prefix of an infinite word w = wow, - - - € C% is a finite word wow; ... wx € C*. We
let Pref(w) C C* denote the set of prefixes of a given infinite word w. Given a condition W,
we say that a finite word u € C* heals an infinite word w ¢ W if for all infinite sequences of
nonempty prefixes pg, p1, - - - € Pref(w) of w, it holds that poupiu - - - € W. We insist that in our
definition, po, p1 ... is any sequence of prefixes of w; it may or may not be bounded, and it does
not hold in general that w = pop; ....

For example, if W = (wait*good)® is a Biichi objective, then the word u = good heals the
word wait® ¢ W. However, for a co-Biichi objective W = (safe + bad)*safe®, an infinite word
w ¢ W cannot be healed by any finite word. More generally, we say that an objective W admits
healing if there isa w ¢ W healed by a u € C*, and otherwise, that it excludes healing. We will
be interested in prefix-independent positional objectives that exclude healing; some examples
are given below. We refer to Section 4 for their formal definitions.

LEMMA 6.1. The following prefix-independent positional objectives:
— Co-Biichi, and more generally, K-monotone objectives

— QEnergy
— Bounded

— FinParity

exclude healing. However, Biichi admits healing.

We exclude a proof of the lemma which is easy to verify in each case.

Main result. Our main result in this section is the following.
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THEOREM 6.2. Let Wy, W; - -- C CY be a sequence of determined? prefix-independent positional

objectives with a neutral letter and which exclude healing, let k be a cardinal number, let a be an

ordinal with || > k, and let Uy, Uy, ... be well-monotone graphs such that U; is (k, W;)-universal.
The well-monotone graph U = (};., U a is (K, U;<, W;)-universal.

Combining it with Theorem 3.1, we obtain that countable unions of prefix-independent
positional objectives which admit a neutral letter and exclude healing are positional. In contrast,
it was proved in [24] that uncountable unions of co-Buichi objectives are not always positional.

Healing game. Toward proving Theorem 6.2, we introduce an auxiliary game Hy, defined
for any condition W C C® with a neutral letter € and which we call the W-healing game. It is
played in rounds as follows: in the i-th round,

— Eve chooses an infinite word w; ¢ W;

— Adam chooses a nonempty finite prefix p; € Pref(w;);

— Eve chooses a finite word u; € C*;

then the game proceeds to the next round. After infinitely many rounds, Eve wins the game if
Douopiuy --- € W.
Formally, we define Hy = (Hw, Veve, W) as the game with condition W on the infinite
C-graph Hy given by
V(Hw) =C" x{0,1} U (C*” \ W),

with only two states controlled by Eve, Viye = {(€,0), (¢,1)}, and edges

E(Hy) ={(Wp ... Wk, b) —> (wy ... wx,b) | k> 0,b € {0,1}}
U{(e,0) > w|wegWw}
U{w—= (p,1) | p € Pref(w) \ {e}}
U{(e,1) > (1, 0) | ue C*).
The game Hyy is depicted in Figure 17.

LEMMA 6.3. Let W be a prefix-independent positional condition with a neutral letter. Then Eve
wins Hy (from any vertex) if and only if W admits healing.

PROOF. Assume Eve wins Hyy. Then she wins with a positional strategy P. Consider the two
choices of Eve, namely let w ¢ W be such that the edge (€, 0) Sw belongs to P, and letu € C* be
such that the edge (€,1) 5 (u, 0) belongs to P. Then for any sequence wy, wy, ... of nonempty
prefixes of w, there is a path of the form

(€,0) W (€,1) w (€,0) s (&,1) wo ...

9 An objective is determined if from every vertex, one of the two player has a winning strategy. All objectives considered
in this paper are determined.
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Adam reads a finite

nonempty prefix of w Eve chooses w ¢ W

Eve reads a finite word u € C*

Figure 17. The healing game Hjy.

in P. This path has coloration ewgeuews ..., and since P is winning, w is healed by u.
Conversely, if w ¢ W is healed by u, then the positional strategy P obtained by restricting
edges outgoing from Vgye in Hyy to (€, 0) = wand to (,1) 5 (u, 0) is winning: up to removing
finite prefixes, all infinite paths have colorations of the form wouwju..., where wy, wy, ... are
finite prefixes of w. |

We will use the lemma in the contrapositive: if W excludes healing then Adam wins the

healing game, assuming determinacy of W.

Proof of Theorem 6.2. Let us repeat the hypotheses of the theorem. We let Wy, Wy, --- C C¥
be a sequence of determined prefix-independent positional objectives with neutral letters &; € C
and which exclude healing, let k be a cardinal and let Uy, Uy, ... be well-monotone graphs such
that U; is (k, Wj)-universal. LetU = ;. U;and let W = ;. , W;.

LEMMA 6.4. The graphU = } ;. U; is almost (x, W)-universal.

This implies Theorem 6.2 thanks to Lemma 4.5. The proof of the lemma hinges on the
construction of an infinite path in a graph G. We refer the reader to Figure 18 which illustrates
and explains the j-th step of the construction.

PROOF. Since each of the U;’s satisfy W; and since W is prefix-independent, their directed
sum U satisfies W as required.

Let G be a graph of cardinality < k satisfying W, and assume towards contradiction that
for allv € V(G) and for all i € w, G[v] does not satisfy W;. Pick any vertex vy; our aim is to
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(3) Adam reads non-empty prefix

w; according to strategy S;

(3") we set vj41 along 7;
according to Adam’s choice (2') Eve chooses

E; w; & Wi

Uj+1

(2) there is an infinite path [
with w; = col(7;) ¢ W; T

(1) Eve reads u = wj,,, ... wj_1

Figure 18. A depiction of the j-th step of the proof. On the left, the graph G, and on the right, the game
Hw,, Where i = e; (see proof below).

construct a path from vy in G which does not satisfy any of the W;’s, which contradicts the fact
that G E W.

By Lemma 6.3 and determinacy of the W;’s, Adam wins the healing games Hy, from all
vertices. For all i we pick winning strategies S; = (Si, @i, So,;) for Adam in Hy, from™ (e, 1)
(formally, ¢;(s0,;) = (€,1)).

We construct in parallel an infinite path 77 from vy in G, as well as for each i, an infinite
path 7; from sp; in S;. By construction, up to removal of occurrences of neutral letters, all these
paths will have the same coloration w = col(sr) as ir. This leads to a contradiction: since S; is
winning for Adam we get w ¢ W; for all i, however it colors a path in G.

Let e = ggeq - - - € w® be an infinite sequence of integer containing infinitely many occur-
rences of each i € w, for instance e = 001012012301234. ... We construct our paths incremen-
tally; we will have finite nonempty paths 7%, r%, ... such that 7 = 7% ..., and likewise, finite
0.1

Y/ R
i

We will denote w; = col(rr/), and construct vg, vy, - - - € V(G) such that 7/ is a nonempty

(possibly empty) paths 72, 7}, ... such that m; = 7

path from v; to vj,4 in G. Overall, all the n{ ’s will be starting and ending in (,bl.‘l(e, 1) C V(S)

(that is, just before Eve chooses a finite word in Hy,).

We now fix j > 0, assume the paths 7/" and J'[{ " constructed for Jj < j,andleti = e;. In

the j-th step, we will only extend 77 as well as the i-th path ;. Formally, 7/ is the empty path

i
whenever i # e;. We proceed as follows.

— Let jprev denote the previous occurrence of i in e plus one, or 0 if there is none. Let

Jorev

U= Wi Wi+ ---Wj—1 € CF, and let s € V(S;) be the last vertex on 77, if jprey > 1, or

So,i if jprev = 0. It holds by construction that ¢;(s) = (e, 1).

10 To avoid overly cluttered notations, we use the same names for vertices in different healing games Hy,. All ambiguities
introduced by this choice are easily resolved in context.
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Since §; is an Adam-strategy and (e, 1) belongs to Eve in Hyy, there is a path of the form

EilUu
S w» §1 (1)

in S;, with ¢;(s") = (¢,0) € V(Hw,).
— By our assumption on G, there exists an infinite path 7; from v; in G with coloration
w; ¢ W. Since S; is an Adam-strategy and (e, 0) belongs to Eve in Hjy,, there is an edge

S1 N S2 (2)

in S;, with ¢;(s) = wj.
— Now consider an outgoing edge s, 5 ¢ in Si; since ¢; is a morphism it satisfies ¢;(s") =
(p, 1) for some nonempty prefix p of w;. We set w; = p € Pref(wj). There is a path
S NN «VKQ S3 (3)
in S;, with ¢;(s3) = (¢, 1).
— We set 7/ to be the prefix of 71; with coloration wyj; it defines a non-empty finite path
o Vj ~ Vit
in G.
— We set ﬂ{ : § »» 83 € §; to be the concatenation of the paths (1), (2) and (3) above. Since
®i(s3) = (€, 1), the required invariant is satisfied. Moreover, we have

col(rr)) = gjueiw;,

which is equal, up to removal of some occurrences of &;, to wj Wj ..+1...Wj—1w;. Thus
is holds by induction that, up to removal of some occurrences of ¢;, the coloration of n{
matches that of ;.

This concludes the construction of the paths, and leads to the wanted contradiction: w =
Wwows - - - = col(;r) € W since it colors a path in G, however it cannot belong to any W; since it
colors (up to removal of some neutral letters) a path in each S; (which are winning for Adam).

Therefore there exists v € V(G) such that G[v]  W;. By universality of U;, we then get
G|v] — U; — U, which defines the wanted morphism. u

7. Conclusion

In this paper, we introduced well-monotone graphs, and established that existence of universal
such graphs, for a given valuation (or objective) characterizes its positionality. Our proof of the
implication from positionality to existence of universal structures requires a neutral color; we

do not know whether this imposes a restriction on the class of positional valuations.
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A method for proving positionality. We believe that our work provides a very efficient tool
for proving positionality of various valuations or objectives. Experience has shown that, given,
say, an objective W C C%, one may usually approach proving positionality of W as follows. First,
look for a candidate universal well-monotone graph U. Then try to prove its universality (or
often, we rather aim for almost universality which is sufficient thanks to Lemma 4.5). If this
does not succeed, then one finds a graph G that does not embed in U; this usually leads to two
possible outcomes:
— either we can enrich U or slightly alter its structure in order to embed G, and then continue
the process;
— or G leads to a counter example to W’s positionality, for instance by constructing the
game G’ obtained from G as in Section 3.3.

Let us illustrate this method on an example. Let C = w, and for w € w?, let inf(w) C w
denote the set of colors that have infinitely many occurrences in w. We consider the objective

W = {w € w® | inf(w) is finite}.

A reasonable first candidate for (almost) universality of W is the graph U over V(U) = w given

by
n ] . / 4
u—-uinU & u>uorfu=uandn <u].

See Figure 19.

0 0,1 0,1,2

PRV

w w w

Figure 19. The graph U, a first candidate for universality.

We then aim to prove that U is (uniformly) almost universal: for this, one should prove that
in a (small) graph G satisfying W, there is a vertex v € V(G) and a bound N € w (corresponding
to a valid position for v in a mapping towards U) such that on a path from v in G, there are at
most N occurrences of a color > N.

Assume that this is not the case: for all v € V(G) and for each N € w, there is a path from v
with > N occurrences of colors > N. Does this contradict the fact that G | W? Actually, it does
not: the graph G over V(G) = w with edges

EG) ={nSn+1|new



49 / 51 TheoretiCS Positionality in Infinite Games

satisfies W (colorations w on G satisfy inf(w) = @) but does not meet the above requirement: it

contradicts almost universality of U.

SO0 QQQ

Figure 20. On the left, the difficult graph G. On the right, the game G’ obtained from G, and
contradicting the positionality of w.

At this point, we aim to update our candidate universal graph so that it should embed
our new “difficult graph” G. However, this fails in this case; the reason is that our G can in fact
be turned into a counter example to W’s positionality simply by mimicking the gadget from
Section 3.3 as follows.

Let G’ = (G, Vi,,» W) be the game with condition W played over G’ with V(G') = w U {1},
Veve = {L}, and

0 0
E(G’):{nin+1|new}U{n—>T|new}U{T—>n|new}.

By playing the back-and-forth strategy (when Adam goes to T, go back to the same place),
Eve ensures that the coloration w satisfies inf(w) C {0} and thus wins the game. However,
Adam can beat any positional strategy by playing in a round robin fashion. This concludes our
discussion about W': it is not positional.

A wealth of applications. We applied the above method in Section 4 to provide positionality
proofs for a number of well-studied objectives. For a few of them (namely, QEnergy, Bounded
and FinParity), the positionality result we derived is novel. Going further, we provided two
generic constructions for combining together universal graphs for prefix-independent objec-
tives: finite lexicographical products in Section 5, and countable unions of objectives which
exclude healing in Section 6. Despite being introduced only very recently in [27], well-monotone
graphs have already been exploited by Bouyer, Casares, Randour and Vandenhove [2] to char-
acterize positional objectives recognized by deterministic Buchi automata.

Open problems. The most tantalizing open question remains Kopczynski conjecture: are
unions of prefix-independent positional objectives positional? This was recently answered
in the negative in the case of finite game graphs by Kozachinskiy [25]; however the question
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remains open in the setting of infinite game graphs considered in this paper. We believe that
well-monotone graphs provide a nice tool to attack this question: on one hand, one can look for
constructions combining well-monotone graphs to preserve unions (this is achieved in Section 6
assuming healing is excluded), and on the other hand, graphs that are “hard to embed” can
provide counterexamples (see above for instance).

Other open problems include understanding the role of neutral letters (is it the case in
general that if W is positional then so is W*? is it the case assuming W is prefix-independent?),
and characterizing positionality for w-regular objectives. Another direction which we leave to
future work is to extend the technology of well-monotone graphs to the case of finite-memory
strategies; presently, no characterization result is known for objectives (or valuations) which

are finite-memory determined for Eve over infinite graphs.

References

[1] Benjamin Bordais, Patricia Bouyer, and [8] J.R.Biichi and L. Landweber. Solving sequential
Stéphane Le Roux. From local to global conditions by finite-state strategies. Transactions
determinacy in concurrent graph games. CoRR, of the American Mathematical Society,
abs/2107.04081, 2021 (4). 138:295-311, 1969 (2, 3).

[2] Patricia Bouyer, Antonio Casares, [9] J.Richard Biichi. Using determinancy of games to
Mickael Randour, and Pierre Vandenhove. eliminate quantifiers. FCT, volume 56 of Lecture
Half-positional objectives recognized by Notes in Computer Science, pages 367-378.
deterministic biichi automata. CoRR, Springer, 1977 [l (2).

abs/2205.01365, 2022 49).
B (49) [10] Antonio Casares. On the minimisation of

[3] Patricia Bouyer, Ulrich Fahrenberg, transition-based Rabin automata and the
Kim Guldstrand Larsen, Nicolas Markey, and chromatic memory requirements of Muller
Jiri Srba. Infinite runs in weighted timed automata conditions. CoRR, abs/2105.12009, 2021.
with ener nstraints. FORMATS, volume 5215 of
LetctjreeN%);ec:inStcgm?utecr)Scienf'e, gaugei 23_5470. [11] Krishnendu Chatterjee and Nathanaél Fijalkow.
Springer, 2008 [EX] (28). Infinite-state games with finitary conditions. CSL
2013, volume 23 of LIPIcs, pages 181-196, 2013
[4] Patricia Bouyer, Stéphane Le Roux, = (37).

Youssouf Oualhadj, Mickael Randour, and
Pierre Vandenhove. Games where you can play
optimally with arena-independent finite memory.

[12] Krishnendu Chatterjee, Thomas Henzinger, and
Florian Horn. Finitary winning in omega-regular

CONCUR, volume 171 of LIPIcs, 24:1-24:22. Schloss games. ACM Transactions on Computational Logic
P VOIS 1 , (TOCL), 11, October 2009 [F1] (31).

Dagstuhl - Leibniz-Zentrum fir Informatik, 2020

Dol B [13] Thomas Colcombet and Nathanaél Fijalkow. Parity

[5] Patricia Bouyer, Stéphane Le Roux, and games and universal graphs. CoRR,
Nathan Thomasset. Finite-memory strategies in abs/1810.05106, 2018 (17, 18).

two-player infinite games. CoRR, abs/2107.09945, [14] Thomas Colcombet, Nathanaél Fijalkow, and
2021. Florian Horn. Playing safe. FSTTCS, volume 29 of
LIPIcs, pages 379-390. Schloss Dagstuhl -

6] PatriciaB Y f Oualhadj
[6] Patricia Bouyer, Youssouf Oualhadj, Leibniz-Zentrum fur Informatik, 2014 Bl (3, 28,

Mickael Randour, and Pierre Vandenhove.

Arena-independent finite-memory determinacy in 30).

stochastic games. CONCUR, volume 203 of LIPIcs, [15] Thomas Colcombet and Damian Niwiriski. On the

26:1—26:'18. Schloss Dagstuhl - Leibniz-Zentrum fir positional determinacy of edge-labeled games.

Informatik, 2021 [BEIN (4). Theor. Comput. Sci. 352(1-3):190-196, 2006 %]
[7] Patricia Bouyer, Mickael Randour, and (1, 2).

Pierre Vandenhove. Characterizing [16] Stefan Dziembowski, Marcin Jurdzinski, and

omega-.regularlty through'fm.ltg-memcry Igor Walukiewicz. How much memory is needed to

determinacy of games on infinite graphs. CoRR, win infinite games? LICS, pages 99-110. IEEE

abs/2110.01276, 2021. Computer Society, 1997 [} (3, 4).


https://doi.org/10.48550/arXiv.2205.01365
https://doi.org/10.1007/978-3-540-85778-5\_4
https://doi.org/10.4230/LIPIcs.CONCUR.2020.24
https://doi.org/10.4230/LIPIcs.CONCUR.2020.24
https://doi.org/10.4230/LIPIcs.CONCUR.2021.26
https://doi.org/10.1007/3-540-08442-8\_104
https://doi.org/10.4230/LIPIcs.CSL.2013.181
https://doi.org/10.4230/LIPIcs.CSL.2013.181
https://doi.org/10.1145/1614431.1614432
https://doi.org/10.4230/LIPIcs.FSTTCS.2014.379
https://doi.org/10.1016/j.tcs.2005.10.046
https://doi.org/10.1109/LICS.1997.614939

51/ 51

TheoretiCS

[17]

[18]

[19]

[20]

[21]

[22]

[23]

A. Ehrenfeucht and J. Mycielski. Positional games
over a graph. Notices of the American
Mathematical Society, 20:A-334, 1973 (2).

E. Allen Emerson and Charanijit S. Jutla. Tree
automata, u-calculus and determinacy. FOCS,
pages 368-377. [EEE Computer Society, 1991 (2, 5,
1, 39).

Hugo Gimbert and Wieslaw Zielonka. Games
where you can play optimally without any memory.
CONCUR, volume 3653 of Lecture Notes in
Computer Science, pages 428-442. Springer, 2005

= (1, 2, 4).

Erich Gradel and Igor Walukiewicz. Positional
determinacy of games with infinitely many
priorities. Log. Methods Comput. Sci. 2(4), 2006

EE] (5).

Yuri Gurevich and Leo Harrington. Trees, automata,
and games, STOC, pages 60-65. Association for
Computing Machinery, 1982 BRIl (2, 3).

Nils Klarlund. Progress measures for
complementation of omega-automata with
applications to temporal logic. FOCS,

pages 358-367. [EEE Computer Society, 1991 [l
(5).

Nils Klarlund. Progress measures, immediate
determinacy, and a subset construction for tree
automata. LICS, pages 382-393. IEEE Computer
Society, 1992 BRI (2, 5, 11).

2023:3

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Positionality in Infinite Games

Eryk Kopczynski. Half-positional determinacy of
infinite games. ICALP, pages 336-347, 2006 (2-5,
25,27, 43, 44).

Alexander Kozachinskiy. Energy games over totally
ordered groups. CoRR, abs/2205.04508, 2022 51}
(5, 49).

Robert McNaughton. Infinite games played on
finite graphs. Annals of Pure and Applied Logic,
65(2):149-184, 1993 (2).

Pierre Ohlmann. Characterizing positionality in
games of infinite duration over infinite graphs.
CoRR, abs/2205.04309, 2022 (6, 11, 49).

Stéphane Le Roux, Arno Pauly, and

Mickael Randour. Extending finite-memory
determinacy by boolean combination of winning
conditions. FSTTCS, volume 122 of LIPIcs,
38:1-38:20. Schloss Dagstuhl - Leibniz-Zentrum fir
Informatik, 2018 Bl (3).

L. S. Shapley. Stochastic games. 39(10):1095-1100,

1953 B (2).

Igor Walukiewicz. Pushdown processes: games
and model checking. CAV, volume 1102 of Lecture
Notes in Computer Science, pages 62-74. Springer,
1996 BRI (5, 11, 39).

Wiestaw Zielonka. Infinite games on finitely
coloured graphs with applications to automata on
infinite trees. Theoretical Computer Science,
200(1-2):135-183, 1998 [BE]] (2, 3, 5).

TheoretiCS

This work is licensed under the Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/
© Pierre Ohlmann.


https://doi.org/10.1007/11539452\_33
https://doi.org/10.2168/LMCS-2(4:6)2006
https://doi.org/10.2168/LMCS-2(4:6)2006
https://doi.org/10.1145/800070.802177
https://doi.org/10.1109/SFCS.1991.185391
https://doi.org/10.1109/LICS.1992.185550
https://doi.org/10.48550/arXiv.2205.04508
https://doi.org/10.4230/LIPIcs.FSTTCS.2018.38
https://doi.org/10.1073/pnas.39.10.1095
https://doi.org/10.1007/3-540-61474-5\_58
https://doi.org/10.1016/S0304-3975(98)00009-7

	1 Introduction
	2 Preliminaries
	3 Main characterization result
	3.1 Universality, monotonicity, and statement of the characterization
	3.2 Structure implies Positionality
	3.3 Positionality implies Structure
	3.4 Specialization to prefix-independent objectives

	4 Examples and first applications
	4.1 A few omega-regular objectives
	4.2 Counter-based examples
	4.3 Finitary parity games

	5 Closure Under Lexicographical Products
	5.1 Definitions and statement of the result
	5.2 Examples of lexicographic products
	5.3 Proof of Theorem 5.2

	6 A class of positional objectives closed under countable unions
	7 Conclusion

